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To Orville H. Carlisle and G. Harry Stine, 
without whom model rocketry could not have 
begun; and to the advanced model rocketeers 
of the world, without whom it could not 


continue. 


PUBLISHER'S FOREWORD 


The aim of this format is to close the time gap between 
the preparation of a monographic work and its publication in 
book form. A large number of significant though specialized 
manuscripts make the transition to formal publication either 
after a considerable delay or not at all. The time and ex- 
pense of detailed text editing and composition in print may 
act to prevent publication or so to delay it that currency 
of content is affected. 

The text of this book has been photographed directly 
from the author's typescript. It is edited to a satisfactory 
level of completeness and comprehensibility though not 
necessarily to the standard of consistency of minor editorial 
detail present in typeset books issued under our imprint. 


A detailed table of contents is included. 


The MIT Press 


PREFACE 


To some members of the rocket modeling community, this 
work may require justification. Perhaps these people fail 
to recognize the need for, or the value of, an advanced treatment 
of the subjects of model rocket stability and performance. 
Perhaps they resent the intrusion of the difficulty and complexity 
inevitably associated with higher mathematics, physics, and 
engineering analysis upon that sanctuary of the designer's 
unassisted intuition that has been, until recent years, the 
hobby of model rocketry. Why, they may ask, should model rocketry 
become so technical? 

The answer becomes self-evident if one examines the state 
of the hobby over the past several years. In 1969 the twelve- 
year-old model rocket hobby was losing most of its older, 
better-educated participants because of a widespread miscon- 
ception that model rocketry had nothing interesting or challenging 
enough to merit their attention. Since that time our retention 
rate of advanced modelers has measurably improved due to a number 
of programs and projects (of which this book is one) aimed at 
increasing the technical content of, and improving the lines of 
communication within, our avocation. The introduction of more 
technically-oriented kits, supplies, and literature by the 
model rockey industry; the proliferation of annual conventions 


sponsored by various Sections of the National Association 
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of Rocketry; the establishment of Model Rocketry magazine, the 
first independent monthly publication serving the rocket hobby 
exclusively -=- all have done their part to help solve model 
rocketry's "senior problem", and thereby to help insure the 
stability and continuity of the hobby. These programs and 
projects, by making model rocketry an activity of interest to 

a broader cross-section of the public, have helped guard against 
our suffering the kind of "boom-and-bust" fad cycle that befell 
our sister hobby of slot-car racing in 1967. 

The treatments presented herein were written by several 
college-level model rocketeers who found within the existing 
limits of our hobby a veritable goldmine of opportunity for 
scientific and engineering contributions. Most of the material 
has been taken from research performed by members of the Massa- 
chusetts Institute of Technology Model Rocket Society overa 
five-year period extending from 1965 through 1970 -- research 
founded, in part, upon the work of James S. Barrowman, Dr. Gerald 
M. Gregorek, Douglas J. Malewicki, and Mark Mercer. The resulting 
analytical philosophy of model rocket design represents the 
current state of our designer's art and establishes the current 
frontiers of engineering analysis within the model rocket hobby. 

Though the various chapters of this volume have been written 
by different authors, the structure and purpose of the whole 
are unified so as to present a consistent and logical analysis 
of model rockets in flight from the viewpoints of static and dynamic 
stability, drag, and trajectory analysis. The results of the 


dynamic analyses of Chapter 2 are used in Chapter 4 to provide 
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estimates of the effects of pitching and yawing oscillations 

on altitude performance. The results of the drag analyses of 
Chapter 3 are then combined with the treatments of Chapters 2 

and 4 to provide criteria that will enable an experienced modeler 
with good physical intuition and a working knowledge of algebra 
to design rocket models as nearly optimized from the standpoint 
of altitude performance as the current state of our knowledge 
permits. 

The results of Chapter 2 have been experimentally verified 
by that chapter's author in wind tunnel tests conducted in the 
Aeronautical Projects Laboratory at the Massachusetts Institute 
of Technology. Data taken by various researchers such as G. 
Harry Stine, Mark Mercer, and Douglas Malewicki have generally 
tended to confirm the results of Chapter 3; there are, however, 
still some gaps in the current theory of drag design, and a 
fully sound theory of flight performance must await their 
elimination. It has not yet, for instance, been determined 
precisely what effect the rocket exhaust gases have on the 
thrusting-phase drag coefficient -- and some arguments suggest 
that the exhaust jet could lower that coefficient by as much as 
a factor of two. If the influence of the jet is as great as some 
suspect, a method must be found for estimating its magnitude 
before more accurate altitude predictions can become a reality. 
Chapter 4, unfortunately, has had little experimental verification 
due to deficiencies in accuracy and reliability inherent in 
present optical tracking systems and the relative paucity of 
experimentation in this area. 


No preface to this volume would be complete without a 


word of caution: this book is highly technical and it is not 
for everyone. We do not recommend it to anyone under sixteen 
years of age, to anyone whose schoolwork in science and mathematics 
has not been consistently above average, or to anyone who has 
had no previous exposure to model rocketry or its literature. 
We advise younger, less experienced, less technically oriented 
modelers to avail themselves of G. Harry Stine's Handbook of 
Model Rocketry and the excellent, elementary treatments of 
technical topics in rocketry available through some of the larger 
manufacturers (most notably Estes Industries and the Centuri 
Engineering Company). 

If, on the other hand, you are technically inclined and 
feel capable of assimilating material written at a late high 
school or early college undergraduate level, we have written 
this volume for you. By means of this and similar projects 
we hope to show you that model rocketry is not just a pastime 
for children and early adolescents, but an activity that can 
be challenging and rewarding even for well-educated, technically 
proficient adults. You will find that the information contained 
herein can be put to good practical use in designing models 
which will possess good stability and maximum altitude capability. 
It is our hope, moreover, that some of you will find in this work 
@ basis for further advanced research in the field and a foundation 
for the further refinement of those theories presently governing 
the design of model rocket vehicles. 

George J. Caporaso 
Gordon K. Mandell 


Cambridge, Massachusetts 
May, 1971 
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AN INTRODUCTION TO THE DYNAMICS OF MODEL ROCKET FLIGHT 


George J. Caporaso 
and 
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SYMBOLS 


Meaning 
coefficient used in writing example of F(t) 


reference area 
constant of integration 

drag coefficient 

coefficient of drag at zero angle of attack 
normal force coefficient 


drag 


magnitude of thrust, whose direction is assumed 
to be forward along the vehicle centerline 


thrust 
thrust as a function of time 
average thrust 


thrust values used in computing total impulse 
by approximate summation method 


specific impulse 

total impulse 

characteristic length 

normal force 

radius measured from the center of the Earth 
Reynolds number 

radius of the Earth 

side force 

magnitude of exhaust velocity, whose direction 


is assumed to be rearward along the vehicle 
centerline 


Ji 


Symbol Meaning 


c exhaust velocity 

a( ) differential of ( ) 

d( )/dt derivative of ( ) with respect to time 

f( ) function of angle of attack 

g magnitude of acceleration of Earth's gravity 

= acceleration of Earth's gravity 

So value of g at sea level 

k parameter of drag at zero angle of attack 

m mass 

My, burnout mass 

le propellant mass 

2D, initial mass 

m mass flow rate 

Am, increment of mass added to the exhaust stream 

An, change in mass of rocket 

n exponent of t used in writing example of F(t) 

t time 

+’ time at which a time-derivative is computed 

At interval of time 

Bt ,+++,Atg time intervals used in computing total impulse 
by approximate summation method 

tp burn time 

Vv magnitude of velocity; also airspeed 

W weight 

We weight of propellant charge 

x horizontal coordinate, range 


y vertical coordinate, altitude 


4 
mm rr 


mn 


Symbol Meaning 
A( ) increment of ( ), change in ( ) 
AC ) sum of all ( ) 


x angle of attack 
€ parameter of drag due to angle of attack 
Ae absolute viscosity 

y kinematic viscosity 

S mass density 

limit as n approaches infinity 

$c Jac ) integral of [ ] with respect to ( ) 
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AN INTRODUCTION TO THE DYNAMICS OF MODEL ROCKiT FLIGHT 


1. Definition of the Problem 

There is probably not a single model rocketeer in the 
world who has not, at one time or another, found himself 
speculating on the subject of model rocket flight performance. 
How high, how fast will a rocket go? Will it fly straight 
and true or not? @ill it "weathercock" -- that 1s, fly into 
the wind? Will it wobble on the way up? How high will it go 
if launched at an angle, and how far? Such questions as these 
are the most natural and common that come to mind when one is 
presented with a new rocket design. They are of interest 
to even the most casual sport flyer, and of course are the 
Vital concerns of competition rocketeers and researchers. 

It is the purpose of this book to present information that 

will enable any interested model rocketeer with a reasonably 
complete educational background to answer them accurately and 
completely, using tne most advanced and general methods available 
in our hobby to date. 

The mathematical equations that would have to be solved 
to compute tneoretically exact answers to the questions of 
model rocket flight performance are among the most difficult 
Known to the physical sciences. Complete, exact, and unique 
solutions to these equations have never been obtained by 


anyone, whether model rocketeer or professional scientist. 
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As do professional scientists and engineers, therefore, we shall 
formulate the problems subject to certain simplifying approxima- 
tions and assumptions that will permit them to be solved to 

a high order of accuracy. Such approximations make solutions 
possible but this still gives us no right to expect them to be 
easy, and indeed we invariably find that they are quite difficult 
to obtain in "closed form" -- that is, a form which can be ex- 
pressed by a single algebraic formula; not, for instance, a 
&raph, a table, or an infinite series. This is because the 

most liberal approximations that are possible without badly 
degrading the accuracy of the desired solution still cannot 
alter the fact that the equations describing the motion of a 
model rocket at any given instant during its flight are of a type 
Called differential equations, and as such cannot be solved without 
the methods of differential and integral calculus. We have used 
these methods extensively in compiling the material used in this 
book and have used the various notations of calculus freely 

in describing the steps by which flight performance solutions 
are obtained, both for tne interest of those advanced rocketeers 
who are familiar with calculus and because there is simply no 
other way of discussing these matters accurately. We know 

very well, however, that only a small fraction of our readers 
can be expected to have any Knowledge of advanced mathematics, 
and we have adjusted our presentation accordingly. You should 
not, therefore, become discouraged if you cannot follow the 
various mathematical treatments describing how the solutions 


are obtained. As a practical model rocketeer you will be most 


interested in the final results of these presentations -- the 


solutions themselves. And in every case you will find that these 


solutions can be worked out numerically using relatively 
simple numerical substitutions in tne algebraic formulae which 
have been obtained, plus a handbook of mathematical tables. 

in this chapter the general problem of computing model 
rocket flight performance will be considered, and the various 
techniques used to cast these problems into forms capable of 
closed-form, analytic solution will be discussed. The forces 


which influence the motion of model rockets will be briefly 


described and the methods by which the performance problems will 


be attacked in subsequent chapters will be introduced, while 
the presentation of the detailed solutions themselves will be 


left for the chapters reserved for them. 


1.1 Point-Mass and Rigid-Body Dynamics 

The problem of computing in detail the motion of « model 
rocket in flight is one of anelytical dynamics and Kinematics. 
By "kinematics" is meant the mathematical study of movement 
itself, while "dynamics" can, for the purposes of this book, be 
taken to mean the physical and mathematical study of the 
relationships between movement and the various forces and 
moments which produce it. In general, one can distinguish two 
Classes of motion of which rigid, extended bodies are capable: 
the translational motion of the body considered as a point 
mass concentrated at its center of mass and the rotational 
motion described by the body about its center of mass. Since, 


for all purposes of interest to model rocketeers, the center of 


mass of an object can be considered equivalent to its center of 
gravity, the notation C.G. will hereafter be used to refer to 

a model rocket's center of mass or center of gravity. The 
concepts of translation and rotation are illustrated by example 
in Figure l. 

In the absence of any physical interrelation between the 
motion of the C.G. itself and the rotation of the model about 
its C.G. the differential equations describing tne rocket's 
motion would possess a certuin very useful and velueble property: 
the equations describing the rigid-body rotations would be 


decouvled from those describing the point-mass wotions. That 


is to say that, if the rotation of the model about its C.G. in 
flight did not affect the net forces acting on it, and if the 
translational motion of tne rocket as a point mass did not 
affect the moments tending to rotute the model about its ¢C.G., 
the equations of motion of the C.G. and the equations of motion 
for the rigid-body rotations could be solved independently of 
one another. The practical effect of such a state of affuirs 
would be to greatly simplify the muthemutics involvec, since 
the trunslational motion could be solved while ignoring rotation 
and the rotutional motion could be solved while ignoring 
translation. 

For any extended body moving through the atmosphere in 
the Earth's gravitational field, however, there are external 
forces and moments which couple the rigid-body rotation to tae 
C.G. translation. These external forces and moments arise 


from the various components of atmospheric resistance, or drag, 


© 
Figure 1: Translational and rotational motion. The center of 
gravity of the rocket in illustration (a) has translated from 
position 1 to position 2; the rocket has not rotated at all during 
the motion. The rocket of illustration (b) has rotated from 
position 1 to position 2 about its center of gravity without 


undergoing any translation. 
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acting on the body which affect both the @.G. motion and the 
rigid=body motion. If the model should undergo rigid-body 
motion due to aerodynamic or other forces, the changes in its 
angle to the incident airflow resulting from such motion will 
change the dreg experienced by the vehicle, thus affecting the 
total force on it. Im the presence of gravity, the rigid-body 
rotations will also change tne angle of the thrust vector 

with respect to the local vertical and will therefore change 
the vertical and horizontal components of the force on the 
model due to the thrust. The point-mass motion also influeices 
the rigid-body motion, since the magnitude of the drag components 
which act to rotate the vehicle vary strongly with the velocity 
of the 0.G. The differential equations of motion of a model 
rocket travelling through the atmosphere under the influence of 


gravity are, therefore, a coupled set of equations. 


1.2 Separation of the Differential Equations of Motion 
Since, as we have remarked, it is generally much easier 
to solve a system of mutually independent equations than it is 
to solve a coupled set, the authors of the various chapters 
have followed the procedure generally used in full-scale science 
and engineering for problems of this type by adopting various 
simplifying approximations which permit the point-mass and 
rigid-body equations of motion to be decoupled (and also greatly 


simplify the solution of each of the decoupled sets). Such a 


separation cannot result in exact solutions; it will yield 
solutions of acceptable accuracy only if the coupling between 


the two types of motion is slight or "weak" in some sense. 


The analyses of model rocket flight presented in this book will 


a 


therefore be restricted to cases of weak coupling. As will 
be shown in Chapter 2, and later in Chapter 4, the coupling is 

in fact slight for all rockets that can be considered well-designed, 
so such a restriction is not unreasonable. One may therefore 


decouple the equations of motion under toe assumption that the 


compared to the other forces influencing the point-mass motion. 

Once the separate solutions to the decoupled equations of 
motion have been obtained, approximate methods will be used to 
re-introduce coupling for the purpose of obtaining a “first-order" 
idea of the effect of rigid-body motions on the altitude capability 
of any given model rocket. 

The remaining sections of this chapter will be devoted to 
brief discussions of each of the forces and moments which 


influence the rigid-body and point-mass motion of model rockets. 


2. Description of the Flight Forces 


This section will enumerate and consider the forces on the 
model which give rise to the motion of its center of mass. 
Such forces will hereafter be referred to as flight forces, 
as opposed to those forces encountered during the course of a 
model's flight whose moments give rise to rigid-body rotations. 


These latter forces will be referred to as perturbing forces. 
2.1 Thrust 


Thrust is the term applied to the force produced by a 


model rocket engine due to the rapid exit of exhaust gases 
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from its nozzle. The engine itself is no more than an enclosed 
furnace in which the fuel is burmed to produce a hot gas which 
then exits under extreme pressure from a small nozzle specially 
shaped so as to produce the greatest possible velocity of the 
exhaust stream. <A chemical rocket, however, is a highly 
specialized type of furnace in that the oxygen required for the 
combustion of the fuel is obtained not from the air, but from 
an oxycen-rich chemical, or oxidizer, carried along with the 
fuel in the rocket itself. For this reason a rocket will con- 
tinue to burn in the vacuum of outer space, and lence chemical 
rockets are used in spaceflight. In the case of the solid- 
propellant model rocket engine the fuel and oxidizer are mixed 
together to form a homogeneous propellant grain. 

To gain some understanding of how a rocket engine produces 
thrust, suppose we examine the hypothetical rocket of Figure 2, 
which is emitting gas at a constant exhaust velocity of magnitude 
c in the negative y direction. In some short interval of time, 
say At, a mass of exhaust gas Om, leaves the nozzle, so that 
the mass of the rocket engine changes by the amount Am, »« ~All, - 
If the time interval is permitted to become so short as to be 
what mathematicians refer to as infinitesimal 1t may be denoted 
by dt, also referred to in the language of calculus as the 
differential of time. In thie case toe mase change experienced 
by the rocket will also become so swall as to be considered a 
differential quantity, denoted by -dm,. The instuntaneous rate 
at which the mass of tine rocket is changing 1s then given by 


the ratio of toe differential mags change to the differential 


== ys 
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Figure 2: Origin of rocket thrust. In 4 time interval At the 
rocket expels the quantity of mass Am, at the exhaust velocity 

¢ in the (-y) direction. "In the limit" as At becomes dt and 

Am, becomes dm, the rate of mass expulsion -- or “mass flow rate" -- 
is dm,/dt (also written m). The thrust P is given by the equation 
F = -¢(dm,/dt) and thus acts in the (ty) direction. 
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time interval over which that change occurs. This ratio is also 


called the derivative of the rocket's masse with respect to time: 


rate of sass change s me 


g derivative of mass with respect 
to tine 

The above explanation of the derivative as a ratio of 
differentials is useful in forming a mental picture of what 
a derivative physically represents, but it provides no information 
about how derivatives are actually computed. They are not 
calculated by somehow finding each differential and taking the 
ratio of the two; they are, rather, done “all at once” by one 
of two possible methods. The first such method is usable when 
the dependent variable (in this case mass) is given as an 
analytic function of the independent variable (in this case 
time); that is, when the dependent variable is expressed as 
eome algebraic formula in terms of the independent variable. 
In such cases the derivative is itself an algebraic formula 
which is computable from the original function by means of tne 
linpiting arguments used in differential calculus. You will not 
need to know how to perform any such calculations to underatand 
this book; wherever the derivative of an algebrailo expression 
is needed we will supply it already written out. The second 
method is an upproximate one and is used when the function whose 
@erivative is to be taken is supplied in graph or table forse. 
In the case of a graph, the derivative at any given time t' 
is just the slope of the tanrent line touching the ¢raph at 


that value of time. The meaning of these terms is indicated by 
the example in Figure 3, which also describes the procedures for 
obtaining derivatives from graphs and tables. 

Now the connection between the time derivative of a rocket's 


mass and the thrust of its engine lies in the fact that the 
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Those of you who have had some exposure to elementary physics 
will be familiar with the concept of momentum; some of you, 
moreover, may already know that the rate of momentum transfer 
resulting from the expulsion of mass from a body depends upon 
two quantities: the rate at which mass is being expelled 

and the velocity with which it is being ejected. In Chapter 
4 4t will be shown by more detailed momentum considerations 


that the relationship involved is 
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where F denotes the thrust produced by the motor and ¢ is the 
velocity of the exhaust gases as measured by an observer moving 
with the rocket. Both the thrust force and the exhaust velocity, 
students of physics will note, are vector quantities; that is, 
both their magnitudes and the directions in which they act 
must be specified to describe them completely. Mass (and its 
time derivative), on the other hand, is a scalar quantity; it 
can have only a magnitude. 

In a properly designed and constructed model rocket whose 


engine is not suffering from any malfunction the exhaust stream 
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Pigure 3: The concept of a derivative, as illustrated by the 


rate of sass change of a model rocket engine due to the expulsion 
of exhaust gases. Two approximate methods for the computation 

of derivatives are illustrated: graphical solution by the use of 
a “tangent” line (a) and numerical solution using a table (b). 
Note that dm is negative because mase decreases ae tine jncreages. 
dm/dt as illustrated here is just the negative of dm,/dt. 
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is directed dead astern. In such a case we can repiace the full 
vector notation for force and velocity with a simpler, fore-and-aft 
sien convention in which vector quantities directed forward 

slong the vehicle longitudinal axis are considered vositive, 

while those directed rearward are considered negative. According 


to this convention. 
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Professional rocket engineers refer to the derivative dm,/dt as 
the mass flow rate and sometimes write it as m, the superscrint 
dot denotine differentiation with respect to time (an alternate 
calculus notation for the time derivative which is sometimes 
used to save writing). Note that, since positive quantities 
oniv are involved in the right-hand side of equation (2), the 
thrust is a positive quantity also -- confirming what we as 
practical model rocketeers already know to be the case; namely 


that the thrust is directed forward along the rocket's centerline. 


an] Fin 


In theory, then, if you were given the exhaust velocity 
and mass flow rate of any given rocket motor as functions of 
time, you could compute the thrust of that motor as a function 
of time. It is also theoretically possible to calculate both 
the exhaust velocity und the mass flow rate from the combustion 
characteristics and thermodynamic properties of the propellant 
and the size and shape of the combustion chamber and the nozzle. 

In practice, however, rocket engineers generally compute the 

torust directly from the propellant, casing and nozzle character- 
istics and obtain the exhaust velocity and mass flow rate as 
byproducts of this calculation. The thrustsof model rocket 

engines as functions of time are always supplied by the manufacturers 
in graphical form: the so-called thrust-time curves, which are 
derived from averaging a large number of traces recorded during 
static firings of engines of the same type. The thrust-time curves 
of individual model rocket motors may differ somewhat from the 
average for their type. This variation is not too severe, however, 
in motor types which have received Safety Certification or 

Contest Certification from the Standards and Testing Committees 

of the National Association of Rocketry. 

In any one given engine, one generally finds thet variations 
in thrust with time are due more to variations in the mass flow 
rate than variations in the exhaust velocity. In fact, it is 
almost always accurate enough for model rocketry purposes to 
assume the exhaust velocity to be constant during the entire 
burning period. The mass flow rate can then be easily computed 


from equation (2) if you are careful with units. Suppose, for 
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instance, that the thrust is given in newtons and the exhaust 

velocity in meters/second. Remembering that one newton is 

one kilogram-meter/(second@), one then obtains the mass flow 

rate in kilograms/second, which can easily be converted to graos/ 

second by multiplying by a thousand. 4n easy method of calculating 

the average exhaust velocity will be described a little later on. 
Model rocket engines come in a wide variety of sizes and 

configurations, permitting the modeler to choose any desired 

averace thrust from as low as 3 newtons to as high as 100 newtons. 

A knowledge of the average thrust alone, however, is not 

sufficient to enable one to predict the overall effect of the 

ensine on the rocket's performance. It is also necessary to 

know how the tlrust varies as a function of time and the length 

of tine for which the engine will burn. Knowing these the 

modeler can compute the total momentum cnange which the engine 


will impart to the rocket, also called the total impulse, 
according to the relation 
te 


(3) I~ = | F(t)dt 

where I, is the total imoulse, P(t) is the calculus notation 
for "thrust as a function of time", and t;} is the total burning 
time (not counting the delay/tracking charge) of the engine. 
Bquation (3) is the first we have encountered so far needing 

the techniques of intesral calculus for its solution. The 
symbol { is referred to as an integral sign. The quantity to 

be “integrated" (in this case F(t)) is called the integrand, and 
the variable with respect to which the integration is to be 
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perforued; that is, the Independent variable (in tnis case 
tine, or t) ie referred to as tne veritable of interpration, or 
runaing variable. The differential of the running variable is 
always written after the integrand to identify the running 
Variable; hence the "dt" after F(t). The time values O and t, 


are the limits of integration, and the integration is suid to 


be performed between 0 and tp, or from O to tp. 

As far as model rocketeers are concerned tnere are two 
Ways in which an actual number for I, can be obtained from 
equation (3). The first of these can be used only if F(t) is 
given by some well-defined algebraic formula, in which case 
mathematicians have shown that there also exists an algebraic 
formula for jr(t)at (the interral written without limits igs 
called an "indefinite integral" and is uged to refer to the 
general functional form of the integral as opposed to tne inte- 
gral written with limites, or “definite integral", which refers 
to the actual value of the integral taken between specific 


limits). The integrals of a great many specific functions have 


been tabulated and listed in such books as Burington's Handbook 


of Mathematical Tables aud Pormulae and the CRO Standard 
Mathematical Tables, Which ure used as references by students 


of science and enginesring. For instance, if the functional 


form of F(t) is given by 
F(t) = at® 


where 4 and n are constants, then 
j then) 


{ F(t)dt = oe + C€ 


n+l 
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where 0 is « “constant of integration” which must generally be 
determined by physical considerations called the “initial 
conditions” of the problem. Of particular interest is tne case 
Hh ¢ 0, which describes o thrust that is constant over the burn 
time: 
F(t) = At? 
sz A 


Then \r(t)at = at +c 


It will be found that, in all problems of computing total impulse, 
Gis zero. Wow it is a basic rule of calculus that the value 
of a definite integral is equal to the value of the integral 


taken at the upper limit ginug the value taken at tie lower 
lisit. That is, in this case, 


ty | 

J r(tjat w= at), - at), 
= At> - A4’°0 
= Aty 


So you can see that for the cage of constant thrust the total 
impulee ie just equal to the thrust multiplied by the burn time. 
In fact, the total impulee is always equal to the average thrust 
multiplied by the burn time, but for all cases other than that 
of conetant thrust the average torust itself sust be calculated 


from tne total impulse, which has been determined from (3), 
according to 


(4) Pay = It/ty 
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You can also see that total impulse has units of (force x time). 


Since model rocket thrust is measured in newtons and time in 
seconds, total impulse is given in newton-seconds. 

But suppose there ig no simple algebruic foruula that describes 
F(t). Suppose there is either no known formula at all or one 
so complicated that its integral would literally cover pages- 
In such cases the total impulse can be computed numerically, 
without integral formulae. To see how this is done suppose we 
take as an example the thrust-time curve of Pigure 4a, woich 
is typical of many of the smaller classes of model rocaet engines: 
there ig an initial “spike” at ignition followed by a drop-off 
to a fairly constant thrust for the rest of the burn time. In 
Figure 4b the exact thrust-time curve hus been approximated by 
a series of elght adjacent rectangles. There are many nuthe= 
matically "eancier" and wore precise ways to do this, but is 
Ficure 4b it has been done “by eye" and indeed such an intuitive, 
physical approach will be found sufflelLently accurate for 
virtually all model rocketry work. The total impulse according 


to this method is given approxinutely by 


I¢ = Pot) + Fobta + Pits + Pybty + Fohts + Febts + 
Fr7bt7 + Febtg 


It is evident that more than eight rectangles can be used, and 
that the approximation will get better as the nuaber of rectangies 
increases and they get narrower and narrower. “In the limit", 
as the rectangles get infinitesimally thin, the approximation 


will become exact -- and in fact this ls just the definition of 
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Figure 4: Total impulse and the concept of integration. Panel (a) 
shows the thrust-time curve of the NAR Type B4 engine. The total 
impulse I, of the engine is equal to the integral of its thrust-time 
curve; that is, to the area (in N-sec) enclosed by it. The other 
three panels show some approximate methods of obtaining this integral. 
In (b) the curve has been approximated by a series of rectangles and 
I, has been computed as the sum of the areas (in N-sec) of the 
rectangles. In (c) each square of the grid represents 0.1 N-sec 

and I; is found by determining the approximate number of squares 
enclosed by the curve. In (d) the weight in gram-forces of a piece 
of cardboard 1 sec long and 1 N high has been determined and Ty has 
been found by comparing it with the weight of a cardboard cutout of 
the curve. Method (d) was most accurate in this case, as the actual 


I; of tne B4 engine is 5.0 N-esec. 
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the integral as used in oulculus, for Wuleh the nuthenatical 
notation is 
on t 

dim SMybt, 2} P(t)at 

~—e | 0 
A similar numerical method consists of “counting the squares 
on the graph paper" enclosed by tne turust-time curve and the 
axes. The number of newton-seconds represented by each square 
can be found from a knowledge of the verticul and horizontal 
Graph scules. The impulse per square is then multiplied by 
the number of squares to sive the total impulse, as shown in 
Figure 4c. 4n instrument called a planimeter is often used to 
compute total impulse in this manner. The instrument has a 
stylus which is used to trace the boundary of the tiurust=-time 
curve, resulting in a measurement of the area enclosed by the 
curve. The total impulse is directly proportional to this 
area, the constant of proportionality being equal to the amount 
of impulse represented by a unit area of the graph paper. 
Persons who do not have a planimeter can still maxe a good 
planimetric determination of total impulse using the method of 
Figure 4d. In this technique the thrust-time curve is traced 
onto cardboard, cut out, and weighed on a good laboratory gram 
balance. <A rectangle of the sume kind of cardboard cut to the 
size that represents a single newton-second of impulse in the 
scale to woich the turust-time curve is drawn is also weighed. 
‘The welght of the curve cutout divided by the weight of the one | 
newton-second rectangle is then equal to the total impulse. 


You can see thut ull these numerical methods rely on the 
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essential relationship between the intesral of a function und 
the area euclosed between the graph of that function and the 
coordinate axes with respect to which that graph is drawn. 
Apveals to the intuitive notion of an intecral as “the area 
under the curve" of the integrand are in fact often used in 
teachings culculus at tiie senior high school and undergraduate 
college level. 

The particular functional formas of P(t) encountered in 
model rocketry full into several well-defined clusses. These 
categories are represonted by the sample tarust-time curves of 
Figures 5a, 5b, and Se. The curve of Figure 5a excuplifies 
the behuvior of a typical end-burning motor. The vast majority 
of the NaR Class 34 through D engines, as well as some of the 
larger engines, have thrust-time curves of this type. Such 
engines are produced with a solid propellant grain having a alight 
indentation at the rear, immediately inside the nozzle. The 
indentution serves a dual purpose: it provides a convenient 
cavity into which the electrical igniter may be packed and it 
is also responsible for increasing the burning surface area of 
the propellant grain in the fraction of a second immediately 
following ignition, thereby producing the "spike" in the 
thrust-time curve shown in Pigure 5a. This short period of higher 
thrust is useful in accelerating the model rapidly to velocities 
at which tus stabilizing fins become effective. Thereafter 
the thrust decreases to the virtually constant level character- 


istic of a true end-burning, or "clgarette-burning", grain 


until burnout occurs. 
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Pigure 5: Major classes of model rocket thrust-time curves. 
(a): Curve of Type B4 engine, representative of end-burning engines 
with initial peak. (b): Curve of Type BL4 engine, a core-burning 
engine with a constant-diameter port. (c): Curve of Type B62 
engine, an ammonium perchlorate/polyurethane engine also having 

@ constant-diameter port. Its high-energy propellant is slow- 
burning, enabling it to produce thrust-time characteristics that 


would require a tapered port in a blackpowder engine. 
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Figure 5b represents the thrust-time curve of the NAR 
type B14 motor, a high-thrust, slort-time engine used to accel- 
erate heavy rockets and multistaged models. These ensines 
have a hollow core, or port, along the central axis of tie grain, 
causing burning to progress radially outward toward the wall 
of the casing rather than forward as in the end-burning motors. 
The burning surface area of the core-burning motor is thus much 
Greater than that of the end=-burner and ite thrust-tine curve 
consists of a single, high-thrust spike. The rapidity wlth which 
these engines can accelerate a model has been described by stating 
that they deliver a "sledge-hammer blow" or “kick in tne tail" 
to the rocket in which they are installed. 

Many of the largest model rocket engines -=- those in aR 
Classes B and F -- have thrust-time curves like that of Pleurs 
Se. These engines are also port-burners but, unlike the 514, 
they have tapered ports; their grain configurations are said 
to be "three-dinmensional". Although they also exhibit a charac- 
teristic peak in tuelr thrust-time behavior, this peak ie attained 
more gradually than ia the case with the Bl4 engines and occurs 
near the end of the burning period. 

Since the invention of the rocket in China during the 
Hiddle Ages a great many varieties of solid propellant have 
been developed. The first rockets used black gunpowder, an 
improved form of which is still the major constituent of most 
model rocket propellants. @&nokeless powder was introduced at 
the beginning of the twentlethn century, followed by "double-bage" 
propellants -- esseitially variutions of nitroglycerin- and 


nitrocellulose-type compounds -- and "composite" propellants 
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like the polyurethane/ammonium perchlorate mixtures used in the 
Polaris and Minuteman guided missiles and many sounding rockets 
currently in use. When selecting a propellant from among the 
many avallable types, one of the first questions the rocket 
engineer asks is, "How powerful is it?" The answer to this 
question lies in a quantity called the specific impulse of the 
propellant; that is, the total impulse obtainable from the 
combustion of @ unit mass of propellant. Specific impulse is 
thus a measure of a propellant's efficiency. Strictly speaking, 
the mathematical definition of specific impulse is 


(5) Isp = I;/me 


where My is the mass of propellant consumed in providing the 
total impulse Iy,- The strictly consistent physical units for 
Isp in the KKS system used in model rocketry are therefore 
newton-seconds per kilogram. Rocket engineers, however, use 
weight measure when computing specific impulse, using the 
definition 


(6) Isp = It/we 


where Wr is the weight of propellant required to produce the 
total impulse Iy. According to this definition Ig, has units 


of newton=<seconds per newton -- or simply seconds. 


The engineering 
definition is especially convenient in that it relates Isp to 


the exhaust velocity through the simple relation 


(7) C = &Isp 
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where ¢ ie the acceleration of the Bartu's gravity fleld (9.0 
meters/sec.@). 

Rodel rocket engines using pressed blackpowder propellant 
Grains exnlbit values of specific impulse in the range of 48 to 
105 seconds. Nore recently, several types of engines using 
high-performance, ammonius perchlorate/polyurethane propellants 
have been introduced in model rocketry. These motors deliver 
specific impulses in the neighborhood of 175 seconds. There 
exist solid propellants which deliver specific impulses in excess 
of 240 seconds when burned at algh chamber pressures, but 
problems of teuperature, pressure, ignition technology, and coat 
have so fur prevented their use in model rocketry. 

The gpecific impulse delivered by any given model rocket 
notor is a quantity that is measured and published, sither by 
the manufacturer of that motor himself or by the NAR Standards 
and Testing Committee. It is therefore a simple matter to 
compute the average exhaust velocity of any given motor using 
equation (7), and to use the value of exhaust velocity thus 
obtained in computing the mass flow rate from equation (2) 
and a knowledge of the engine's torust-time curve. 


2:2 Weight 


The weight of a model rocket 1s the force exerted on it by 
the Earth's gravitational field. <A rocket of pass mo will have 


a weight given by 
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where, as before, zis the (vector) acceleration of the Barth's 
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gravity field. The weight force always pointe in the direction 
of the aravity field, which in thie case le the center of the 
Barth =< or “straight down" along the local vertical. Strictly 
speaking, the value of @ decreases with increasing altitude 


above the Barth's surface acoording to the relation 


eh 


where R, is the radius of the Zarth, g, ile the magnitude of ge 
at the Barth's surface, Ris any radius greater than Ro and 

& ie the magnitude of g at that radius. Even a 20,000-foot 
model rooket flight (about 6,000 meters -- much higher than 
any ever officially confirmed), however, would result in an 
apogee value of R only one tenth of one percent greater than 
Ro» The effect of altitude on the weight of a model rocket is, 
therefore, wholly negligible. In all the calculations in this 
book & will be taken to have the magnitude ¢,. 

The weight of a model rocket doeg vary during its flight, 
though. This in-flight weight variation is due to the expulsion 
of mass from the rocket motor as it produces thrust. In Section 
2.1 the relationship between thrust and the rate of mass expulsion 
was established as equation (2). Equation (2) can now be used 


to determine the model's mass as a function of time in the form 
| | t 
(10) M = My - (Pda 
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When the engine ceases burning at time tp, the mass of the 


rocket is 


= 
= ——— 
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(11) My, = MM ~ {2 at or, wince 


(12) my = | Fie) at 


where Br ia the total mass of propellant in the engine before 


ignition, 


(13) My = Mp) = Me 


Accordingly, the weight of the rocket decreases continuously 

during the engine burn and the model is lighter after burnout 

than at ignition. In large guided missiles and space boosters 

the propellant constitutes most of the liftoff mass of the vehicle, 

so that such « rocket ut burnout has only a small fraction of 

the mass it had at ignition. In model rockets, however, tne 

mass change due to the expenditure of the propellant is relatively 

slight. This fact, as will be shown in Chapter 4, considerably 

simplifies the calculation of model rocket altitudes perfomance. 
Unlixe tue turust, tue direction of toe welght vector remains 

dnvarient when the rocket rotates or "tips" away from the vertical. 

The weight of a model rocset, or for that matter any object, 

appears to originate from u point culled the center of mus 

which for all practical purposes within tie scope of this book 

uuy be taken as identical to toe center of fravity, or bulance 

the point by which the object may be suspended without 

all rotations 


point: 
showing any tendency to rotate in any direction. 


of a model in flight occur «about tne C.G., and the weight vector 


always acts through the ¢C.G. downwurd along tie local vertical. 


-34- 


2.3 Drag and Side Force 

Probably the most interesting, and certainly the most 
complex and difficult to calculate, force acting on 4 body moving 
through the atmosphere is the aerodynamic resistance to its pas- 
sage, which physicists and engineers call drag. The drag of 
a body is a function of the density and viscosity of the medium 
through which it moves, its size and shapes, the velocity with 
which it moves, the quality of its finish, its detailed surface 
characteristics, and its angle of attack. 

Detailed discussions of the physical mechanisms by which 
all these factors influence the drag of a model rocket will be 
presented in Chapter 3. For the present 1% will be enough to 
write down just a few of the most fundamental facts about drag 
as it pertains to model rockets. First of all, the total drag 


On a model rocket moving through air of density Pf at a velocity 
of magnitude v is given by 


(14) Ds af Cpayve 


where Ay is a reference area which is usually taxen to be the 


cross-sectional area of the largest diameter body tube used in 
the rocket and Op is the drag coefficient, a dimensionless 
parameter which depends on the shape of the model and its angle 
of attack, and also (more generally) on the Reynolds number at 
which it is operating. 

The angle of attack, usually denoted by the symbol «, is 
the angle between the instantaneous velocity vector of the model's 


C.G. with respect to the air and the orient«tion of the rockxet's 
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longitudinal axia. fhe concept of angle of attack is illustrated 
in Figure 6. As the angle of attack of a sodel rocket increases 
from sero ite drag coefficient also increases, since tie effective 
area normal == that is, perpendicular -- to tne airflow which 
it presents becomes larger than the reference area Ay used in 
calculating the drag, and tie effective shape of the rocket 
becomes more difficult for the airflow to negotiate. 

The Reynolds number, named for the English physicist 
Osborne Reynolds (1642-1912), is usually denoted by R, and is 
@ dimensionless aerodynansic scaling factor given by the relation 


(15) fun 
=f 


where (again) f is the density of the air, 41 is the viscosity 
of the air, v is the magnitude of the velocity vector and L 
is the length of the rocket or other object of interest. There 


ie aleo a Kinematic viscosity, defined as 


(16) v= > 


so that the Reynolds number is sometines written as 


(17) Re = VL 


The concept of viscosity will be more fully discussed and explained 
in Chapter 3. For the present, the importance of equations (15) 


and (17) can be summed up in two statenents: 


(a) The flow about two geometrically similar oblects 
is dynamically similar if tne Reynolds nunbers for 


Figure 6: angle of attack. The direction of the rocket's longitudinal 
axis is deflected through the angle w from the instantaneous velocity 
vector V- « is referred to as the “angle of attack". This diagram 
assumes that there is no horizontal wind, so that the rocket's 


velocity with respect to the air is the same as its velocity with 


respect to the ground. 
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the two cases are identical; and 


(b) The Reynolds number expresses the ratlo of 
inertial force to viscous 

force in any given fluid-flow situation. The 
effects of viscosity predominate at Reynolds 
numbers lecs than 1.0, while inertial effects 


predoninate at Heynolds numbers greater than 1.0. 


Statement (a) is important to the field of aerodynamic testing 
in which models are used, such as wind-tunnel testing. It 
means, for instance, that a quarter-scale podel of an airplane 
placed in a wind tunnel will yield accurate information about 
the full-scale prototype if the tunnel airspeed ia naintained 

at four times the flight speed of the prototype, so that the 
product vL is the same for the two cases (or 1f the tunnel is 
pressurized or some other fluid than «ir is used, so that the 
kinematic viscosity is decreased and a lower speed may be used). 
Conversely, dats taken on 4a model rockst placed in a wind tunnel 
which can only generate an airspeed of 5 meters per second 

may pot apply to that same model wien it is flying 150 meters 
per second. 

Statement (b) 1s important when considering the effect of 
varying Reynolds nunber on the drag coefficient. The density 
of sea-level air is 1.225 x 107 gram/cn.-, while its viscosity 
at room tezperature (16° 0) is 1.527 x 1074 gran/(cu.-sec.). 
The unit combination gram/(en.-sec.) is aleo known as the poise. 
In any case, this makes the value of P/A An 068 units equal to 
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6.69 sec./om.*. With the length of a typical model rocket being 
about 30 centimeters, a flight velocity of 150 meters/sec. 
(15,000 om./sec.) produces a Reynolds number of about 3 x 10©, 
An airspeed of 5 meters/second, on the other hand, gives an 

R, of only 1 x 105. Both nuwnbers are considerably greater than 
one, of course, so that inertial forces are much greater than 
viscous forces in all cases involving model rockets. Still, 

the two cases differ by more than an order of magnitude, so that 
viscous effects are thirty times more important in the wind-tunnel 
test than in flight. Consequently, the flow behavior observed 
in the wind-tunnel test may be different from that actually 
encountered in flight. The drag coefficient, in particular, may 
be somewhat different. 

Each component of a model rocket -= nogecone, body tube, 
Tins, and so on == contributes in some measure to the overall. 
drag on the model, and nence to its drag coefficient. Each 
contributes both pressure drag due to the effect of its shape 
in displacing the airflow pattern about the rocket and friction 
drag due to the viscous shearing stress, or "friction", of the 


air directly adjacent to its lateral surfaces. The effect of 


the components in modifying the flow about each other also 
produces a small smount of additional drag, called the inter- 
ference drag. Changes in Reynolds number over « great enough 
range can change the value of the overall drag coefficient 


through the phenomenon of transition, which alters the charac- 


teristics of the airflow about the rocket. At lower Reynolds 


numbers (less than 5 x 10°), wnere viscous forces are more 


oo 


important, tue flow in the bousjary layer directly adjaceat to 
the model ia likely to be arranged in neat, smooth, sicro- 
scoploally-thin layers and is thus said to be laninar. At 
higher Reynolds numbers (greater tian 5 x 106) the importance 
of viecosity diminishes and the bounldery layer is lixely to 
undergo transition and becoce turbulent; the once-snooth layers 
mixing and swirling down the alde of the model in a rough, 
chaotic sanner. The friction drag of an object with a turbulent 
boundary layer is much higher than that of one with a laminar 
boundary layer, but a turbulent boundary layer follows the 
contour of an object's surface better than a luminur one and is 
less likely to sezarate from the surface, so it may lower the 


pressure drag. Detailed 
Reynolds sumber changes, with their associated trunsition 


discussione of precisely how cucho 


phenomena, alter a model rooket's drag coefficient will be 
The present brief discugsion should be 


general idewu of why the Reynolds number 


presented in Chapter 3. 

sufficient to clive you a 

ie important and how it cen change tue drag coefficient. 
the range of BE, usually encountered in practice, values of Gp 


Over 


for most model rockets range from 0.35 to about 1.0, averaging 
0.7 to 0.75 for sport rockets of average design and finish 
quality. 
Chapter 3 will also present & tuorough treatuent of methods 
for calculating how a model rocket's drag coefficient increases 
with angle of attack. A slightly different approach, but one 
Walch gives very nearly the seme numerical results, will be 
used in Chapter 4 for determining the effect of dynamic oscillations 
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("wobbling of the rocket on the way up) on a model's maximum 
altitude. According to this treatment, the coefficient of drug 
at zero angle of attack is written Cp,. A constant k can then 


be defined such that 


Then one can represent the drag as a function of angle of 


attack by 
(19) De {k+€f(x)}v2 


where € is a constant and f(x) is some function of the angle of 
attack that decreases to zero as tne angle of attack itself 
goes to zero. According to the method of analysis developed by 
James Barrownan, which is discussed in detuil in Chapter 2, a 
rocket flying at a nonzero angle of attack experiences a normal 


force (1.e., one perpendicular to the model's centerline) whose 


magnitude is given by 
(20) N= 3f0,.4,v* 


where Cy, 1s the normal force coefficient, whose computation by 


the Barrownan method is described in Chapter 2. The component 


of force Nsinx is an additional contribution to the drag, while 
the component Ncos« is a side force tending to deflect the rocket's 
path by causing an acceleration component nomnal to the current 


direction of flight. The resolution of the normal force is 


shown in Figure 7. 


iow at small angles of attuck (less tnan about 15°) sing 


Figure 7: Resolution of normal force into side force and "drag 

due to lift". The normal force and its components are considered 
to act through the center of pressure. iy is perpendicular to the 
longitudinal axis of the rocket, 3 is perpendicular ta the velocity 
vector, and Dy is parallel to the velocity vector. A case of 


no wind has again been assumed. 
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is very nearly equal to the value of « itself in radians 
(one radian eauals 57.39), while cose is very nearly equal to 


1.0. Accordingly, one can make the small-angle approximations 


(21) Nsinn = Ne 
(22) S = Neos« 
= N 


where S denotes the magnitude of the side force. Now by 
inspection of equations (19), (20), and (21), one might be tempted 


to deduce that 
a — ES Cree Ay and 
f(x) = o* 


Unfortunately, things are not quite that simple. The drag 
increase due to the normal force is only one of several contri- 
butions to the increase in drag produced by a nonzero angle of 
attack. As explained in Chapter 5, viscous cross-flow and 
increased interference effects cause the increase in drag due 

to angle of attack to be somewhat greater than one would predict 
from Barrowman analysis alone. It will, however, be found 


quite accurate to represent f(a) by a 


, and this property 
will be used in Chapter 4 to estimate the effects of the 
oscillatory responses to various in-flight perturbations on 


altitude capability. 


~h}- 


In Pirure & a complete vector diagram of al] the forces 
influencing the center-of-mass motion of a model rocket in 
flight is presented. The making of such a drawing. called a 
free-body diagram, is one of the fundamental steps in the 
solution of any problem in statics or dynamics since it enables 
one to readily visualize all the components of the forces required 
to write down the equations of motion. You may find it helpful 
to consult Pigure & of this chapter again when reading Chapter 
4. 


2: Description of the Perturbing Porces 


Thies section will consider those forces encountered by 


a podel rocket in flight that produce moments which rotate the 


Figure 8: Forces on a model rocket in flight. Thrust, drag, 

weight, and side force, as well as the velocity vector, have been 
shown for a rocket in general flight attitude (that 1s, the rocket 
ds neither flying vertically nor at zero angle of attack). Wind- 


free conditions have been assumed. 


model about ite center of gravity. The changes in angle of 

attack produced by suci rotations result, as we saw in Section 
2.3, in increased aerodynamic drag and also give rise to side 
forces which, if they persist for w long enough time, can seriously 
disturb the rocket's flight path. The perturbing forces generally 
arise from irregularities in tbe construction of the model, 
launching and staging effects, and local wind phenomena -- «all 

of which must be allowed for in some degree when designing a 
model. Model rockets must be designed to respond as little as 
possible to the perturbing forces, and to return to straight 

and true flight as soon as possible after the disturbance has 
passed. aAccordingly, the analyses of Chapters 2 and 4 will 
present in detail information ugeful in designing disturbance- 


resistant rockets. 


Bel Aerodynamic Disturbances 
Aerodynamic effects that tend to rotute uw rocket vehicle 


about its C.G. can arise from winds, misaligned fins or other 
components, "fluttering" of the fins, or protrusions such as 
launch lugs which cause asymmetries in the vehicle's snape. 

Winds may either blow continuously or arise in momentary gusts. 

In Chapter 2 it will be shown that a constant wind that persists 
for a long period of time can produce wWeuthercocking, a phenomenon 
in which the model tends to tip toward the direction from which 
the wind is coming and fly off at an angle determined by the 
vector sum of the wind velocity and the vertical velocity of 

the rocket at the time it begun to exogrience the wind. Weather- 


cocking is illustrated in Pigure 9. A gust of wind, on the other 
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Figure 9: Weathercocking. The rocket leaves the launcher (a) at 
vertical velocity ¥ and encounters a horizontal wind of velocity 

v. It then tends to fly off in the direction of the vector 

v + (-0) and “weathercocks" (b), or flies into the wind. This is 
because the wind acts through the center of pressure which, for 


any stable rocket, is behind the center of gravity. 
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hand, will succeed in temporarily deflecting the vehicle and 
Will generally cause it to oscillate in rotation about its C.G., 
With lts angle of attack passing back and forth through zero. 

Fin flutter is a perlodic force. That is, the fins are 
undergoing rapid vibrations from side to side (sometimes these 
vibrations are audible as a whirr, or buzz) which induce forces 
and moments on the model that are sinusoidal (l.e., if their 
magnitudes were graphed versus time the resulting graphs would 
look like sine waves). Flutter will be present in fins which 
are too thin to possess sufficient rigidity; it is evidence of 
poor design aince it is perfectly possible (indeed, easy) to 
desicn fins which do not flutter at all. If you do encounter 
a case of fin flutter, though, you will want your rocket to 
survive it so you will have a chance to replace the model's fins. 
Consequently, the rocket as a whole ghould be designed for 
minimal response to any possible flutter. 

Misaligned fins or other components and asymmetrical surface 
protrusions will cuuse forces and moments which are constant 
in direction in « rocket that is not spinning (or “rolling") 
about its centerline, and which are sinusoidal in nature in 
one that is spinning. The angular frequency of the sine functions 
in the latter case 1s equal to tne roll rate of the vehicle in 


radians per second. 


3.2 Hechanical Disturbances 


Mechanical perturbing forces and moments sre distinguished 
from aerodynamic disturbances in that tuey in no way depend 


upon the aerodynamic couplins of tne point-mags notion to 


Figure 10; Examples of aerodynamic and mechanical disturbances. 

A horizontal wind (a) produces step forcing of constant intensity, 
while mismounted fins (b) cause a step disturbance of intensity 
proportional to the square of the airspeed. If only one fin is 
canted the rocket will spin, producing roll-coupled sinusoidal forcing, 
Torsionally vibrating fins (c) produce sinusoidal forcing of intensity 
proportional to the square of the airspeed. A mismounted or 
malfunctioning engine (d) produces step forcing proportional to 

the thrust level. Launch rod whip at departure (e) causes an 

impulse disturbance, as does staging (f). Since the lower stage 

has been blown to the right by the blow-through/ignition sequence, 

the base of the upper stage is pushed to the left. Cases (a), (b), 
and (c) are aerodynamic disturbances, while (d), (e), and (f) are 


mechanical disturbances. 
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the model's rigid-body rotations, and that tney do not originate 
from any aerodynamic sources at all. Mechanical perturbations 
would arise even if one attempted to fly a model rocket in the 
hard vacuum of outer space. Examples of mechanical disturbances 
are those caused by thrust misalignment due to imperfect engine 
mounting or nozzle abnormalities, propulsive instabilities 
resulting in an oscillating thrust vector, force transients 
arising as the vehicle leaves the launch rod or tower, and 
forces due to a staging ignition sequence. 

Mechanical disturbances arising from launch departure 
effects or staging are unidirectional in nature and are of 
extremely short duration, while those arising from thrust 
misalignment or thrust vector oscillation are of relatively , 
long duration. Thrust oscillation effects are sinusoidal with 
an angular frequency determined by the rapidity of the oscillation 
itself. In the case of a spinning rocket the frequency of the 
thrust oscillation will be superimposed upon the model's roll 
rate. <A constant thrust misalignment will be unidirectional 
in nature if the vehicle is not spinning, and sinusoidal with 
an angular frequency equal to the roll rate if it is. 

All the perturbing effects mentioned here and in Section 
3.1 will be discussed in detail, modeled matnematically, and 
treated as input moments ("inputs" or "forcing functions") causing 
the model to undergo various rigid=-body rotations in Qhapter 2. 
While reading Chapter 2 you may wish to consult Figure 10, 
in which a number of situations which will produce aerodynamic 


or mechanical disturbances have been illustrated. 
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CHAPTER 2 


A UNIFIED APPROACH TO AERODYNAMIC STABILITY 


Gordon K. Mandell 
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SYMBOLS 


Meaning 
initial amplitude 
space axes 


roots of quartic equation used to determine 
angular frequencies of pitch and yaw in 
cases of rolling rockets 


roots of cubic equation used to determine 
angular pitch and yaw frequencies of a 

rolling rocket undergoing force-free precession 
amplitude of sinusoidal forcing 

amplitude of response to sinusoidal forcing 
initial amplitude of first mode of critically 


damped or overdamped motion; also initial 
amplitude of first mode of roll-coupled motion 


initial amplitude of second mode of critically 
damped or overdamped motion; also initial 
amplitude ot second mode of roll-coupled motion 


amplitude ratio 

amplitude ratio of roll-coupled motion 

resonant amplitude ratio of roll-coupled motion 
resonant amplitude ratio 

aspect ratio 

normal force coefficient 

normal force coefficient of boattail 

normal force coefficient of nose 

normal force coefficient of shoulder 

normal force coefficient of tailfin assembly 


normal force coefficient of tailfin assembly 
in the presence of the body 
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Meaning 
normal force coefficient of one fin 
corrective moment coefficient 
damping moment coefficient 
aerodynamic damping moment coefficient 
propulsive damping moment coefficient 
inverse time constant 
body axes 


inverse time constant of first mode in 
roll-coupled motion 


inverse time constant of second mode in 
roll-coupled motion 


thrust 

force 

function of pitch angle 

abbreviated notation for a function of the 
dynamic parameters used in writing the angular 
frequencies of roll-coupled motion 
function of pitch angular velocity 
strength of impulse 

moment of inertia 

moment of inertia about D axis 

moment of inertia about E axis 

moment of inertia about F axis 
longitudinal moment of inertia 


longitudinal moment of inertia of a hollow 
cylindrical component 


longitudinal moment of inertia of a solid 
cylindrical object 


longitudinal moment of inertia of any object 


longitudinal moment of inertia of any object 
about its own center of gravity 


—57- 


Me aning 


radial moment of inertia 


radial moment of inertia of a hollow cylinder 


radial moment of inertia of a solid cylinder 


radial moment of inertia of a single fin 
radial moment of inertia of the nose 


radial moment of inertia of a complete set 
of fins 


moment of inertia of reference standard 
particular response to step forcing 
tall-body interference coefficient 

length 

distance of nozzle exit from tip of nose 
moment, torque; also mass of any component 
moment about D axis 

moment about E axis 

moment about F axis 

mass of boattail 

corrective moment; also mass of cylinder 
damping moment 

mass of engine 

mass of the fins as used in computing C.G. 
location; also mass of one fin as used in 
computing Ine 

mass of nose 

mass of any object 

mass of payload section including contents 
mass of rigged and packed recovery system 


step moment; also mass of shoulder 


J 


Meaning 


mass of body tube 


moment about x axis 


moment about y axis 


moment about z axis 


normal force; also number of fins 


radius 


inner radius 


outer radius 


period of torsional oscillation of a rocket 
suspended on a torsion wire with its longitudinal 
axis horizontal 


period of torsional oscillation of a rocket 
suspended on a torsion wire with its longitudinal 


axis vertical 


period of torsional oscillation of reference 


standard 


airspeed 


exhaust velocity 


longitudinal 


longitudinal 


longitudinal 


component 


longitudinal 


longi tudinal 


longitudinal 


longitudinal 


longitudinal 


longitudinal 


longitudinal 


longitudinal 


position 
position 


position 


position 
position 
position 
position 
position 
position 
position 


position 


of 
of 
of 


of 
of 
of 
of 
of 
of 
of 
of 


complete vehicle 0.G. 
boattaill C.G. 
C.G. of a cylindrical 


engine C.G. 

fin 0.G. 

nose (0.G. 

the C.G. of any object 
payload section C.G. 
recovery system C.G. 
shoulder ¢0.G. 


body tube C.G. 


Cy 
d( )/dt 
a=( )/at® 


f,(t) 
f(t) 


Bb B Be 


Meaning 
intermediate axes; also abbreviations for 
functions of the dynamic parameters used in 
analysis of roll-coupled motion 
radial position of C.P. of a single fin 
longitudinal position of complete vehicle C.P. 
longitudinal position of conical boattail C.P. 
longitudinal position of conical shoulder C.P. 
longitudinal position of nose O.P. 
longitudinal position of tailfin C.P. 


dummy variable used in analysis of roll-coupled 
motion 


linear acceleration 


y-intercept of a straight line; also dummy 
variable used in analysis of roll-coupled motion 


fin chord at root 

fin chord at tip 

derivative of ( ) with respect to time 

second derivative of ( ) with respect to time 


base of the Napierian logarithm systen, 
numerically equal to approximately 2.718 


pitch forcing function 

yaw forcing function 

roll damping interference coefficient 
roll forcing interference coefficient 


mass; also constant of proportionality in 
the equation of a straight line 


mass expulsion rate 
mass of propellant 
peak number 


reference radius 


Symbol 
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Meanin 


radius of body section to which the fins 
are joined 


span of one fin, root to tip 
time 


burning time of rocket engine 


time at which maximum angle of attack occurs 


time of occurrence of maximum overshoot angle 


independent variable 


longitudinal distance from leading edge of 
fin root to leading edge of fin tip 


dependent variable 

mid-chord sweep angle 

sum of all ( ) 

angular velocity component about X axis 
yaw angular velocity at t = 0 

angular velocity component about Y axis 
pitch angular velocity at t = 0 

angular velocity component about Z axis 
angular displacement, angle of attack 


angular displacement (Euler's angle) about 
D axis 


angular displacement (Euler's angle) about 
E axis 


angular displacement (Euler's angle) about 
F axis 


yaw angle 
maximum yaw angle 
yaw angle at t = 0 


pitch angle 


og 
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? 


~nw 


tT Sy oe 


goa 


ba 
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2 


~61- 


Meaning 
pitch angle at t = 0 
initial angle of attack 
maximum overshoot angle 
frequency ratio 
coupled frequency ratio 
resonant coupled frequency ratio 
resonant frequency ratio 
angular acceleration 
damping ratio 
coupled damping ratio 
angle of fin cant 
c+/c, ratio 
mass density of the atmosphere 
ratio (s + r;y)/ry 
time constant of first mode of overdamped motion 
time constant of second mode of overdamped motion 
phase angle 


phase angle of first mode of roll-coupled 
motion 


phase angle of second mode of roll-coupled 
motion 


angular velocity; also angular frequency 
of oscillatory response 


component of angular velocity about D axis 
component of angular velocity about & axis 
component of angular velocity about F axis 
eritical angular frequency 


resonant coupled angular frequency 
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Symbol Meanin, 

Ws angular frequency of sinusoidal forcing 
Wn natural frequency 

One coupled natural frequency 

Wres resonant frequency 

UW) x roll rate 

Od; angular frequency of first mode of 


roll-coupled motion 


Wo angular frequency of second mode of 
roll-coupled motion 


ee) absolute value of ( ) 
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A UNIFIED APPROACH TO AERODYNAMIC STABILITY 


Introduction 

Model rocketeers have been famillar with the concept of 
aerodynamic stability for quite some time. As early as 1958 
G. Harry Stine had published simplified treatments of aerodynamic 
stability as it pertains to model rocket design, in which the 
hobbyist was first made aware of the existence of a center of 
pressure (C.P.) and of the all-important relationship between 
it and the model's center of gravity (C.G.). In these early 
treatments the center of pressure was approximated by the center 
of lateral area, and for the next eight years the “cardboard 
cutout" method remained the standard model builder's technique 
for estimating the location of the C.P. 

The next major advance in the field came in 1966 at the 
Eighth National Association of Rocketry Annual Meet, where 
James Barrowman of the National Aeronautics and Space Adminis- 
tration's Sounding Rocket Branch unveiled an algebraic method 
based on the theory of potential flow capable of determining the 
center of pressure of a model rocket flying subsonically and 
at small angles of attack to a high order of accuracy. Barrowman 
showed that the actual C.P. of a model rocket lies some distance 
aft of the location predicted by the cutout method, and that 
therefore model rocketeers had been designing their vehicles 


too conservatively. 
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All consideration of model rocket stability had thus far 
been confined exclusively to its static manifestations, with 
the nature of the C.P.-C.G. relationship being used to determine 
whether a rocket, once deflected from facing directly into 
the relative airstream, would experience a moment tending to 
return it to the undeflected state (in which case it would be 
considered stable) or one tending to further deflect it (in 
which case it would be considered unstable). Little attention 
had been paid to the details of the process by which a stable 
rocket, once disturbed in its flight, restores itself to alignment 
with its intended flight path, or to the process by which an 
unstable rocket goes head over heels (unless, strangely enough, 
it is spinning rapidly enough about its centerline). The 
statics of stability had been treated in admirable detail, but 
its dynamics remained virtually ignored. 

This is not to say that our hobby had had no exposure to 
stability considered in a dynamic context. Luther W. Gurkin 
of the National Aeronautics and Space Administration's Wallops 
Station had presented an excellent short treatment of rocket 
dynamics to the contestants at the Sixth National Association 
of Rocketry Annual Meet in 1964. Although copies of Gurkin's 
"Basic Missile Aerodynamic Stability" were distributed to a 
number of interested persons at the meet, however, little was 
done to apply his results specifically to model rockets for 
nearly four years. Our vehicles continued to be subject to 
puzzling anomalies of behavior that could not be satisfactorily 
explained by considerations of static stability alone. Sometimes 


they “weathercocked" -- flew directly into the prevuiling wind 
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at launch. In other cases they would mysteriously tip to some 
random orientation at launch and subsequently fly straight 

and true. Some models would oscillate excessively on the 

way up; others hardly at all, and still others would experience 
a sort of “semi-instability" in which the nose circled violently 
about the intended axis of flight. 

This writer began to investigate the problem of dynamic 
stability early in 1968, working from a general consideration 
of the dynamical equations governing the rotational motions of 
a streamlined projectile about its center of gravity during 
free flight. Although the mathematical details of such an 
approach are sometimes forwidable, I felt that the greatest 
amount of information could only be obtained from the most 
general analysis. In this section I am going to endeavor to 
present the results of this analysis and to apply them to model 
rockets by the use of the Barrowman equations, concluding with 
some suggestions which should help the model rocketeer formulate 
designs which will both fly stably and exhibit favorable dynamic 
behavior. 

The dynamical equations describing the behavior we are 
interested in are necessarily of a type called differential 
équutions, and as such require the techniques of calculus for 
their solution. I want to emphasize as strongly as I can, 
however, that it is not necessary that the reader understand 
calculus in order to follow the presentation. To the engineer, 
calculus is fundamentally a tool that enables him to obtain 
Slgebraic equations describing the behavior of the system he is 


investigating. Care has therefore been taxen to emphasize the 


algebraic results of calculus-dependent derivations, with the 
calculus operations being considered as formulae for altering 
differential equations to algebraic equations. Wo reader who 


has had his second year of high school algebra, and perhaps some 


exposure to analytic geometry, should have any difficulty in 
understanding the text. 

As the exact forms of the equations governing the rotational 
motions of projectiles subject to aerodynamic moments are quite 
complex and introduce fundamental mathematical barriers to our 
obtaining physical solutions, I have made a number of approximations 
im order to cast the equations into a more readily soluble forn. 
Approximations of the kind made here are quite common in the 
solution of the differential equations encountered in all branches 


of mathematical physics. Called linearizations, they involve 


physical and/or geometrical reasoning by which the investigator 
can neglect or modify certain of the characteristics of his 
mathematics in ways not immediately determinable or obvious 

from the mathematics itself. I have taken care to identify each 
such approximation and to give its physical justification in 
order to keep the treatment as basic as possible. 

Certain portions of this analysis parallel Luther Gurkin's 
"Basic Missile Aerodynamic Stability", while others use informa- 
tion contained in James Barrowman's “Calculating the Center of 
Pressure of a Rocket", a National Aeronautics and Space Admin- 
istration Educational Services Office pamphlet embodying the 
algebraic results of his analysis. In order to facilitate 
correlation of this treatment with theirs, appropriate references 


have been included. 
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id- Ibe Dynamical Equations 

1.1 Euler's Angles 

Suppose we have a rocket which has been rotated about 
some set of mutually perpendicular axes fixed in space: A, 
B, and 0. We can speak of this rotational displacement in a 
quantitative way if we consider a second set of axes, D, B, and 
F, to have been fixed in the rocket, with Origin at the rocket's 
C.G., and with directions coincident with A,B, and C before the 
rotation began, and to have remained fixed in the rocket as 
it rotated. We can always uniquely determine the final orientation 
of the rocket if we agree to abide by the following rule: that, 
in undergoing any given rotation, the rocket first yaws through 
an angle <, about axis D; then pitches through an angle &, about 
axis E; and finally rolls through an angle &, about axis F. 
This process is illustrated in Figure l. 

The body axes D,E, and F first rotate about D through angle 
“py + Throughout this first rotation D coincides with axis A 
of the space axes and E and F remain in the plane defined by 
Band GC. At its completion axis F coincides with the dashed 
line Of and axis E with Oe. Next the body axes rotate about 
the new position of E (that is, about Oe) through an angle 
&, . This rotation occurs in the plane of A and Of, and at 
its conclusion axis F is in its final position as shown and 
axis D lies along line Od. E, of course, is still along Oe. 
Finally the body axes execute the roll through angle &, about 
F, in the plane defined by Oe and Od, bringing all the axes 
into their final positions. 


It is important that this order of rotations be observed; 
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Figure l: A set of Buler's angles for specifying the rotational 
position of a model rocket. &p is the angle of yaw, &2z is the 
angle of pitch, and &p is the angle of roll. The origin of the 


coordinate system is taken as the center of gravity of the rocket. 
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4f the order in which the yaw, pitch, and roll occur is changed 
the final position of the rocket will be different. <A mathematician 
would say that angular displacements, or rotations, are not 
vector quantities because, although they specify both a magnitude 
and a direction, they do not commute in addition. The three 
“locating angles" &) »&_e » and We, for specifying the rota- 
tional displacement of a solid body are called a set of Buler's 
angles after their discoverer, the Swiss mathematician and 
physicist Leonhard Euler (1707-1783). You can see that if for 
any reason we Wish to postulate an intermediate set of axes 

which will perform some, but not all, of the movements of the 
rocket, we can find the rocket's final position by determining 
first the position of the intermediate axes with respect to the 
space axes, and then the position of the body axes with respect 
to the intermediate axes. At this point such a procedure seems 


a meaningless complication, but it will be very useful later on. 


1.2 Aguilar Velocity 

If you imagine the Euler's angles of a certain rotation 
becoming very small, so that the rocket is barely turned from 
its original position, you may notice a curious and very useful 
fact: the order of the angular displacements is no longer of 
such great importance. If, when the angles were large, the 
rocket was considered to first pitch, then yaw, and finally 
roll or to perform the rotations in any order other than the 
prescribed one of yaw, pitch, roll, we obtained a different 
final orientation in each case. Now, however, the effect of 


such alterations in the order of rotations is very slight; 
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nearly the same result is obtained no matter what the order in 
which the rotations occur. If the rotations are allowed to 
become infinitesimally small, so that they are, in the termin- 
Ology of calculus, differential quantities, the equality becomes 


exact. Thus, differential rotations are vector quantities; they 
possess both a magnitude (though slight, to be sure) and a 
direction, and they do commute in addition. Differentials 
are denoted by a lower-case letter d in front of the quantity 
in question; differential angular displacements are thus Ady» 
da, » and du. 

Now suppose the rocket is turning continuously, so that 
its Euler's angles keep changing as time goes on. This can be 
represented mathematically by stating that, in every differential 
element of time dt, the rocket experiences differential angular 


displacements dX » dd » and dd. We then form the fractions 


7 acy 

at 

(1) - KE 
We = TF 


angular velocity about D, or Decomponent of 
angular velocity 


and define Wp) 


We = angular velocity about BE, or E-component of 
angular velocity 
Wp = angular velocity about F, or F=component 


of angular velocity 
Angular velocity is called the derivative with respect to time 
of angular displacement, or the time rate of change of angular 


displacement. Angular velocities are vector quantities: they 
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have both magnitude and sign, they do commute in addition, 
and all vector operations such as cross product, dot product, 
and coordinate transformation apply to them. Specifically, we 
represent them in a so-called right-handed coordinate system 
as positive about a given axis when they cause a rotation such 
that a screw with right-handed threads would advance along that 
axis in the positive direction, negative when such a progression 
would be in the negative direction. A right-handed system 
itself, such as our A,B,0O axis set, is established by the require- 
ment that the right-handed screw turned about its axis from A 
toward B advance positively along C. This convention is illustrated 
in Figure 2, while Figure 3 shows a rocket undergoing a rotation 
in which all components of angular velocity are positive. An 
angular velocity is conveniently represented by an arrow along 
the axis about which it occurs, of direction determined by the 
sign of the component, and of length proportional to its magnitude. 
This allows all the common vector operations to be performed. 
Figure 4 shows this convention in operation. 

It is now necessary to go back and pick up a few loose ends 
in order to introduce some concepts which will be useful later 
on. MPirst, there is the matter of defining positive and negative 
rotations; this must be done to obtain physically meaningful 
results from any investigation of rocket motion even though 
angular displacements do not have all the properties required of 
vectors. This is accomplished directly by the analogy of the 
right-handed screw through replacing the "turning direction" of 
the screw with the angular displacement. Secondly, the derivative 


relationship of angular velocity to angular displacement needs 


Pigure 2: Definition of a right-handed coordinate system. Turning 
a screw with right-hand threads as if axis A were being turned 
toward axis B causes the screw to advance positively along axis 


C. 


Figure 3: Positive components of angular velocity. Wp is a positive 
yaw rate, W, 1s a positive pitch rate, and W, is a positive roll 


rate. 


Figure 4: Vector representation of positive angular velocity 
components. Compare with Figures 2 and 3 to see how this repre- 
sentation is suggested by the direction of advance of a right- 


handed screw. 
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a little more explanation. While physical reasoning using 
differential quantities leads directly to the general form of 
equations (1), this technique is not very useful when the question 
is: “given the angular displacement as a function of time 

(that is, in an analytical formula), compute the angular velocity", 


In this case the relation 


W = 4e 
is taken to mean: “given A(t) (the meaning of this notation is 
“ «< as a function of time" and it is read " « of t"), apply 
a known rule, or formula, for differentiating it with respect 
to time and obtain UW (t)". The expression, or formula, for 
& (t) is subject to certain restrictions for this method to 
work properly, but these need not concern you in anything discussed 


here. I am going to list the formulae for the derivatives needed 


in this treatment wherever they appear, so that it will not be 


necessary to know them in order to follow the discussion. 


1.3 Applied Moments, Angular Accelerations, and Moment 


of Inertia 

Moment, or torque, is to rotational motion as force is to 
linear motion. It is the cause of all changes in the state of 
the rotational motion of a physical body. The simplest kind 
of relation between an applied moment and the resulting angular 
motion is identical in form to Newton's second law of motion 
for translational displacement: P - ma. To see this consider 
a flywheel, initially at rest, mounted in an axle held in 
frictionless bearings. At some time arbitrurily designated as 


t = O we begin to apply a constant moment about the shaft. 


An angular velocity will then arise which starts from zero and 
increases linearly (1i-.e., at a constant rate) with time. The 
rate is directly proportional to the applied moment and inversely 
proportional to a property of the mass distribution in the wheel 
called its moment of inertia about its axis of radial symmetry. 
The relationship between an applied moment and the resulting 


angular acceleration is written 
(2) M= 18 


applied moment 
moment of inertia 
angular acceleration 


x HS 
it a0 0 


Note that the angular acceleration WY is the time rate of change 
of the angular velocity UW), just as W is the time rate of 
Change of the angular displacement ™ . This sequence of 


derivative relationships is written 


dh &) 


S = £ (48) 

dk 
where the expression as/ate is read, “the second derivative of 
with respect to t". From a practical standpoint it meang 
that the rule for differentiating & (t) has been applied twice 
in succession in order to obtain Y¥ (t). Thus So, W, and 
of are all related by derivatives with respect to time, a 


property of great value to analysis. In the case of a constant 


applied moment, for instance, the angular acceleration is given 
by 
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while any mathematician could tell you that the angular velocity 


is ? 
Ww = 7x 
and the angular displacement after a time & is 
2 
a= ark 


These relations are illustrated in Pigure 5. Note also that both 
moment and angular acceleration are vectors, while moment of 
inertia, like mass, is a scalar. Moment of inertia gets its 

name not from the fact that an object exerts an equal and opposite 
moment on the cause of its angular acceleration (although it does), 
but from the fact that it is, mathematically speaking, the 

"second moment™ of mass about a given axis, a term arising 

from the calculus formula for I. This analysis will not present 
the integral form that must be used to calculate I for the most 
general case, but the results for a few particular objects will 


appear later in the treatment. 


1.4 Euler's Dynamical Sauations 

The general three-dimensional angular motion of rigid bodies 
in response to general applied moments is far more complicated 
than the simple flywheel example given above. Their derivation 
is of no interest to model rocketeers, and I have therefore 
omitted it entirely from this presentation. The results of 
interest to us are the dynamical equations for a body which 
has sufficient symmetry for the directions of the so-called 
principal axes to be geometrically obvious, and which is free 
to rotate about its center of masa in any direction. These 
equations, for a body with principal body axes D,8,F, rotating 


with respect to axes A,B,C fixed in space, are 


Picsure 5: Angular acceleration of a flywheel. At time t=0a 
constant moment M is applied to a flywheel whose moment of inertia 


about the axis is I, producing an angular acceleration J = M/I- 


AG. 


\? 
AWD 
Mop =I, Te Ate -I-) We (Je 
uw). . 
(4) Me ) ee (Ie -In) We Wp 


Aw 
Ie = -(Iy-Ie) wp We 


Me 
where Mp, Mg, and Mp are moments about D,E, and F impressed by 
external agencies and Ip, Ig, and Ip are the moments of inertia 
taken about axes D,E, and F respectively. These equations, 
also due to Buler, were a landmark in the history of classical 
dynamics and are named Buler's dynamical equations in his honor. 
For bodies having trigonal or greater mass symmetry about the 
longitudinal axis (this category includes most rockets) we 


have 


i 

oO 

i 
H+ 
hy & 
in ul 
HH H 
by Ee 


and the equations reduce to 


du) 
My = It — a (I,-Ip) W_e We 


(5) Me = rT, 4 -(Ig-T,) We Wy 


It will become clear in a little while that these forms of the 
Euler equations are a bit inconvenient to use. It will be 
preferable to construct an intermediate system of axes X, Y, and 4@ 
which follow the rocket in yaw and pitch, but do not roll. Thus, 


Z always coincides witn F but X and Y do not coincide with D and & 


unless x « O. Therefore, 


% 
mw 
L 
© 
+H 
A 
n 


This set of axes is shown in Pigure 6. Since the rocket ig 
Symmetrical about Z, the intermediate axes remain principal 
regardless of the roll angle “- . Let the angular velocity 
components of the intermediate axes be denoted by fly, Dy, 


and fls » Then we have 


Ly = Wy 
QNy = We 
22 =O # We 


Since the Z axis always coincides with the F axis, the notation 
can be simplified to include only three coordinate variables 
by writing 

W, = Ur 
but we must be careful not to confuse Wy, (the roll rate of the 
rocket) with 2. (the roll rate of the intermediate coordinates, 
which is kept zero). The dynamical equations now become, for a 


body with trigonal or greater mass symmetry about Z, 


(6) My= 1, £2Y-1, 2, Ws 


yt 


free 
La | on 


Figure 6: SGpace axes, intermediate axes, and body axes. fhe 

space axes (A,B,C) are rotationally fixed with respect to inertial 
space. The body axes (D,E,F) are fixed in the airframe of the 
rocket and follow it in yaw, pitch, and roll, while the intermediate 
axes (X,Y¥,Z) follow the rocket in yaw and pitch but maintain a 


zero roll angle. 


. The Linearized Theory 


in 


2-1 Corrective and Damping Moment 

In considering the dynamics of a free-flying, fin-stabilized 
ballistic missile we are dealing principally with applied moments 
due to aerodynamic forces. Suppose that you have a model rocket 
which you have launched vertically, for instance. The model has 
begun its flight straight and true, but has subsequently been 
disturbed in some unknown manner such that it is rotated about 
its X axis. What happens next? 

Niy and W, sare both zero, and there is no My or Mz involved. 


The dynamical equations thus reduce to 


M,= t,o 


Now if the rocket is statically stable a corrective moment Mz, 

will be generated, of sign opposite to the displacement. Due 

to center of pressure travel, separation, and interference 

effects the precise dependence of corrective moment on angular 
displacement is quite complicated analytically. It is observed 
that the functional form of this relation is similar in appearance 
to Figure 7. As the rocket develops an angular velocity in 
response to the corrective moment, a damping moment Mg will 

also arise due to the consequent additional component of the 
relative velocity of the airstream normal (that is, perpendicular) 
to the longitudinal axis of the rocket. This moment will be 
opposite in sign to the angular velocity and has a functional 
form roughly as shown in Figure 8. 


Suppose we denote M, as an unspecified function of angular 
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Figure 7: Variation of corrective moment with angular deflection 


for a typical model rocket at constant airspeed. 
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Figure 8; Variation of damping moment with angular velocity for 


a typical model rocket at constant airspeed. 


displacement by writing Mo = F(x,) and My as an unspecified 


function of angular velocity by writing My = G(My). Then we can 


write 


My, = My due tom, + My due to “se 


=-M.-Md 


=-F(4,)- G( 2x) 


Substituting these expressions in the dynamical equations, we 


have 
Li ae =-F(a,)-G( 2x) 
or 
<< | 
(7) TLS + Flky) + OCF) =O 


An equation of this kind is called a homogeneous, nonlinear, 
differential equation -- “differential” because derivatives of 


xX, are involved; "homogeneous" because, when every term 
depending on “yx or its derivatives is moved to the left side 

of the equal sign, the right side of the equation is zero; and 
"nonlinear" because functions which may not be of the form 

"> = mx+ b" (the equation of a straight line) may be involved 

in relating corrective moment to angular displacement and damping 
moment to angular velocity. MThe "nonlinear" part is of particular 
importance: it means that, in general, the equation cannot be 
solved by any known means; it means that we have no assurance 

that a solution even exists, and, if it does, that there may not 


be more than one. It even means that the assumption that My and 
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Ma could simply be added to obtain M, was incorrect. 


2.2 The Linearization Approximations 
In order to obtain a closed-form mathematical solution to 


the dynamical equations it is necessary to adopt a number of 


linearization approximations. The reasoning behind these proceeds 
as follows: although the functions representing Mg and Mg are 
not of tne form "y = mx+b", they may be approximated by such 
forms over limited ranges of the values of their independent 
variables. An approximation of this Kind 1s the tangent line 
to the exact function at some point of interest. Since the 
motions of a statically-stable rocket will all occur about 

4 = O, da /dt = 0, and d2u /dt@ = 0, zero is our tangent-point 
for these approximations. The linearization approximation for 


corrective moment states that 


~~ aAMe> | = 
(8) Mc = [ame| A x = C Xx 
which is read: "M, 1s approximately equal to %y times its 
derivative with respect to Mx at «, =O". Similarly, the 


linearized damping moment is written 


a Md” 
(9) Md = [ta 


wena) — Cs Nd x 


The linearization procedure is illustrated in Mgure 9. You 
can see that the approximations are just the slopes of the 

moment curves at %, and Ny = 0, respectively, multiplied by 
O&, and (),, respectively. Another physical interpretation 


of the concept of the derivative is thus to view it as the local 
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Figure 9: Linearization approximations used to determine corrective 
moment coefficient and damping moment coefficient for the model 
rocket of Figures 7 and 8. The corrective mowent can be considered 
iinearly proportional to the yaw deflection “%, for yaw angles less 
than 0.225 radian, while the damping moment can be considered linearly 


proportional to the yaw rate for yaw rates below 87 rad/sec. 


slope of the graphical representation of the function whose 
derivative is being taken. 

The linearized moment coefficients of this treatment are 
identical to those given in the Gurkin report. The correspondence 


between the two ig as follows; 


Present Treatment Gurkin Report 

LM | =| =™ 
day ld,zo ae ddAx laxco = 
ma} se aMa =™M 
id Ny ly=0 4 C2 As fi,g=o ¥ 


Within the ranges of validity of the linearization approxima- 
tions it is permissible to express the total applied moment 


about the ZX axis as 


jin 
Mx = ~C,% — Co Te 


These approximations are valid for a, and d«/dt sufficiently 
small: this means that tne theory is restricted to cases of 
relatively small angular displacements and angular velocities; 
it is a so-called small-perturbation theory. This restriction 
ie acceptable in statically stable rockets for two reasons: 

in the vast majority of cases, the yaw and pitch disturbances 
encountered during flight will be sufficiently small for a 
valid linear description and the angular velocities involved 
Will not be out of the linear range of My. Secondly, should 
nonlinear behavior be encountered the description of tne linear 
theory will still be gualitatively correct and, in any case, 
the motion Will eventuaily damp down to within the linear displacement 


dependence range. Purthermore, should you ever obtain from this 
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theory a solution indicating continued large and violent motions 
(for which the theory itself is invalid), you will have, ina 
sense, obtained all the information you need: you will know 
that the rocket in question ought to be redesigned. 

The limiting numerical values of yaw and pitch that can be 
treated within this theory are about 12 degrees (about 0.2 
radian) either side of zero. The maximum permissible angular 
velocity will vary with the length of the rocket in question, 
the placement of its fins, and the speed at which it is travelling. 
As a practial matter, the inertial and aerodynamic characteristics 
of a well-designed rocket will invariably satisfy the angular 
velocity limit for that rocket. 

The great advantage of using the intermediate axis system 
now becomes clear: the angular displacements of the rocket 
about the X and Y axes will generally be small perturbations, 
but since there is no restoring moment about the roll axis of 
a ballistic rocket the angular displacements about the Z axis 
will often not be small. fhe intermediate axes remove the necessity 
of keeping track of the third Euler's angle Xp and result in 
considerable analytical simplification. They allow us to view 
the motions in yaw and pitch from a position fixed in roll, 
without having to rotate with the rocxet whenever it spins about 
its longitudinal axis. We can thus observe the yawing and pitching 
motions from a perspective relative to the space axes that is 
constant within the linear theory and can compute them directly 
as deviations of the longitudinal axis from the direction of 


flight. 


Returning to the dynamical equation for our case of yaw 
displacement and substituting the linearized form of the applied 
moment M,, we find that 


gra C A A,» 
qo) 1,5 ry The at 


This is now a homogeneous linear differential equation with 

constant coefficients. It is known that such equations always 

have a solution and that the solution is unique (1i.e., that 

there is only one). Furthermore, the functional form of the solution 
to this particular equation is well known and the solution 

itself is readily obtainable by a substitution technique called 

the method of undetermined coefficients. If the rocket under 
consideration has four identical fins, the equation describing 

the pitching motion will be precisely analogous to that describing 


the yawing motion, the two having the same linear moment coefficients: 


Pig aX 
L, Set + Ca * Gy 0 


The pitch and yaw linear moment coefficients of a three-finned 
rocket may be expected to be slightly different and there will 
be some slight aerodynamic rolling moments arising from pitch 
and yaw angular displacements and angular velocities. Reasoning 
from the observed flight behavior of such rockets, though, it 
appears that these effects are slight and we shall restrict 
ourselves here to considering pitching behavior with the same 
constants as yawing behavior, both being aerodynamically 


decoupled from roll. 


WF mie Oi 


—_——— Sg gg ee -1. 
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2-5 Qoupled and Decoupled Systems of Equations 
Once the linearization approximations have been made the 
dynamical equations of a rocket which is not rolling about its 


centerline become 


2 A 
1 A+, BITC x = 0 

om, 
eid) Ty “7 + C. SY 4 Ci a4y = QO 


For cases in which the rocket is spinning with some roll rate 


WW, we have 


+x d Xx dX _ 
3 a + Cs ya se Ci Tay a: Tp Ws a 7 — 0 
Fett Ady | AX 
a2} Ty ac + C2 Ge TG.t%y ~IeWs a = 0 


Equations (11) are said to be decoupled because x and its time 
derivatives do not appear in the same equation with xy and its 
time derivatives. Equations (12), however, have been coupled 
together by the presence of the terms due to Wz. Each equation 
of a decoupled system of equations can be solved independently 

of any others, but coupled systems must be solved simultaneously 
(i.e., by using various mathematical techniques to combine them 
so that they can both be considered at once). In both systems, 
if the roll rate W, is constant, the third dynamical equation 

is identitally zero and I have not written it down. It is important 
to notice that, in a radially symmetrical body like a rocket, 


Pitch can be coupled to yaw by the presence of roll but roll itself 


is never inertially coupled either to pitch or to yaw. 


2.4 Homogeneous, Particular, and Steady-State Solutions 


Recall that we began our discussion of the linearization 


approximations with an example in woich we considered a rocket 
which had been initially displaced and concerned ourselves 

with its subsequent return to alignment. The only moments applied 
to the rocket were those due to the angular deflection itself 


and its time derivatives. Motions of this kind are called 


homogeneous, force-free, or characteristic responses. The 


state of the rocket at the time the observation of its behavior 
begins is known as the set of initial conditions; these must 

be known in order to obtain a complete solution to the motion. 
Both the initial angular deflection and the initial angular 
velocity must be specified to complete the set. 

Now suppose that there are additional moments acting on the 
rocket, and that these moments are functions of time due to 
causes other than angular displacement and its time derivatives. 
They might, for instance, be due to aerodynamic imbalances such 
as drag on the launch lug, misaligned fins, or the movement 
of control surfaces on the fins. They might also be due to off- 
center engine mounting, angled thrust, or the momentary expulsion 
of solid residue from the rocket nozzle. Such moments are 
called inputs, or forcing functions, and they appear on the 
right-hand side of the dynamical equations, which are therefore 
no longer homogeneous. For the case of Zero roll rate with forcing 


in yaw and pitch we have 


dt* dt C, * x = ry Ck) 
(13) 2 
Le ast + C des + C, dy = fy (k) 


~Q]- 


where f,(t) 1s read, "function of time, about the X-axis" and 
f,(t) 1s read, "function of time, about the Y-axis". With the 


presence of a constant roll rate the equations become 


i, Sx + a + Cx, + Ine SE = fF, (4) 


lL, Get C2 + City - Ip We fy (4) 


The response of the rocket to these moments is the sum of the 


characteristic motion and a motion called the particular response 
which is directly attributable to the effect of the forcing. 

The initial angular positions and velocities in yaw and pitch 

must be specified, as before, to obtain the complete motion; 

in this case, however, it is the sum of the characteristic 

and particular responses which must satisfy the initial conditions. 


For a rocket flying straight and evenly upward before encountering 


a disturbance, these conditions are Zero. From this you can 


see how the initial conditions of the characteristic motion 


arise: the rocket, initially undisturbed, is subjected to a 


forcing function which arises, persists for some interval of 


time, and then dies away to zero again. After the forcing has 


passed the rocket possesses some angular displacement and 
velocity == the initial conditions of the characteristic response, 


which then ensues. As will be shown later, the characteristic 
response of a statically stable rocket decreases with time and 
finally becomes effectively zero. Thus after some time the 
condition of straight and true flight is restored. 

Both the linearity of the dynamical equations and the 


decaying behavior of the characteristic response are extremely 
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valuable features of the motion from the standpoint of analysis. 
Linear differential equations possess the property of superposition, 
meaning that the response to any number of inputs applied 
simultaneously is just the sum of the particular responses due 
to each one separately, plus the homogeneous response. The 
effect of each disturbance can be computed separately and the 
total effect found by summing the individual effects. This is 
certainly far easier than solving an equation with one huge 
right-hand side: And since the characteristic response acsproaches 
zero with time, any forcing function which continues for a long 
enough time will cause the complete solution to approach the 
particular solution alone: after enough time has passed, the 
particular response is all that remains. You will thus see 
references in the literature of dynamics to the steady-state, 
or forced, response to this type of input, the term being most 
often applied when the input is specifically a smooth, periodic 
function of time such as a sine wave. 
5- Solutions to the Dynanical Buustions for Particular Gases 
Having given the reader some background from which to 
proceed, I am going to compute the properties of some solutions 
to the dynamical equations which are of particular interest to 
the model rocketeer. The presentation will be divided into two 
parts; one which will treat rockets having a zero roll rate 
and a second which will consider the behavior of models spinning 
about their centerlines. Each section will consider the four 
basié dynamic responses: homogeneous, step, impulse, and steady- 


state sinusoidal. It can be shown mathematically that there is 
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no response that cannot be synthesized by adding together various 
combinations of these, so that by investigating the "basic four" 
a designer can obtain all the informution he will ever need about 
the dynamic characteristics of his rocket. 

I wish to emphasize here that you should not become concerned 
if you find it difficult to follow the detailed course of each 
calculation. You will not have to know how to solve the differential 
equations in order to design model rockets properly, and the 
mathematical derivations have been presented solely for the 
interest of those readers desiring a rigorous treatment. What 
you should try to concentrate on are the algebraic solutions 
obtained in each case, for it is from these that the response 
to any disturbance can be directly computed and it is on them 
that the dynamical characteristics of any given model rocket 
depend. 

3.1.1 Generalized Homogeneous Response 


The homogeneous response for generalized initial conditions 


describes the motion executed by a rocket in response to some 


transient disturbance which has since died away. Since there 


is no roll coupling only one of the equations (11) need be solved. 
The other, which is similar, will have an analogous solution for 


its own initial conditions. Suppose that, throughout this section, 


we adopt the convention that the rocket is considered to have 


been disturbed in yaw alone. In each of the four decoupled 


problems the pitching behavior is precisely analogous to the yawing 
behavior; an analysis of pitching motion can add nothing to the 


information already obtained from an analysis of yawing motion 
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and I have therefore omitted it. All you need remember on this 
score is that everything I say about yaw applies also to pitch. 


The equation to be solved for the characteristic yaw response 


is 
Ann AA 
TL pe 7 C2 ak tC Xx = 


Over a certain range of relative values of I;, ©, and Cy the 
solution is known to be of the form 


(15) <y = Ne ain (wt + @) 


where e is the base of the Naperian, or natural logarithm system 
and is numerically equal to about 2.718. t denotes time and 

A, D, W and @ are constants to be determined. By "time" I 

mean the time elapsed since the observation of the dynamic response 
has begun, not the time elapsed since the rocket was launched. To 
reference equation (15) to liftoff, call the time elapsed since 
launch t' and the time interval between launch and the beginning 
of the observation t',). Then replace t in formula (15) by 

the quantity (t'-t',). Ais called the initial amplitude, D 

is defined as the inverse time constant, q) (not literally an 
angular velocity of the rocket's motion) is the angular frequency 
in radians/second (for time reckoned in seconds), and is the 
phase angle, or simply "phase", in radians. A radian, the fundamental 
natural unit of angle measure, is approximately equal to 57.3 
degrees. The formulae for the time derivatives of the function 


described by equation (15) are; 


AXe _ : =bt . | _pr 
a = = ADS Aim (Wk+@?) + AwDd2” cae (wks @) 


= : — bt = 
432°C A (p*- wo?) 2 ain (WHO) -DAwDL Wr (wt + p ) 


Substituting these relations in the yaw equation gives 

7 a x) — bk — bk 

Co AD 27 acm (Wk +?) + Co AWe-™ coe (wt + @) + 

Cie as (weed) = 0 

Since Ae Dt is nonzero and appears in every term, we can divide 

by it and obtain 
It (pt- wt) sim (wt t+ @) - 27, wD coe (wt +) —- C2 D an (wt + @) 
+ C2 W) coe (wh + G) + Cy win (Wk +4) =O 

Since sine and cosine vary differently with time tne only way in 


which a function involving both can be zero for all time is 


for the sine and cosine terms to sum independently to zero: 


I, (*~w2) sim (Wt+ @) - CoD ain (WE +4) FC, arn (Wk+ 9) =O 


~2 CL os DP cot (Wt + @) + Cow coe (wt + eo) =0 
Dividing the first of these by sin(wt+®), the second by 


Weos(wt+@?), we obtain 
[Ty (b*- w*) -cap +c = 0 
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Solving these two algebraic equations for JP and W gives 


(16) D= — 


= Cc € 
(17) w= Ve- 3 


A and f are now determined from the two initial conditions. 


Let “<s be the value of «x, at t = O and let NDyg be the value 
of dwx/dt at t =- O. Setting t to zero in the formulae for % x 


and dax/dt results in the following two expressions: 


Xxo = A aim & 
Ny = ~“ADenrP + AW coe f 


= —De&xo + Aw cot 


from which 


R 
° 


An P = FH 


DXne + Oxo 


lect DD? = Aw 


We now make use of the following trigonometric identity to 


evaluate A and P 3 


Akon Po | ) 
toa : 
From this we have 
| _ xo W & a (pee “ao UW) ) 
we) kon? = Doro + Dug “= a Dako + NXyo 


where the notation “arctan” has the interpretation, "that angle 


a97— 
whose tangent is..." From the expression for sin? it is also 
evident that 
| Axo 

and thus we have all the information we require to completely 
describe the rocket's angular motion. Motion of this kind is 
called an exponentially-damped sinusoid and its behavior 1s 
determined by the relative values of Iy;, 0), and Op. 

For Co = O, the case of zero damping, the expression for 


yaw becomes 


d, = A ain (Wat + @) 


where W m = r - GW» is known as the natural frequency of 
the rocket at the given airspeed. The yaw response is simple 
harmonic motion: sinusoidal oscillations of angular frequency 
Wry at constant amplitude A, as shown in Figure 10. This motion 
never really occurs, as there always exists some degree of 
aerodynamic damping; it is a so-called limiting case, meaning 

that it is closely approximated for very small values of Co/2Iz. 
Such vanishingly small damping is not desirable, for it means 

that the oscillations of the rocxet will persist for many cycles 
without dying away. Under such conditions the rocket will present 
a greater average frontal area to the airstream; consequently 

the drag will be increased. Since there is also a side force 

on a yawed or pitched rocket, some altitude will be lost due to 
the resulting "ripple" in the flight path as the side force 


Causes a side-to-side movement of the rocket considered as a 


a, (rad) 


Figure 10: Model rocket with zero damping undergoing simple 
harmonic motion in homogeneous response to general initial conditions 
in yaw. The time to reach the first zero, the period of the 
oscillation, and the relation of the initial conditions to the 
properties of the response are shown. A guide to interpreting 

the graph is presented below it, showing the rocket as it would 
appear at various times if viewed from the negative y axis. This 

and all subsequent calculations of dynamic response presented in 

this chapter are based on the assumption of constant airspeed, so 


that Cy, and 0, do not change during the response. 
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whole. For zero damping true alignment would never be regained. 
I might remark at this point that Gurkin's "Basic Missile 
Aerodynamic Stability" contains references to quantities which 
are analogous to the natural frequency and the inverse time 
constant as defined in the present treatment. The correspondence 


between my forms and those of Gurkin is as follows: 


Present Treatment Gurkin Report 
: 3 ! = /2 , [Fa 
Natural Frequency Wy. = f Wm = <* 
Inverse Time db = 3 i Ms 
Constant a: - ™ 21 


a 
For values of 0), Co, and Iy such that o< Sh < z we have 


the case of underdamved motion. The oscillations have the 


appearance of a sine curve confined within a decaying exponential 
curve, as shown in Figure 11. The angular frequency W is 
smaller than the natural frequency and the amplitude of the oscil- 
lations decreases toward zero with increasing time. The character- 
istics of almost all model rockets are such that the homogeneous 
response will be of this nature at any reasonable airspeed. This 
is a desirable type of bebavior, for it is in this range of values 
of Cp/2I; that the quickest restoration of the rocket to the 
intended direction of flight occurs. If we define a damping ratio 
5 4 by j 


| C2 
(20 = 7 . 
! arr (os rl 
and agree to consider straight flicht to have been restored when 


the magnitude of &, drops below and never again exceeds 5% of 


A, we find that the most rapid restoration occurs when g= 2 , 


/Slope=Rkxo 


a, (rad) 


ae <4 
Ww 


Figure ll: Underdamped characteristic response to general initial 
conditions in yaw. The amplitude of the sinusoidal oscillation 

is confined within an exponentially-decaying "envelope" as shown 
by the dotted line. Also illustrated are the relation between the 
initial conditions and the characteristics of the response, the 
time to reach the first zero, and one-half the period required for 


one full oscillation. 
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or about .7O71. We therefore have the result 


(21) optimum damping = Y= xe 


Surprisingly, S> ni results in a slower restoration. This 


is because the decrease in angular frequency becomes more important 


than the decrease in the number of cycles required. This decrease 


in angular frequency has another, more serious effect: it 
invalidates one of the assumptions on which this analysis is 
based. 

The reader will recall my references to “side forces" and 
the side-to-side laterul motion of the rocxet which they produce 


when angular oscillation is occurring. This lateral motion 


necessarily involves the presence of velocity components normal 
(that is, at right angles) to the intended direction of flight. 
Such velocity components, in turn, have the effect of reducing 

the apparent yaw angle "sensed" by the deflected rocket with the 
result that the effective corrective moment is reduced and the 
frequency of tne oscillations is decreased below that predicted 

by the linearized theory which considers the CG of the rocket 

to undergo no lateral displacement. Lucxily, the frequencies 

at which most model rockets oscillate are such that the effect 

of lateral motion is far too small to be noticeable: however, 
should a given rocket have a very low frequency of oscillation 

for its mass (as it would if its damping ratio were high) the 
lateral displacements would become very large, so lurge, in fact, 
that the rocket might be very seriously deflected from its intended 
Vertical trajectory. Too high a damping ratio is thus a dangerous 


Condition and should be avoided at all costs. 
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To obtain a clearer picture of the effects of excessive 
damping, we can examine the predicted behavior of the rocket ag 
£ increases past = - Now we can express W in terms of the 


damping ratio as 


Ca) = Wm | -¢* 


For optimum damping at any airspeed, W is just .7O71Wma. As 
t approaches 1.0, W approaches zero, and when a unity damping 
ratio is reached, the case of critical damping, the motion ceases 
to be oscillatory. The form of solution given by equation (15) 
is no longer valid. 

For the case $ = l, corresponding to C5°/4Ip° z C)/Iz» the 


solution to the dynamical equation has the form 


(22) d= (Aye eee” 


The formulae for the time derivatives of “x are 


e 


as Age" ~ 5 (A+ dba 


re } . x 
— = D*(A, + Ant) 2 ™ -~2A,)2 


Substituting these in the dynamical equation and removing the 


common factor e~ Dt gives 


[. D* (A, + Azk) ~2T. A.D +C2An—- Cod (A, + AL) +O (A,+A,4) = 0 


The terms involving t must sum to Zero iniependently of those 


not involving t. Imposing this condition, we obtain 


=a SSeS es Pee 
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Ti D*A,- 212.4.) + C2 Aa —- Cs DA, + C, A, 


i 
© 


Ti D* As -CabdAz = C,A>, = O 


Removing A, from the second equation and solving for D, we have 


D = S2 + 2: Se 
= = ‘as V4r2 Iv 


But in this case we ulready Know that Cn*/4I1z,° mn 0, /Iyz- The 


expression under the radical sign is zero and 


D 23, as before. 


If you substitute C,/Iy for D in the first equation, you will 
find that the terms involving A> sum to zero. It is then 


possible to remove the now-common factor of Ay and obtain 


But if we divide this by I, we see that it is equivalent to 


G . FF _ 0 
6 4RE 


L 


which we already know is true, since this is the case for which we 
are solving. The differential equation therefore imposes no 
constraint on A, and A,; these are determined by the initial 


conditions. Setting t = O in the expressions for ,x and d%x/dt, 


we have 
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Then 


(23) 
Ris — Jr x6 t D Ax 


The motion for this cuse is illustrated in Figure 12. Note that 
in this cuse &, never crosses to the opposite side of the t axis 
from that on which it originates. This behavior is said to 
exhibit no overshoot. If %,, and Ox, are both positive (as 
shown) or both negative there will be a single "peak" in the 
curve of yaw angle versus time before the angulsr displacement 
dies away; otherwise it dies away directly to zero. Despite the 
fact that A,t increases as time goes on, the decay of e~ Lt wil 
eventually force the function as a whole to zero. Critically 
damped motion is a food deal less desirable than motion of the 
oscillatory, underdamped variety. The time to restore alignment 
is longer and the rocket will be shifted appreciably to one side 
by the action of tne side force in one direction only for a 
substantial period of time. The velocity involved in this 
lateral displacement will cause the rocket's flight path to 
take a noticeable "set", accuiring an inclination away from the 
intended vertical trajectory. 

se . & 
For the class of cases in which 412 a , or $>i, the 


homogeneous response is of the form 


_ t 
(24) C= A, 2 * tA, ang ™ 


| /Slope= Clie 


t (sec) 


Figure 12: Critically damped characteristic response to general 
initial conditions in yaw. The yaw angle does not oscillate 

about zero, but approaches it asymptotically from above. The 
relation of the initial conditions to the properties of the response 


has been shown. 
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where t, and T, are called the time constants of the response. 


The derivative formulae are 


x 
ddx — Ay p~*% Be 
at Ty sie 2 a 
t = 
dt* Wi Ts 


Ay -® Te ae As ,"& 

v2 " a “* ol a a ae 2 p % 

he t* & * L, =" — C, v, 2 C, ies 2 
ok . 


Those terns involving s"= and those involving Apen % must 
sum to zero independently. The two algebraic equations thus 
obtained, with common factors removed, are identical. The form 
is 


C2 
x a 


Te 
2 


Solving for 1/vt , we obtain 


ee a ee 
i re ory 41, I. 


T= 3 
or S2. - C2? Ci 
2q, 412 I, 


We choose T, , called the large time constant, as corresponding 


to the negative root. Ts , the small time constant, corresponds 


to the positive root: 


———————— 


“* £-/e-2 
aa, a> ‘ty 
(25) 
l 
tC, =-< = 
: sea (GT Sr 
41 Te 
a 
The condition + >= for the validity of this solution is seen 
i iL 


to be the requirement that the square root of a negative number 
not occur, and that there be two different time constants. 

In the same way, the condition e? tt for the validity of the 
sinusoidal solutions was that the square root of a negative 
number not occur, and that there be both a nonzero W) anda 
value of D. The constants A, and Ay in equation (25) are set 
by the initial conditions. Writing o«, and Nx. by setting 


t = O in the expressions for «, and d«,/dt, we obtain 


Axo = A, + Az 
A A 
Oxo = is is oe 


Solving for A, and A» gives 


A ae TAK + Yt, Ca tLxo 
aol PR ae AE 

A _ Cathay + Tbe ao 
aa Te — 


A response of this kind is called overdamped; its behavior is 

shown in Figure 13. Like the critically-damped motion, the 
overdamped response has no overshoot; it also decays more slowly 
than a critically-damped response. These features make ove rdamping 
an extremely hazardous condition. With overdamping large changes 


in the flight path almost as severe as those resulting from neutral 


Slope= {xo 


= t (sec) 


a, (rad) 


Figure 13: Overdamped characteristic response to general initial 
conditions in yaw, showing the relation of the initial conditions 
to the properties of the response. Tne yaw angle returns to zero 
more slowly than in the critically damped case, and in the limit 
of infinite damping ratio the rocket would instantly lose its 
initial yaw rate and remain "stuck" at the initial yaw angle 


xo #8 if encased in very thick glue or tar. 


ee = 
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static stability can occur if the rocket is disturbed; in fact, 
neutral static stability (0, = 0) is a limiting case of overdamped 
motion. 

A statically unstable rocket (one whose corrective moment 
coefficient is negutive) also responds to a disturbance in a 
maaner described by equation (24). Although the damping ratio 
is undefined for negative C,, both time constants and both 
initial amplitudes are computable from equations (25) and (26). 

If you carry out these computations you will find that T, becomes 
negative when C, is less than zero, so that o-% becomes e 
raised to a positive power. The "exponential mode" associated 


with T, thus increases with time, meaning that the yaw angle 


of the rocket grows larger and larger as time goes on. fhis 
is the dynamic description of a statically unstable rocket 
“coing ape". Such an unstable, or divergent, response is 
illustrated in Ficure 14. The statement "C, must be greater 
than zero" for a rocket to be stable is the dynamic equivalent 
of the statement "the center of pressure must lie aft of the 
center of gravity". No matter what the phraseology employed 
to say it, positive static stability is the prime requirement 
of a successful rocket design. 

Suppose that a rocket which has been flying straight and 
true in calm air suddenly breaxs into a region of the sky in 
which a wind of constant velocity is blowing parallel to the 
ground (such a phenonemon is called a discontinuous wind shear). 
Or suppose such a rocket having four fins, each with a control 


tab, experiences a condition whereby the tabs on two opposing 


Slope= Tio 


t (sec) 


Figure 14: Characteristic response of a statically unstable 
rocket to general initial conditions in yaw, showing the relation 
of the initial conditions te the properties of the response. The 
yaw angle does not return to zero, but rather increases with time, 
so that the rocket will eventually flip end over end and execute 
completely unpredictable maneuvers. Negative static stability 

is thus a dangerous condition and should always be avoided when 


designing model rockets. 


Yawing moment M, 
(dyn-cm) 
| x 


- t (sec) 


| 
| 


= 


Pigure 15: A step disturbance of intensity M,. Before t = O the 


yawing moment is zero; after t = 0 it is M, dyn-cm. 
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fins suddenly deflect an equal amount in the same direction. 
Finally, consider what would happen if such a rocket experiences 

an engine or engine mounting malfunction in which the thrust 

line suddenly assumes an angle relative to the rocket's centerline. 
Occurrences such as these fall into the category of step inputs, 

a name derived from the graphical appearance of their variation 
with respect to time. The moment-versus-time graph of a repre- 
sentative step function appears in Megure 15. 

A step input, for the purposes of this analysis, takes the 
form of an applied moment whose value is zero before a given time 
and whose value is a constant after that time. The time at 
which the "step" occurs is considered to be t = 0. With this 
convention we can define a step input in yaw mathematically as 


follows: 


fy(t) = 0 (t< 0) 
f,(t) = M, (t= 0) 


A function of this form is, of course, an idealization. You 


couldn't expect to observe a perfectly sharp step in any real 
physical quantity; nevertheless an analysis of the response of 
a rocket to a step input (hereafter abbreviated "step response") 
provides the designer with information of considerable value, 
for step-response analysis is one of the two standard methods of 
defining the relative ease with woich a given rocket can be 
displaced from true alignment with its intended flight path. 

We recall that the differential equation describing the 


response of a non-rolling rocket to forcing in yaw is 


doe de | 
Ly He Co ae tke = $,(0) 


“i 1S 


Substituting our definition of the step In»vut, we save 


O (4<0) 


\| 


ae A Xx 
(27a) Toe + Coe Tin, 


ee 
tomy ot, “Se ee eek SE My | (R08) 


Now I stipulated that the rocket under consideration be flying 
straight and evenly at the time the step is applied. This is 
equivalent to stating that the yaw angle and all its time 
derivatives are zero for all time preceding the application of 
the step. The rocket is said to be in a rotationally quiescent 
state for t< O and you can see that such a condition identically 
satisfies equation (27a). 

Equation (27b) is solved by the sum of the characteristic 
and particular responses (cf. Section 2.4). The charactzristic 
response, obtained in Section 3.1.1, is given by equation (15), 
equation (22), or equation (24), depending on the value of the 


quantity ry -& » he particular response in this case is 


(28) Sy = K 


where K is a constant. Since a constunt cannot (by its very 
definition) vary with time, all of its time derivatives are 


zero. Upon substitution of K for a, , equation (27b) thus 


becomes 


from which 


(29) K = Me/0, 
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The complete step-response for the cases in which 4 ? Poa is 
therefore 

(30 _ a 

30) Xx = AR uum (wi + 2) 


where D is given by equation (16) and w by equation (17). 

As in Section 3.1.1, the values of A and ® are determined 

by the initial conditions. It can be shown that, for a rocket 
quiescent before the application of the step input, both the 
angular displacement x and the angular velocity da, /dt are 
zero at t= 0. Now setting time equal to zero in the expressions 
for «, and d%x/dt results in 


Ko = Aain ge + 4 and 


1D. xo = A (W crap — Dain &) 
which, when x, and Oxo are set equal to zero, give us 


~ | Me 
A am f = ar and 


Dam © = BA we cy 


From the second of these we can obtain 


off 


from which we have 


(3la) 


(1b) A= Raine 


The motion described by equation (30) is an exponentially- 
damped sinusoid which oscillates about the offset norizontal line 


Hy = M./C,- For the case of Zero damping it is Simple harmonic 


a, (rad) 


— t (sec) 


Figure 16: Undamped response to a step disturbance in yaw. The 
rocket oscillates indefinitely about the yaw angle Mg/0,. Also 
shown are the maximum yaw angle and the time at which it is first 


attained. 


t (sec) 


nis 
uw 
Figure 17: Underdamped response to a step disturbance in yaw. 

After a sufficiently long time the model will come to rest at the 


yaw angle Ms/0,. Also shown are the maximum yaw angle and the time 


at which it occurs. 
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motion about , = M,/0, as shown in Figure 16. The undamped 
oscillation varies in magnitude from zero to 2M,/01, sturting 
from zero With a zero angular velocity at time t = 0. The 
underdamped case, which is ugain the desirable one for rocket 
behavior, is given in Figure 17. The angular displacement, 
again starting with zero magnitude and slope, "nomes in" in 

an oscillatory manner on the displaced axis at M,/0,- It is 

of interest to compute the value of the first "peak" of such an 
oscillation and the time at which it occurs, since this information 
is useful in evuluating the merits of a given rocket design with 
respect to dynamic behavior. 


The first peak will occur at the smallest nonzero value 


of time for which the angular velocity is zero, i.e., for wiich 
dx, /dt = 0. Performing the operation of differentiation and 


setting the resulting expression equal to zero gives us 


—~ADda gin (wke @) +AWL coe (wt+9) =O 


from which, dividing by Ae Dt, we obtain 
~p ain (Whee) + wor (Wk+@) = 0 
This requires that 


Tom (wk+ @ ) _ — 


Now if you take the inverse trigonometric function of both sides 


of this equation, you will wind up with 


ie py = wacte, (2) or 


— ————S—— 
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f = tenlG)-? 
a) 


But since @ = arctan (W/D), the only solution obtainable from 
this equation is t = 0. While this is indeed a solution (our 
initial condition, Qy = O, is based on it), it does not identify 
the time of occurrence of the first peak. The general solution 
for the time at which the nth peak occurs is obtained by intro- 


ducing the trigonometric identity 


Lam (wt +9 +mT) = Kan (wt +@) (n an integer) 
Now if we take the inverse trigonometric functions we obtain 


Wk+P+m7 = anckan (2) 


from which t = ddl 


The first peak occurs at the time associated with the value n = 1: 


(32a) z= 


|= 


The value of oo, at the first peak is computed by substituting 
this value of t into equation (30): 


| _ md 
Xy = A 2 = his (1+) + Ms 


a > 
t=2 ; 


By the use of the trigonometric identity 


AMM (1+ ¢) = ~an ¢ 


=li7= 


and equation (3l1b) this may be simplified to read 


(32d) &y 


i» = 


A look at Figure 17 will reveal that this value of %x represents 
the greatest magnitude the angulur displacement attains during 
the step-response. Since the magnitude of the displacement 
decreases as C, increases, we conclude that a large value of QC) 
will reduce the severity of a rocket's step response. 

In the case where the values of 0), Cos and I; are such that 
a condition of critical damping exists the complete step-response 
is given by 
(33) xy = (A+ Ak) 2 + 
where D is again given by equation (16). Applying the initial 


conditions, we have 
r Ms 
Xxro =A, + F 
O and 


tl 


fr x0 — Aa DA, 
= 


from which we obtain 


mM 
(34a) A, = eS ror 
Ms 
(34n) Ar =-DE 
A critically-damped step-response is shown in Figure 18. 
The comslete expression for an overdamped step response is 


_k _£ Mg 
(35) &y @ A a ™ + Aga? +S, 


t (Sec) 


Figure 18: Critically damped response to a step disturbance in yaw. 


The yaw angle approaches a value of M/C, asymptotically from below. 


a, (rad) 


t (sec) 


Figure 19: Overdamped response to a step disturbance in yaw. 
The yaw angle Ms/C, is again approached asymptotically from below, 


but more slowly than is the case for the critically damped response. 


= 
+ _ 
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where ‘%, and “Ty are given by equations (25). In this case 


the imposition of initial conditions results in the expressions 


Kxo =A, +Aa + 2 


=Q 
i = A ang 
ko = 7 ay 
= Q 
from which we have 
— _. Ag Ey 
( 36a) A, — ~ G(%\-%a) and 
Ms Tz 


Figure 19 illustrates an overdamped stes-response. 
Toe critically-damped and overdamped step responses are 
both slower than the underdamped resjonse, and in this sense 
the former are somewhat less sensitive to step inputs than the 
latter. Consider what would happen, though, if the step were to 
arise, persist for a considerable length of time, and then drop 
to zero again. An overdamped rocket would also be slow in : 
returning to true alignment from a yaw angle of nearly Ms/0} 
radians. Noreovery since overdamped responses exhibit no overshoot, 
the deflection of the flight path from the vertical would be 
substantially greater than in the case of underdamped motion. 
It is therefore best to decrease a rocket's sensitivity to step 


inouts by the use of a large corrective moment coefficient rather 


than high damping. 


3-1.3 Complete Response to Impulse Input 
Imagine, if you will, that the rocket considered in Section 


3.1.2 encounters a step input that does not persist for all time 
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t= 0, but rather “steps down" to zero again after some interval 
of time t,. The graphical representation of this forcing function, 
as shown in Figure 20, forms a rectangle whose area is M,t,. Now 
{imagine the interval of time during which the step persists becoming 
shorter and shorter as the magnitude of the applied step input 
becomes greater and greater in such a way that the product i,t), 
the area of the rectangle, remains constant. If we carry this 
process to its logical conclusion, we will ultimately arrive at 

a configuration such that ty is zero and M, is infinity. In this 
case, however, M, must be considered a rather special "type" of 
infinity, since the product of "this" infinity with zero has 

a definite value: M,t,, which I shall hereafter denote by H. 

A forcing function of this kind is called an imoulse of strength 


H, and the response of a given rocket to such an input offers 
a second criterion by which the resistance of the rocket to 
transient disturbances may be evaluated. An impulsive input in 


yaw may be defined as follows; 


f(t) <0 (t 2 0) 
f,(t) = © (t = 0) 
O°f,(t) = H (t = 0) 


While there are more rigorous definitions of impulse inputs 
obtainable from the so-called limiting arguments of the theory 
of singularity functions (which includes, among other thinss, 
the study of steps and impulses), such formal precision is not 
necessary to an understanding of tne effects of impulsive 
disturbances on physical systems. Like the step, the impulse 

is an idealization of physical reality. You know very well that 


a rocket can never encounter disturbing moments of infinite 


Strength=H 


M,. (dyn-cm) 
M, (dyn-cm) 


6 * fe 
| t (sec) t (sec) t (sec) 


Figure 20: Development of the concept of an impulse from a series 
of steps of finite duration. The step in (a) has an intensity 

M., and persists for a time Tj; the product M,,T, is equal to 

H dyn-cm-sec. The step in (b) has an intensity M,o greater than 
Mo], but a duration T5 less than T, such that the product MgoTs is 
still H dyn-cm-sec. The limiting case of this behavior is the 
impulse (c), a step of infinite intensity but infinitesimal duration 
such that the product of the intensity and the duration -=- called 
the "strength" of the impulse -- is still H dyn-cm-sec. 


| 
| 
f 
| 
| 
| 
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intensity and zero duration; any strong disturbance of short 
duration, however, can be treated as an impulse to a high order 
of accuracy. Momentary fluctuations in the direction of the 
thrust line, oblique ejection of solid residue from the rocket 
nozzle, moments arising due to launcher contact during liftoff, 
and disturbances encountered during staging are examples of 
forcing functions which are virtually impulsive. 

The response to an impulsive input is conceptually somewhat 
more difficult to grasp tnan the responses to other types of 
inputs. In order to facilitate a consideration of the impulse 
response let we return to our discussion of the angular acceleration 
of the flywheel as illustrated in Pigure 5. Recall that, for 
a frictionless flywheel of inertial moment I to which a constant 


moment M is applied for 4 time t, the resulting angular velocity 


of tne wheel is 


_ Mt 
oe 


and the resulting angular displacement from the original rotative 


position is 
z 
1 M 
azt> FT t 


Suppose, now, that the moment M approacues infinity and the 

time t approaches zero in such a Way that tne product Mt remains 
constant at the value H. The angular velocity imparted to the 
wheel by the wmoment during the interval t will, under these 


conditions remain constant at tne value 
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The angular displacement «< , however, will decrease, since 


it is given by 


When the limiting case is reached, the angular displacement will 
be zero. The sole effect of an impulsive input to the flywheel 
is thus to cause a finite angular velocity to uppear instantan- 
eously at the time of application of the impulse. 

The problem of the yawing rocket is precisely analogous, 
provided the damping and corrective moments are both zero: 


an impulse of strength H will cause an angular velocity 


H 
Qe =T, 


to arise instantaneously, while the angular displacement at time 
equal to zero will be zero. Does the presence of nonzero corrective 
and damping moments in any way alter the state of the rocket at 
t = 07 

Well, it is clear that there cannot be any effect due to 
static stability, as no angular displacement of the rocket has 
yet occured; hence the corrective moment at t = 0 is itself 
zero. And, although there does arise a damping moment simultaneously 
with the angular velocity increment due to the imoulse, this 
moment is finite and therefore can produce no change in either 
the angular displacement or the angular velocity in a zero amount 
of time. It thus turns out that the presence of aerodynamic 
moments does not modify the initial effect upon the rocket of 


an impulsive input. This effect produces the following set 
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of initial conditions: 


(37a) Axo = 0 
(37b) $2 xo = a 


Unlike the step, the impulse input has associated with it 
no particular response for t>O. More properly speaking, the 
particular response is zero, for as you can see from its definition 
the impulse itself is zero for all positive values of time. A 
complete impulse response is actually a homogeneous response 
with a special set of initial conditions: those given by 
equations (37). 

The impulse-response of an underdamped rocket is given by 
equations (15) through (19). Applying the initial conditions 
given in equations (37) results in the following values for 


the phase angle and the initial amplitude: 


Go = arkean (0) 
= 0 


H 
A= Fo) 


The characteristic response to an impulsive disturbance is then 
given by 
1 -bt 
— ——— I ‘ 
(38) Xx = TG Am Wk 
where Ww and D are determined by equations (16) and (17). 
This motion is shown in Picure 2l. 
The critically-damped impulse response is described by 


equations (22) and (23). In this case we have 


t (Sec) 


a, (rad) 


Cam ® He Fe snltl sinfarctan( 


rctont i) 


m = ul 
Figure 21: Underdamped response to an impulse of strength H in yaw. 
The initial angular velocity imparted by the impulse, the maximum 


yaw angle attained, and the time at which it occurs are shown. 


= = 
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A, = he 
and the characteristic motion assumes the form 


| H (PE 
(39) ky = TAL 
where Dis again given by equation (16). The imoulse response 
of a critically-damped rocket is illustrated by TPigure 22. 
Overdamped motion resulting from impulsive forcing obeys 


equations (24) through (26). Applying the initial conditions 


to these equations gives tne results 


A — H “X “Xs: 
ee i 
= I, (%,-%) 


where T, and ‘Tz are determined by equation (25). An overdamped 


rocket will thus exhibit an impulse-response described by 


(40) Ae | “ * 


' ee ee Tv, — ES 
Ay = TP peony) b~ & 


as illustrated in Figure 23. 

Equation (37b) shows that the initial angular velocity 
resulting from an impulsive disturbance is inversely proportional 
to tne longitudinal moment of inertia of the rocket which is 
being disturbed, and equations (38) through (40) reveal an 
inverse dependence of the initial amplitude factors on the 
value of Ih It would thus seem that a large I; is desirable to 


reduce the severity of a rocket's impulse response. We can 


— et tn ee ee ee: - 
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Figure 22: Critically damped response to an impulse of strength H 
in yaw, showing the initial yaw rate, the maximum yaw angle, and 


the time at which the maximum yaw angle occurs. 
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Figure 23: Overdamped response to an impulse of strength H in 
yaw, showing the initial yaw rate, the maximum yaw angle, and the 
time at which the maximum yaw angle is attained. The maximum 
deflection occurs sooner and its value is smaller than is the case 
for the critically damped response, and the return to zero yaw 


angle is also more gradual. 


investigate the quantities governins the severity of the response 
more thoroughly by deriving tne maximum angular displacement 
associated with each case of impulse-response. These maxima, 
and the values of t at which they occur, can be computed by 
setting da,/dt to zero and determining the smallest value of 
t that will satisfy the resulting equation. 

The equation resulting from imposing the condition of zero 


angular velocity on the underdamped case is 


from which we obtain 


' la) 
(41a) an = anton ($) so that 
(arb) : a whedon) 


aim [arctan ($)| 


For the critically-damped motion we have 


Axm = Iiw R* 


H ,-be = DH y Dt 


1% ~ rEg R =0 from which 


(ia) Cn = — 


and 


| H 
(42b) Ayan = TDL 


Finally, in the case of overdamped motion the applicable 


equation is 


n 
__ cH ee ~ tH T, -¥ 
Lina | alee CU 0 


which gives us 
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(43a) K ex at Tt ha l(S 


where the notation "ln" stands for the "natural logarithm of" 
the quuntity in parentheses. Natural logarithms, also called 
Naperian lorarithms, are the mathematical inverse of exponential 
functions and may be found in tables arranged in much the same 
way as are tables of trigonometric functions. From equations 
(43a) and (40) we can obtain, after some algebraic manipulation, 


Te 


“Ty 
Ht, T2 (=) T,-T (= ) ented 
(43b) Xam = I, (%,-T) T, Es 


Now if you substitute the expressions derived in Section 
3.1.1 for wu), D, TT and tT, into equations (41b), (42b), and 


(43b) you will make the following discoveries: 


For underdamped motion, an increase in I; decreases om: 


For critically-damped motion, cnanges in Ij, have no 
effect on zm. 


For overdamped motion, an increase in I; increases o&, > 


These results might seem at first to indicate that lurge values 
of I; are desirable only in the case of underdamped sotion. 


This is not the whole story, however, for if we examine equation 


(20), in which the damping ratio zg is given as 


Co 
f= 2Ve,I. 


we see that an increase in I; invariably reduces the damping ratio. 


In particular, increasing I; can cause overdamped or critically- 


damped responses (which have already been shown to be undesirable 
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in tuemselves) to become underdumped, after which further 
increases in Te will lessen tne severity of the impulse response. 

we can conclude from our analysis, tnen, that a lurge value 
of I; is a desirable design characteristic in a model rocket, 
as — longitudinal moment of inertia helps both to guard 
arcainst overdamping and to reduce the rocket's sensitivity to 
impulsive forcing. 

3-1-4 Steady State Response to Sinusoidal Forcing 


In the previous sections we were concerned with responses 


to forcing functions of a transient or discontinuous nature. 

The behavior of a model rocket in these cases was such taat 

both the homoreneous response and the particular response were 

of sisnificant importance in determining the character of the 
resulting motion. In cases where the disturbing moments are 

of a prolonged and periodic nature, however, the behavior of the 
characteristic response (which, for positive static stability 

and finite damping, dies away with time) soon creates a situation 
in which the particular response alone is of significant interest. 
In the remainder of this section I am going to be talking about 
the properties of the particular response of a rocket having 


a zero roll rate to an input of the form 


The analysis will be based on the assumption that this 
"sinusoidal" input has been going on for a time sufficiently long 
that all transient phenomena have died away, so that the complete 
response is identical to the particular response alone. The 


result obtained from an analysis based on such an assumption is 


a te ee 
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often referred to as the steady-stute response to sinusoidal forcing, 


Or simply the sinusoidal steady state. Such physical phenomena 


as periodic instability in tne torust line of the rocket motor 
and the aerodynamic "flutter" of fins or control tab surfaces 
are inputs which can be closely approximated by the sinusoidal 
representation. 

substituting the expression given above for f(t) into 
equation (13) gives us the differential equation for the yawing 


oscillation in the form 


doc : et 


The particular solution to this equation is known to be of the 


form 


(44) ky = Ap aim (Wet + @) 


The rocket responds to the sinusoidal forcing with a sinusoidal 
motion of its own whose frequency is identical to the frequency 
of the disturbance. The amplitude is different, however, and 
the response "leads" the forcing function by a phase angle of 


(P radians. The time derivatives of the response thus described 


are 


sae We Ar cot (Wet +) 


JX x ease 2 . 
det (UWF Ar sim (Wet +) 
The values of A, and @ are determined by substituting the 


®xXxpressions for x, and its time derivatives into the differential 
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equation. When this 1s done we obtain 
Ci Ar aim (wet + ¢) = Ag Aim Wek 


It 1s necessury to make use of the following trifonometric 


identities in order to solve this equation: 


wm (Wet +o) = Ain Wek cor P + Coe Wet 4m ¥ 


Substitution of the quantities on the right sides of these 
identities for those on the left sides in the differential 


equation casts it into the form 

~ Tt? Ky | aie Wt Coa f + Cot Wet sin — | 

+ Cows Ar [ coe Wek coun — Amn Wet sm ¥ | 

+ C, Ar [aim wet weg + corwst sing] = Ap em wet 
Now the terms containing sin w,t and those containing COS Wet 


must be independent. This gives us two algebraic 


equations for A, and f + 
-Ivw,? Ar sim Wek coe P — C2 We Ar sin Wet 4m Ff 
+ Cy Ap sin Wek Coe = A, am week 
-I_ wp? Ar Cot Wet ain @ + C2 We Ay ot Wek coe 


+ Ci Ny Cor wyk am? = O 


2 ee ee 
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Dividing the first equation by sin W;t, the second by Aypcos Wert 


simplifies these equations to 
-Ti we Ay wee -Cow, Ar ame +C, Ar Cot = Ag 
—-TLWy* sm ¢ + Co Wy cor + Cy tim OD =O 


Now the second equation can be divided by cos, producing a 


formulation containing the single trigonometric function tanq@: 


fy = 2,0 | bw + Cs OO ¢ = <) 


The phase angle is then determined as 


(45a) P = ancam | SSE] 


The first equation may be divided by cos m to yield 


Ay ii - I, w) = C2 Wetan | ~~ Coad 


The trigonometric identities 


ALL ee and 


Aen PF = Nk P+ | 


then permit us to write 


It 
: 


| gue W,* C2* W,* 
Ar (¢, IW, T, W,2-C, A, (ILw? —C) , 


Some algebraic manipulation transforms this expression to 


2 ee . 
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- | 2. | | 
Ay hee wWr- c,) * Cw? | = As iy (I\wP-c,) + Cz we 


from woich we conclude that 


— As | 
Ry Vangel Ct WH 


Now although equations (45) are perfectly acceptable solutions 


for p and A,, there is a standard formulation of these results 
which greatly simplifies their interpretation. Recall from 


section 3.1.1 that the natural frequency of the rocket is 


q 
CO) A = I, 


while the damping ratio 2% is given by equation (20): 


given by 


Co 
s a 2ypc, I. 
If we define a frequency ratio B as 


(46) p= Of 


and an amplitude ratio AR as 


(7) AR = gt 


we can, after some rearranrement, obtain the forms 


(48a) P= onchan a 
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| 
(48b) ARR = Cy a/(pan)?s (224)? 


Graphs of the variation of phase angle and amplitude ratio 
with frequency ratio for various values of © are given in 
Figures 24 and 25. In Pigure 24 the definition of the arctangent 
function has been artificially extended to run from f = O to 
po --T7 radians so that the phase shift will appear as a 
continuous function of AB . Notice that for all nonzero 
frequencies of disturbance the motion of the rocket lags behind 
tne input (that is, P is negative). As fP varies from zero 
to infinity @ varies from zero to -7[ radians, passing through 
the value (-1/2) when B = 1.0. 

The more lightly damped the rocket, the more abrupt the 
transition from P =O to PM = -T[; in the limiting case of 
zero damping the transition becomes discontinuous. An examination 
of Figure 25 will reveal that, for rockets whose damping ratios 
are less than 2/2, there exists a range of values of f# distributed 
about PB = 1 in which the amplitude ratio has a value greater 
than 1/01, its value for ®B =0. This behavior is referred to 
as resonance; the greatest value of AR attained is called 
the resonance peak and the value of We at which it occurs is 
termed the resonant frequency. These quantities are computed 
by locating the resonance peak analytically, using the fact 
that the slope of the amplitude-ratio curve is Zero there. 

The slope, or derivative of AR with respect to B , is given 
by the equation 


4 (AR) = = (67-1)+2 $7] (2B) 


a6 C,[(#?-1)* + (2284)? |” 
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Figure 24; Variation of phase angle with frequency ratio for 


cases of steady-state response to sinusoidal forcing. 
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Figure 25: Variation of amplitude ratio with frequency ratio for 
cases of steady-state response to sinusoidal forcing. Resonant 
behavior can be seen for damping ratios less than V2/2, but does 


not occur at damping ratios greater than this value. 
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wnich is zero when its numerator is zero; that is when 


The value of #& at resonance is therefore 


(49a) Pres = \y |-2¢* 


and the resonaut frequency, Wrec » 1s given by 


(49d) Wreg = Pres Om. 


By substituting 6,.. for B in the equation for AR, we find 


that the resonance peak obeys the relation 


| 
(50) ARres = 20, eyo 


The value of AR,,, can be quite large if the rocket is only 
lightly damped, meaning that the amplitude of the response can 
be much greater than that of the forcing function. In fact, 
equation (50) shows that the response amplitude increases 
without bound as the dumping ratio decreases and becomes infinite 
at “4 =0. Resonance, therefore, can be an extremely dangerous 
state, resulting in violent oscillation of the rocket and 
consequent deflection of its trajectory. The designer of model 
rockets should spare no effort to minimize the effects of 
resonance. The use of an adequate corrective moment coefficient 
(large enough static stability margin and adequate airspeed), 
the maintenance of a sufficient amount of damping, and the 


use of a flight velocity profile whereby the rocket passes quickly 
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through the resonant state due to the resulting variation in 
Wy are three techniques generally employed in various combinations 
for this purpose. 

As you can see from equations (49), the resonant frequency 
decreases from Wm toward zero ag the damping ratio of the rocket 
increases from zero toward 2/2. This same variation in damping 
ratio causes the value of the resonance peak to decrease from 
infinity to 1/0,, and for £ >¥2/2, there is no resonance peak 
at all; the value of AR is always less than 1/0,. Damping ratios 
greater than 0.7071 therefore result in the least severe response 
to disturbances of a steady sinusoidal nature. 

2-2 Dynamical Behavior at a Constant, Nonzero Roll Rate 

3:2.-1 Generalized Homogeneous Response 

The presence of a constant roll rate causes the pitching 
and yawing movements of the rocket to become coupled (cf. Section 
2.3), so that the differential equations for pitch and yaw must 
be solved simultaneously. We recall that the homogeneous 


differential equations for this case are 


d Xx | Lick 
1, ae +C, a + Cdk + Tp Wy GH = O 


Joey AA : AX x 
ae +t. ~ Gia" IR Wz = 0 
Although the general form of the solutions to these equations 
is somewhat similar to the solutions of the decoupled case, the 
complete solutions themselves are a good deal more complicated. 


The most generally applicable ones are given by 


bat . 


A, 2 ME in (0,8 +) + +A. 2 ‘sim (Wat + 2) 


A 
x 
i 


(51) 
we et (w,t +@ ) ¥ A, Q mK cot (wat + ?, ) 


>. 4 
~< 
il 
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Now it is clear that the derivative formulae for those parts 

of equations (51) which carry the subscript "2" will be identical 
in form to those for the terms which are subscripted with a "1". 
I can therefore save a great deal of writing if, for now, I 

leave off the subscripts and just write down the derivatives 


of one term of each equation's right-hand member: 


Se = — Ape gim(wk+e) + Awe cow (Wt +) 


dx = A (dw?) 2A sin (WEF 4) — 2AWD 2 coe (wk +4) 


_pt 
day 2 -ADR cot (WEE) — Awa yim (wt +¢) 


Cae = A ()?- Ww?) 2 cor (wt +4) +2AWD 2 tein (wt +4) 


This amounts to pretending, for the present, that there is only 
one initial amplitude, only one inverse time constent, only one 
angular frequency and only one phase angle in the solution. Such 
an intentional error is perfectly permissible, just as it was 
in deriving equations (25), for the mathematics of the derivation 
will later point out that there are in fact two each of these 
quantities. 

Upon substitution of the simplified derivative relations 


the first (yaw) differential equation becomes 
| \ —Dt . | = 
TL AC d- Ww) 9° win (wk+ @) -2T.AWD)2 * eablted +@) 
a —pbt - : 
Laws Ade Coa (wt +9) —-TrW, Awe se . (wk +) 


= Cy Adon sin (wt+¢) +Cohw2 coe (Wt + ) $C, AQ tanlwd +4) =(0 


Removing the common factor Ae "Dt we have, from the requirement 
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that sine terms sum independently to zero, 


I, (p?- w?) - TpWew -Cad + C1 =O 
and from the requirement thut cosine terms sum independently to 
zero, 

~2T,~W)D-TeWz ) +Cow = 0 


Substituting the expressions for am , d«/dt, and deo /at into 


the second (pitch) equation gives 


Ty A (D2 cw) 27 coe (wt +) #21, Aw) 2 aim (wt + &) 


bt 


+ 1, W; Aden fain (Wha) — Ip We Aw 2 ue (Wi +) 


— CoA D2 con (wk+ 9) —Cohwar in (wt +e) + Cr nant cea (wt+¥) = 0) 
from which the cosine terms give us 


L, (p?- w?) -Ipwew- Cop +, =0 


2T.w)d + I[pwz !) -~ C,W = O 


and the sine terms require that | 
Now the sine equation from the first differential equation is 
{dentical to the cosine equation from the second, and the cosine | 
equation from the first just equals the negative of the sine 
equation from tne second and is therefore equivalent to it. 


This confirms that a coupled solution of the form (51) does in 


fact exist and that we can proceed to solve for w and D. 
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From the last equation above we can obtain Din terms of W as 


7 a Cou) 
2I,w + Lp Wy 


Substituting this expression for D into the second to last 


equation above yields 


t.C.* w* C22w 
4° )*+ 41 [pW yw +1,7 we tye" ~Ig@s 2I1,W+Ipw, =~ 


Multiplying the left and right sides of this equation by 

(41,*w? +4Ti Ip Ww + Ie" Ws) » collecting terms and dividing 
the resulting equation by a factor of (-417,7) to cast the equation 
into a form having a coefficient of 1 for the highest power of 


)  wWoich appears (this is called normalizing), we obtain 


wt +27 w,w? +[-% + &, + -i we] w* 

, z 
+f ota + Bh oye BE a ]o SB agt = O 
Now this is a quartic equation in W , in which all powers of 
GU) from the zeroth to the fourth are present. The solution 
of such equations is generally quite difficult, but we can reduce 
the complexity somewhat in this case by considering the physics 
of the situation and tne limiting behavior of the solutions, 
rather than just plowing ahead wito the formal mathematics. 
By “limiting behavior“ I mean just this: should Ip Wz become 
vanishingly small compared to I;, the solution of the coupled 
motion will be very nearly identical to the solution of the 


decoupled case. A mathematician would say that the coupled 


solution approaches the decoupled solution in the limit as 


-l4e- 
ea goes to zero, so that we recover tne solution of the 
decoupled case from the more general solution of coupled motion. 
Similarly, for the case in which GC, and C, become vaniswingly 
small compared to I;, we obtain the so-called force-free precession 
Which is familiar to the designers of ¢yroscoplie instrunents; 
tne coupled solution approaches a force-free precession in the 


cy, C2 


limit as Z and Zz go to zero. I am coins to try to put taese 


properties to use after making the following substitutions in 


order to simplify the algebra of the angular frequency equation: 


me 
x = ¥ 
me et 
C= “4 
_ fa 
Zz > Gre 


The equation for W then becomes 


(52a) Wot + 2Xwew? +LY+ 2+ EX°w," | w? 


3 
+1¥Xwe+ ZXw; +2w2]w +z X*w? =OoO 


Now since this is a fourth-degree polynomial equation, we «now 


it (the roots of the equation). Let these values be 4,5,C, and D. 


The equation can then be written as 


(w-A)(w-B)(w-c)(w-d) = 0 


tnat there are four possible values of &) which will satisfy 
Which, when multiplied out, becomes | 


a oe eee 
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2 


(soo) Ww - (A+R +C4+P) w+ [AB+ CR + (ArB)(C+D)] 


Now equations (52a) and (52b) are just different representations 
of the same equation. This being the case, the coefficient of 

@ given pow2r of W in equation (52a) must be identical to 

the coefficient of that same power of W in equation (52b). 


This allows us to write 


(53a) A+B+C+)D=-2Xw, 
(530) [AB+¥cCD + (A+B)(c+d)] =[Y+Z+£X*w,7 | 


(530) | CD(A+B) + AB (C#D)] = ~[YX wz + 2X wy + Xwy,?] 


(534) ABCD =2LX*w,? 


Equations (53) ure sufficient to determine the roots A,B,C, 
and Din teras of the constants X, Y, and Z. This, however, 
would be an extremely difficult task if done by formal muthenatics 
alone. Instead I am going to examine the limitins behavior of 
this particular dynamical system -- a model rocket -=- to see if 
I cannot find some analytical "sort cut" that will help me to 
g4ess the roots. 


For a O, equation (52a) becomes 
L 


se (¥+z2) ait =O 


Factoring this expression, we obtain 
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a* (aj? + Y¥42) = 6 


Two of the roots are thus w =O. The remaining two are 


c 
\I 
i+ 
| 
-™ 
~< 
7 
{ 
a 


or (i) = 


i+ 
HO 
r 
“ae 


which are just cases of decoupled, underdamped oscillation. 
Cc; 
For the limitins case Soa =O, we have Y2 220 
iL L 
and equation (52a) becomes 


wo 
woh + 2kwzw? + Ew? wr + Ew3w = 0 


Factoring gives us 


3 
} | 2 ee 


One of the four roots is seen to be W=QO,. The remaining 


factor is a cubic equation and will therefore have three roots. 


Let these be denoted by A‘',B', and c'. Then 


(w-A')(w-B')(w-c’') = 0 


which, when exnanded, becomes 


w?-(A+B+C) Ww + L(A+B)C + AB] ww -ABC=0 


Then, equating coefficients of like powers, we have 


—~(A+B+C) = 2X We, 
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(A+B)C+AB == X*w? 


z 


KF 4 8 
-~ABC =7 “z 


I can now exercise on a reduced scale the techniques which I 
shall have to apvly to solve the general quartic equation (52a). 
The sum of the roots of the cubic equation must equal -2XW,, 
while their product must equal -x we - From this I conclude 
that A',B', and C' each contain a factor of XW,. If I 
attempt, reasoning from symmetry, to postulate three equal roots 
you can see that the coefficient equations will not be satisfied. 
If, however, I postulate two identical roots and a different 


third root, the sum and product conditions will allow me to 


write 
A‘ = — 2 
7 2 
f. _KXKWe 
- 2 
/ 
C = —~XWs 


These roots also satisfy the center coefficient equation and 

are therefore the roots of the cubic equation. I am now faced 
with the problem of determining which of these roots are physical 
(4.e., which can really be observed in the physical universe) and 
which are “spurious” or “extraneous" roots not applicable to the 
physical problem being solved. In order to ascertain the 


physical roots I return to the equation obtained from the cosine 
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terms of the pitch differential equation and set 0; = Cz = 0. 


This sets D to zero and leaves me with 
=T,. Us — Te ty Gd = O 


from which I obtain the two roots 


w= 0 

WwW =- tw, 
The first value represents a static displacement in pitch and yaw, 
and is the root already obtained by factoring the quartic. The 
second value represeits tne force-free precessional angular 
freauency of the rocket. Both values represent observable physical 
states of the rocxet; in fact, for general initial conditions a 
combination of both stutes will occur. There will thus be two 
angular frequencies of oscillation associated with coupled 
motion, and we must be prepared to accept two of the four roots 
of the general quartic equation as physical possibilities. 
In the reduced case of Y = Z =O these two roots are 4%) =0 and 
root C' of the cubic equation. Roots A' and B' are non-physical 
and must be discurded. 

Havine thus obtained complete information as to the limiting 
behavior of equation (52a), I am prepared to »nostulate solutions 
to the general quartic equation. Symmetry considerations and 
equation (53a) motivate me to guess that tae roots are of the 


following form: 
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A=-APE+a 
B= - kta 
Ce -iSt ey 
D= -*PF-2k 


You can see that these values identically satisfy equation (53a). 
Equation (53b) becomes 


x= wW3* 2 
gE (etext = Ter ptuy 


from which we obtain 


j= =(Yes)< es a2 


Equation (53c) now appears as 


[( oe -L )(- Xwz) + (e Wer ae i 2} ~Xw2) | = - Xow, [Yo 2+ et | 


and, upon substitution of the expression for pe obtained in 
(53>), is s2en to be identically satisfied. The final coefficient 
equation, (53d), becomes 


(pat as) (t-te) = Ye 


Substituting for b© the expression obtained in (53b) we can obtain, 


after some reurrangement, 


4 _ ¥* ws" —_ “7 UW), _ 
a +[Y+zZ-%5 |a* -Z At =0 


Now this is a special kind of quartic equation known as a 
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bigquadratic equation. It can be solved as a quadratic equation 
for a to give 


(Y+z- y +Z2xX* ws 


K2We~ 
4 


Now there is an option here in that we can choose the upper or 
lower sign for the square root terms. Having chosen a sign for 
the square root in ac, however, we are obliged to choose the 
corresponding sign for that in b-. Choosing the upper sign in 
each case, we have the following expressions for tne complete 


roots of the quartic equation: 


We must determine which of these give us the correct limiting 
behavior. This is a rather tricky procedure in this case and 
must be carefully carried out step by step if inconsistencies 
are to be avoided. For the case Xw,=Q0, the roots assume the 


form 


A= Vso tav (vz) 


———_ — eS 
-~ = 
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£Penkos riley 
j= /-%-Lvez) ~3/(¥+ zy. 
_,/ af 


(Y+z)* 


In simplifying these results we must bear in mind always the 
following rule of algebra: when a quantity is squared, and the 
square root of tne nuuber thus obtained is taken, all knowledge 
of the algebraic sign of the original quantity is irrevocably 
lost. The final result of such a sequence of operations is the 
absolute value of the original quantity, which is by definition 


a positive number. In our example here, 


/(Y+z) = | Ye] 


= "the absolute value of (Y+2Z)" 
Y+Zif (Y+Z)>0O, but 
-(Y+Z) if (Y+Z)<0 


Now l\Y+z | 


| Y+z| 


In discussing statically-stable rockets, we are referring always 
to the case in which Y is negative (that is, 0, is positive). 


If we furtyer stipulate that the motion be underdamped, we will 


always have (Y+ Z) negative. Then 


Vivezy = ~ (v+2) 
and the roots become 
A = -(e2) 
B= 4° (r2) 


Thus A and B are the roots which correctly describe the motion 
of an underdamved, statically-stable rocket in tne limit of 


roll coupling equal to zero. For the opposite limit, that of 


Y =- Ze O, we have 


A 


C 
D 


Now in this case 


ower)? X* We" 
(- —_—_ 
whereupon 


A 3 
5 6 ROE a 4f hE 
o= 2 4 
— _ KW? 
c= - 55 
- — KW 
Da" "EZ 
Also, cee = A if W3>0, but 
RO xW, if We< 0 
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so that if W,e7O, 


A 


(| 


0 


while if W,<O, 


A= -XWz 
B=0 


Thus A and B are the physical roots in the limit of force-free 
precession as well as in the limit of decoupled motion. C and 
D are spurious roots and must be discarded. The two angular 
frequencies 4 and B describe the complete spectrum of dynamic 
behavior as we proceed continuously from motion dominated by 
roll coupling to motion dominated by aerodynamic moments (except 
in a few very special cases to be pointed out later). 

From this point on I am going to refer to root A ag angular 
frequency w, and to root B as angular frequency W3z . The 
larger of the two will be called “the fast mode", the smaller 
"the slow mode". If Wz is positive, ©, will be the slow 
mode and G), the fast mode; if W, is negative, the. reverse 
will be true (recall that a positive ws means that tie rocket 


is spinning clockwise as viewed from astern). 


I am also going to adopt the abbreviation 


a — ~ (Y+Z) 


which may be written in terms of the rocket's dynamic constants as 


“- ix (Ay Cc | Cp 


Under this convention the two angular frequencies anpear as 


Since a complete description of the coupled motion of the rocket 
for general initial conditions must contain both modes, each 
Wito its own initial amplitude and its own phase angle, equations 
(51) must indeed be the solution to the problem. Substituting 


Ww; and Ws, , in turn, into the equation 


_ C2W 


obtained earlier, we obtain the values 


— 
(sta) D, = ar las Rao, 


(57b) Co. ( : 
Ca 
= : T 
D, cae Wa + a 


for tne two inverse time constants. Note that these both reduce 


to C,/(2Iy) for tre case where tke roll rate is zero. 
The values of aA), Ass Y » and , are determined by the 
four initial conditions, which are: 


- value of Oy, atts QO 


x 
3 
t 


= Value of a~&y, att =0 


x 
3 


- value of dxx/dt at t - 0 


_ 
~— 
x 
G 
| 


- value of day, /dt at t=0 


=< 
2 
i 
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From equations (51) and their time derivatives we have that 


Kxro = Ay aan, + Ad sem Pa 
Ayo = A, coe + Aa cor #5 
iro = -A,D, am, + Awd oe, - Ard, ein Y, + ArW, cot 2 
Ayo = -A,D, cor M - Aw, sen ?,- Az). cor P, — Ar Wy arn &, 


This system of four independent equations in four unknowns is 
reduced by eliminating terms between the equations one by one 
until explicit formulue for the initial amplitudes and phase 
angles are obtained. Beginning this process with the angular 


velocity equations, for instance, I can write 


D, Niro tw, Nye = —A, am ¥,(D+w?) — A, sing, (0,0, + 02) + Nocou ¥,(%d,-“2b, ) 


D, Oxo +W, Ayo = —A, aan, (),Do+ UW), 2) —A, ain ®, (D2+w2) + A, orf, (w, b,-w,D,) 
Now if you substitute “yo-A,weP?, for A, ung, in the second 


equation and subtract it from the first you will get 


tlLso (b,~D.) +f) ¥o (0, - «,) is A, AWM #.(D, Do +, Ws bD*- w >) 


+ Ly (W, D2 -Wz D,) i +Az2zan@, (Do"+ We — D, D2— Ww, We 


Multiplying the equation for w,, by the factor (b+02 ai D, >= WwW We ) 
and subtracting the result from this equation results in the 
expression 
rs 
2(d, D> +, We) = D, xo ( ),- D2) + Divo (w, = W2) + Kyo (w, D,~ Wa d,) 


A aim | =— 
| Z 2 2 | 
-be = | == Ws + %xo (D, D+ CO) Wp = b.*- wis) 


—————————————EEE— 
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from which we can obtain 


; a 
LL xo (D,-D,) + (lvo (Ww, -W>) +Axo (d,d, ji GO), 42 ey D. - od 2) 
A WwW, D2, — We D 
A, g = + ro | 12 2 J 


a | | | | 
2(),D.+ W, Wa) -)?- Ds “w= oe 


By a similar sequence of algebraic operations we can obtain the 
value of A,we Yd, : 


W, Axo — D, Ayo = A, we, (WP + D>) +A, am P, (w2D,— WH, D2) +A, coe P, (w,%, +D,0,) 


ww, Oxo — D, Nye = A 1 Lot 9, (WW. + DD.) +A, an ¥,(w,d2— Ww. D,) + Az cer 9, (w2+Dz) 


Substituting “xo~Ajan9, for Aen, and subtracting, 


Lixo (w,- 2) +LLyo (D.-D,) _ A, Cod aa (0,7 4 Db - | We + b, D, ) 


+ Xxo(w, D2 —WwaD,) + Az wa 9, (WW + Dido ~ ,*— D,*) 


Multiplying ayo by (W\W2+D,),-W27=D,7 ) and subtracting 


the result from the above gives us 
DLxo (4)\-W2) + Ayo (d2-D)) 


O) > b+ bids b> 
+ Axo (4, D2 —W2 d,) +X yo (WF +d2-w,w,-D,D,) - A, cot ®, 


| —2(w, W,+ a) 


Multiplying both sides of this by (-1) and performing the appropriate 


division, we obtain 


DN xo (wW2 - &,) + (yy (di- Da) + 8 x9 (wD, — Cu D2) 
A, tai. Q = + Xo (, W,+D,D.- w,* j*) 


2(w,W2 +D, Dz ) = ae b+ wu, * A WW 2” 
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Dividing A,zun?, by A, coe#, and taking the inverse tangent function 
of both sides of the resulting equation will give us an explicit 
formula for ?, in terms of the initial conditions, angular 


frequencies, and inverse time constants; 


ff) XO (CD, = Dd, ) +{Lyo (a, — WW 2) +X xo (cw, +D,), —w- p,2) 


+ Ayo (w, Ds — WJ. D,) 


LEE Ee eS ee ee ee ee 


| | 
Q xo (ww, -w,) +O yo (D,- D,) + &x0( Wz D, area Dd.) 


+ Ayo (w, Us, + D, D, = W,*= D,7 ) 


@, is now computed from the relations 
A. smn Po = Xxo — Aram ®; 


N2 tor ® = Kyo - A, oa Y, 


This time, since A,em, and Ajwi, are both quantities which 
we have already computed for use in finding , , we can 


immediately write 


(58d) P2 = archan poner . | 
a 


7 Ayo ~ A, toe PP, 

Both phase angles are now known and their sine and cosine functions 
can be determined from trigonometric tables. Since we also know 
the explicit formulae for A,a,¥, and A,an¥, , we can 


compute the initial amplitudes as follows: 


(59) A, = acne 
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Equations (51) and (55) through (59) contain all the information 
necessury to completely describe the angular oscillations of a 
rolling model rocxet in pitch and yaw. For general initial 
conditions, both the pitching and yawing motione are symg of two 
different exponentially-damped sinusoids. The appearance of 
the motion is generally quite complicated. The slower mode 
sets the basic pattern: the nose of the rocket describes an 
inward spiral toward the position of zero deflection if the 
rocket is statically stable, an outward spiral if it is statically 
unstable, and 2 circle of constant radius if either (1) the 
corrective moment coefficient 0) is zero, or (2) the corrective 
moment coefficient is positive but the damping moment coefficient 
Cy is zero. The faster mode may impose intricate secondary motions 
called nutations upon the basic pattern if it is sufficiently 
high in frequency and its amplitude is small. As in the case of 
decoupled motion, however, the characteristics of the oscillations 
are dependent upon the relative values of the rocket's inertial 
and aerodynamic constants. 


For the case of zero damping (C, - 0) the function F becomes 
a 
ew ewe 4 Sy 


From which we have 


Ip Wz Te uu) 2” Ci 

a == ey 41.* Ii 
Tp*We* = Ci 

_ — Tew? —*_ =_ 


as long as “- is positive, which Lt cartainly will be for 


statically-stable rockets. Since Os is zero, D) and D5 will 
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both be zero and the expressions describing the motion become 


(60a) Xe = Ay ain (wit +?) + Azam (Wit + Po) 
(60b) ay = A, Cot (w,t+4,) +4 Bis ted (w,4 “+ ~, ) 


Both pitch and yaw are the sum of two simple harmonic motions. 
The oscillations do not decay; they persist indefinitely at 
undiminished amplitudes as shown in Mgure 26. Needless to say, 
this condition is undesirable; as in the decoupled case, the 
restoration of the rocket to a position in which it is facing 
directly along the intended flight path never occurs. Since 
damping is always present in some degree, however slight, this 
case will not be literally observed for any real rocket. But, 
as in decoupled motion, too little damping can result in an 
oscillation that continues for an undesirably long time. 


Por nonzero damping such that 


te Si es “y2 C27 Ip We S Ip) Waé 
a" oY ee 41,2 


coupled, positively-stable motion described by the complete 

forms of equations (51) and (55) through (59) will occur. The 
angular frequency of the fast mode will be opposite in Sign to 

that of the slow mode: the fast mode will be of opposite sign 

to the roll rate, while the sign of the slow mode will be the 

same as that of the roll rate. The damping coefficients Dy and 

D5 will both be positive, meaning that the amplitudes of both 
modes will decay exponentially with time. The inverse time 
constant associated with the slow mode will be smaller in magnitude 


than that associated with the fast mode; the slow mode will 


Slope = Qo 


t (sec) 


a, (rad) 


t (sec) 


Figure 26: Undamped homogeneous response to general initial 
conditions in yaw and pitch of a model rocket spinning about 
its longitudinal axis at a nonzero roll rateW,. The relation 
of the initial conditions to the properties of the response has 
been illustrated. The pattern of pitching and yawing motions 
shown repeats itself periodically for all time, as there is no 


damping to dissipate the angular momentum of the oscillations. 
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therefore be a more slowly decaying mode than the faust mode. 
The fast mode decuys more rapidly than a decoupled oscillation 
with the same values of C_, Coy und I;, while the slow mode 
decays more slowly than such a decoupled oscillation. As a 
practical matter this means that the slow mode will be the most 
important part of the oscillation after a sufficient time has 
elupsed, so that roll coupling serves to reduce the effectiveness 
of damping. <A representative case of coupled, positively-stable 
motion is shown in Figure 27. It is in this range of relative 
values of 0), Cp, and I, that the designer wants his model rocket 
to lie; under no other conditions do the oscillations subside, 
whether the rocket is rolling or not. 

The condition which must be satisfied for roll-coupled 
characteristic motion to be positively stable can be made more 


explicit by solving the inequality 


oe t/t eta wst .. 
3S = Ft 41, 41,* 


for F - we can express this relation ag 


Squaring both sides and collecting teris, we have 


Cz Ir UJ) 3% > Te Wa" _ r tT, Ws 
41L/ 4I,* : Ty 


from which it can be seen that 


ig Se 
Si 41° 


Slope = §2xo 


t (sec) 


a, (rad) 


t (sec) 


a, (rad) 


Figure 27: Characteristic response of a model rocket with finite 
damping and nonzero roll rate to general initial conditions in 

yaw and pitch, showing the relation of the initial conditions to 

the properties of the response. Both the yawing and pitching 
oscillations eventually decay to zero and the model regains straight 


and true flight. 
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Upon examining the original expression for "F given in equation 


(55), we see that this is just the requirement that 


Cc, > G 


Positive static stability is thus required for positively stable 


Se eal 


about its centerline. As the value of 


eanre t. ey. Cr TP tae 


2 2. pe 
Tit ods 
Gecreases toward se (that is, as the corrective moment 
L 


coefficient decreases toward zero), the angular frequency of the 
fast mode approaches a value of - “R2e While that of the 

slow mode approaches zero from above if W,z is positive, from 
below if Wz, is negative. The inverse time constant of the 

fast mode approaches 0,/Iz, or twice the damping of the decoupled 
oscillation, but tnat of the slow mode approaches zero. At 

C; = O the rocket remains deflected indefinitely; it is neutrally 


stable, just as if it were not rolling. As 0, becomes negative, 


so that 
, tr 2.) 2 te Gis 
St ays © ae  4te? 


the inverse time constunt of the slow mode also becomes negative: 
the angular deflection of the rocket from its intended direction 

of flight increases with time. A rocket with a negative corrective 
moment coefficient is unstable, as emphasized above, whether it 

is rolling or not. 


There is no fundamental change in the cnaracter of the rocket's 
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motion as damping gains ascendancy over corrective moment, as 
there is in the case of decoupled motion, but the effect of too 
much damping is every bit as serious in the case of roll-coupled 
Oscillation as it ils for decoupled response. The condition of 


critical damping for rockets whose roll rate is zero, you may 


remember, is 


Cin, oe 
I. 41,3 
ty) 2 
Under this condition + becomes simply 47.2 » and 
L 
<4 oe 2 C2*T PW 
2 tzV Fo + “Fr | 
aL 
Ie Wwe Sa x Ip Wz 
| ears hae — aE Se 2 | 
+12 + Te > a1 and therefore 
a. 41,.* 41,4 Li ae ae 


It follows that 


Se 2 
| 2 C2*Ie Wee te We 
Sra + “Fre 7 ate 


so that the motion is stable, no matter how great the value of C.. 
This, of course, 1s consistent with our result that the value | 
of 0; alone determines the stability of the oscillation. But 

the slow mode, you will recall, will have an inverse time constant 
Whose value is less than that of the inverse time constant of an 
identical rocket which is not rolling; therefore the same condition 
which produces critical damping in a non-rolling rocket will, 

in an identical rocket which is rolling, produce an oscillation 


that decays more slowly than a critically-damped response. The 
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condition 


Cc." Si 


——— 


are ty 


which produces overdamping in rockets which are not rolling, will 
aggravate this undesirable state of affairs, making the rate 

at which the deflections subside even less. Deflection amplitudes 
which are large and which persist for long periods of time can 
thus result from the same conditions which produce critically- 
damped or overdamped behavior in non-rolling rockets, so it 


remains good design practice to xXeep 
Ci 
Ty, 


for any model rocket, rolling or not. 
3.2.2 Complete Response to Step Input 

In this section I am going to derive the equations describing 
the angular oscillations of a rolling model rocket subjected 
to a step input in yaw alone, of the same form as that considered 
in Section 3.1.2. This can be done without loss of generality 
because the principle of superposition (Section 2.4) permits 
us to obtain the solution of the effect of each component of 
a step input having both pitch and yaw components separately, and 
then to add the solutions thus obtained to form the complete 
solution. It is also true that the response to a step in pitch 
is analogous to the response to a step in yaw, so that everything 
a designer needs to kmow can be learned by doings the yaw problem 
alone. For this same reason the impulse response of Section 
3.1.3 will be done assuming tae only disturbing moment to act 


about the yaw axis. 
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Before time equal to zero, when the value of the step 


disturbance is zero, the coupled dynamical equations appear as 


Z ok Kx 
L, +C, aa + CX, + Le Oz = = 
I, crea + tee + Ciky = Ip Wz oa = 0 


As in Section 3.1.2, we are considering a rocket whose pitch 
and yaw states are quiescent before the application of the 


step. The solution to the above equations is therefore 


which, as you can see, identically satisfies them both. After 


the step disturbance rises to the value M, the equations become 


Ax 
1, oe i C, oe + CX + pw, = = Mes 
20K A xXx _ 
tee * Cn OF + Cote ~ Types B= 0 


The particular solution to this set of equations is known to be 


Ms 
Ax = Cc, 
(61) 
<y = O 


The complete solution to the coupled step response for time greater 


than zero is then 


Ms 


Dk , 
“Alm. (Ww, t+,) + Az 2 page te + 


(62a) &, = A, 2 


(62d) ty = Aon ee (wit + %,) + Aa oe (wrk +4) 
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where ©, and W2 are given by equations (56) and D, and D, are 
given by equations (57). A), Ass ?, » and P, are determined by 
the initial conditions of the motion, which, for a quiescent state 


prior to the disturbance, are all zero: 


Xxo = A, sin ®?, + Az din 02 + EE 
= QO 


Xyo = A, org, + Anum Pz, 
= QO 


xo = -A,D, 2m ¢ + A Ww, coz &, -AzDdD, an¥, + A.W, cor Pp 
= 0 


Nyro = ie Lot 4, ane A, Ww, am, — A2Ds wa, - A.W. sam Ge 


These equations can be cast into the form of the initial condition 
equations used in Section 3.2.1 for determining the values of 
the initial amplitudes and phase angles given in equations (58) 


and (59) by rewriting them in the following manner: 


—e A, am F&, + Ap 4m Po 


O = A, we, + Az cot Pp 


O — A, D, ang, +A w, cor F, —AzDd24am, + A2zw, we, 


OQ = -A,D, Cot #, ~ A, Ww, ain? -Az D2 cot #, ~ A2W, any, 


By analogy with the corresponding solutions to the equations of 
Section 3.2.1 we can then write 
“a 
A sin & = | (Wo # Dio? itd kiia = Bp Ds) 
| Qs | : 
C, 2(d,b, + W,W,)- bj*—D.? —,* = a, 
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A, ww = He} __ (ida = Wa Di) — 
j oes, = C; 2 (W) Wat D) D2) w,? - D*- w2* ~ d,* 


from which we obtain 


| ie” ¢Da* — hi Ws = 6.5 
(63a) +, = orcKamn | 2a 2 Pa wr 2 — Dida | 


w, D, — W2 D, 


: M 
A, aim = —-A,an¥, ~ << 
Ao wt GP, = - A, cor Y, 
we have 
M< wine’ oe — Biba | 
Pixon A = Ms | 2(W,W2 + DD.) -— w.*- D,*- w>- bd, * 
Me, CHa Dy — WD; = 
Az oe ts = oe can ~bo 


and therefore, that 


(63d) P, = arckan [| ee BD | 


We Dy ~ W Do 
The values of the initial amplitudes are then obtained from the 
identities 


(64a) A, = — 


(64b) Az = Azam 
Am Fo 
The special case of zero damping is obtained by setting 
Db D, - O. The characteristic appearance of this kind of 


motion should by now be familiar to you, so I won't bother to 
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illustrate it. The coupled step response of a stable rocket 
with nonzero damping is shown in Mgure 23. As in Section 
3.1.2, the severity of the step response is inversely proportional 
to the (positive) magnitude of the corrective moment coefficient. 
The desirability of a large corrective moment coefficient is 
therefore undiminished by the presence of a nonzero roll rate. 
2:23 Complete Response to Impulse Input 

Should a rocket which is spinning about its longitudinal 
axis encounter an impulsive disturbance acting about its yaw 
axis and of strength H, it may be verified by an argument 
similar to the one used in Section 3.1.35 that the initial 
effect of the impulse is identical to the effect of the same 
impulse upon the rocket when it is not rolling: an initial 
yaw rate of value H/Iy, arises instantaneously. The subsequent 
motion is a roll-coupled characteristic response governed by 
equations (51) and (55) through (59) with initial conditions 
Kxp »Xyo » and Oyo all equal to zero and initial condition 
QNyq equal to H/I,. 

The impulse response is thus given by equations (51), 


I! 


eX x A, ae im (wW,++9,) + Ase ** iy (wrt + #2) 


Db 


* coe (wt T #; ) 


where (), and W , are given by equations (56) and D, and Dy 


tye Ayo oalo toe) + Ase” 


are computed according to equations (57). Substituting the 
values of the initial conditions into the equations used in 


deriving equation (58a), we have 


t (sec) 


a, (rad) 


t (sec) 


ey (rad) 


Figure 28: Roll-coupled response of a model rocket with finite 
damping to a step of intensity M, in yaw. Both yawing and pitching 
oscillations occur; the pitching motion, however, decays to zero 


while the yaw angle eventually approaches the value Ms/C,. 


— ; 
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A, sim &, = ee | 


L 20D, Ds + Ww, we) — D,*- D,7-w,* —2* 


A A W.-W _ a 
| ase af : . L2\d Dd. +w, w,)-D,7-D,? - w*-wW,* 


Irom which we conclude that 


(65a), = anctam [ ps — | 


Wa- tA) | 
The equations used in deriving (58b) become 


Azam 2 = - Ay rin aa 


lig aie ty, 0 By Get) 


and thus yield the result 


(65b) Ps, = | 


A simplification of notation is then possible, in that the single 
value f = 7, = z may be applied to the phase angles of both 


modes. The equations for the initial amvlitudes thus become 


(66a) A, = 


(660) Az =-A, 


so that the initial amplitude of tne first mode may be denoted 
by A, that of the second mode by (=A). The roll-coupled impulse 


response may taen be written in the simplified form 
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of, = A Pager (w, ++) — (2 # + | 


(67) ee 


ome oR | a ena leah +9) — 2% cot (Wat + 9) | 


The coupled impulse response of a representative, statically- 
stable model rocket having a finite amount of damping is illustrated 
in Figure 29. 

Although the analytically explicit forms of the equations 
governing the maximum angular displacement experienced in a 
roll-coupled impulse response are prohibitively complicated, 
it will be found that a large value of the longitudinal moment 
of inertia I,, is desirable, as it was in the decoupled case, 
in order to minimize the severity of the response. This charac- 
teristic of the behavior is (again as before) connected with the 
inverse dependence of the initial amplitude terms on I, 

3.2.4 Steady State Response to Sinusoidal Porcing 
at the Roll Rate 

While it is certainly possible for a rocket having a Zero 
roll rate to experience sinusoldal forcing of the various types 
described in Section 3.1.4, it turns out that the vast majority 
of cases of sinusoidal motion encountered in practice are due to 
causes arising from the spinning of the rocket itself. Aerodynamic 
and inertial asymmetries and thrust misalignments, which appear 
as step disturbances to non-rolling rockets, become to a rolling 
rocket sinusoidal forcing functions whose angular frequency is 
identical to the rocket's roll rate. For this reason the roll- 
coupled pitch- and yaw-dynamics of cylindrical projectiles under 


sinusoidal forcing are usually analyzed only for the case , = Wy: . 


& oy t (sec) 
i 
o 
cS O t (sec) 
rf 


Figure 29: Roll-coupled response of a model rocket witn finite 
damping to an impulse of strength Hin yaw. Again, both pitching 
and yawing oscillations occur; the yawing motion, however, begins 
instantaneously with an angular velocity of H/I;,, while the initial 


pitch rate is zero. 
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I shall adhere to this convention and treat, in the remainder 
of this section, the particular response of a rolling rocket 


to forcing functions of the form 


f(A) = Ag sin Wat 
fy (A) = Ag coe wet 


The dynamical equations that must be solved become, in this 


case, 

ar ye dA Aa , 

Le ae C27 + Cy Xx +ITpws aE = Ace Wet 
a! A 

Weer ea Coa T Cidhy Ips = Ag cot We t 


The particular solution to these equations is known to be of 


the form 
Xx = Ar sim (wt +) 


xy = Ay coe. (Wek +) 


where A, and (P are to be determined by substitution, as in 


Section 3.1.4. The time derivatives of these expressions are 


£45 = Ar Wz cor (Wet +) 


i ola ArW,* aim (Wek + g ) 
at = — Ap Wz 4m (wet +?) 


ot = -Ap wy oe (Wet +) 
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Substituting these into the dynamical equations yields the following 


set of algebraic equations: 
—TiAr Wz sim (wat +@) + CoAr wz coarlwzt+e) + C, Ar sin (wet+) 


= on Ay UW) g* 4m (Wak + @) = As4in WD 2k 


~ TL Ar Wa* coa (wet + ¥) -C2Arwz an (wt +9) + Ci Ar coe (Wat +9) 
~ Le Ary w,* coe (wk +¢) = Ag toa W2k 


Making use of the trigonometric identities 


am (wat +) = am Wyk wt P + Cot Wet em ff 


cot (Wek +¢) = Cea Wzgt wig — unwWzhk wn 
we can obtain 
Ar ic, - i," (I.+Ie)| | dietde Tene Pf + cot wWzk sin cp| 


+C,ArWwz tot Wek con =sim wet ain @ | = As rin Wet 


Ar ie; — w5?(I. + Iq)] [crewed Cot P — in Wz tf 1H ¢| 
-C2ArwWz [ sim Wat Cot P + cot wet win ¢ | = As ww tw,t 


The terms containing #Wzf and those containing coc w,t 


must be independent of each other. We then have, from the first 


relation above, 


Ar coe LC ~ 00 (2. 0, — Av aia Cs Wa A, 


{ 
© 


Ar aime | C - u03* (I, +I,)] +Ar coup Cow, 


-174- 


From the second equation we see that 


Ay cot [c,-w.?(T.+TR)] —Apainge C2We = Ax 


—Ap aim P[C,- Wa? (1. +Ig)] — Ar oe P C22 = 0 


The two sets of equations are entirely equivalent; either pair 
can be chosen for determining A, and cP . Suppose I choose 


the first pair. The second member of this pair gives us 


Cz Wz 


(68a) YP = annkam =e 
The first member, when divided by Cos P , becomes 


Ca*w 2" 


ny [c.-o2 stedl~ Ar (aseteycer| = Ag ae # 


which, upon substitution of the trigonometric identity 


Ak PP = Siw P # | 


may be written in the form 


ioscan « et | OO | ncereccors ial 
Ar\C We (T, +I) Det (Late) Cn = As [we* (Iitte)- Ci] | 


This can readily be transformed into 


[|w3*(I.+Ip)- 6) +Orey 


Ar{[o2(i+te)-Ci) + C3 wit = As 


from which we obtain 


(68b) Ay = ee 
Vlw2uet,)-C) + C,°w,* 
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Bquations (68) are precisely analogous to equations (45) 
(Section 3.1.4); the only difference between the two pairs of 
formulae is that the quantity I; in equations (45) has been 
replaced by (I, + Ip) in equations (68). We can therefore 
conduct the remainder of the present analysis exactly as we 
did in the case of the non-rolling rocket, with the aid of 


a few definitions: 


| C 
(69) Ome = I, +Ir 


C2 
(70) S. aa 2c, (1,41) 


(2) Bp. = 


WU pre 


(72) AR. = a 


It is important to remember, however, that the quantities 

defined by equations (69) and (70) are highly artificial con- 
structions created solely for the purpose of analytical convenience. 
The effective natural frequency wW,, does not correspond to 

any real, physical angular frequency at which the rocket can 

be expected to oscillate if undamped; neither does the effective 
damping ratio <, bear any relation to any damping parameter 

we can compute from the characteristics of the homogeneous 
response, as was the case for non-rolling rockets. Both Wm and 
<. are excellent analytical tools, though, since they give 

us a maximum amount of information about the rocket with a 
minimum of writing, so you shouldn't let their somewhat tenuous 
physical bases bother you too much. 


Using equations (69) through (72) we can write, by analogy 
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with equations (46) through (48) 


7_an 
(73d) AR, me C, (B*-1)* +(28c Pe )* 


and, for the roll coupled resonant frequency and resonance peak, 


(74a) Beres = 1-2" 


(74D) Weves = Proves Wine 


| 
(75) AReves = Batyioah 
Figures 30 and 31 illustrate the variation in ¢y and AR, with 
Pe for a number of different values of <. - These functions 
are, of course, identical to those illustrated in Figures 24 
and 25. 

All the dangers inherent in decoupled resonant responses 
are present also in the roll-coupled case, all the more so 
since the presence of a roll rate decreases the effective 
damping and makes the resonance peak of any given rocket more 
severe. In rockets that are not slender enough for Ip to be 
negligible compared to I, the difference between the decoupled 
and coupled resonant responses can be significant. The effect 
of spinning upon a short, stubby rocket can be truly startling; 
it can even be serious enough to render unacceptable a design 
whose behavior might otherwise be within tolerable limits. 

From our analysis of the roll-coupled sinusoidal steady 
state we thus conclude that u large slenderness rutio in the 


sense of a large ratio of I; to Ip, as well as in the sense of 


~. (rad) 


c.=2 


C.=1 
-¢.=v2/2 
C.=5 
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Figure 30: Variation of coupled phase angle with coupled frequency 
ratio in cases of roll-coupled response to sinusoidal forcing in 


pitch and yaw at the roll rate. 
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Figure 31: Variation of coupled amplitude ratio with coupled 
frequency ratio in cases of roll-coupled response to sinusoidal 


forcing in pitch and yaw at the roll rate. 
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a large value of I, itself, is to be ranked along with a large 
corrective moment coefficient and an udeguate damping coefficient 
as a design feature useful in minimizing the hazards of resonance. 
3.2.5 Roll Stabilization 

Since the early days of model rocketry it has been known 
that the flight path of a model which has an insufficient, or 
even slightly negative, static stability margin can be rendered 
reasonably straight and true by inducing a very rapid roll rate 
in the vehicle at launch. This technique generally goes by the 
name of spin stabilization or roll stabilization and it is 


widely believed that the presence of a rapid enough roll rate 
actually induces positive aerodynamic stability in an otherwise 
unstable rocket. As an examination of the relevant dynamical 
equations will reveal, it does nothing of the kind. 

First of all, we have our results from Section 35.2.1 which 
indicate that the angle of deflection of a statically-unstable 
rocket from its intended direction of flight increases with 
time after the rocket is disturbed, just as it does for a statically- 
unstable rocket which is not rolling at all. The only case in 
which the presence of a finite roll rate prevents an unstable 
rocket from diverging is that of zero damping (equations (60)), 


in which negative values of 0; up to, but not including, 


~ igen can be tolerated while an oscillation which neither 
grows nor decays with time is maintained. What happens when 

0, reaches the critical value — tee ? Well, if Cc) is 
precisely - Bee the solution to the dynamical equations 


assumes the form 
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xy = A, aim (wett+ @,) + At ston (wt + °,) 
Ay = A, Coe. (Wed +9,) + A.t Ceol (w. # I ~, ) 


(76) 


where We , the critical frequency, is given by 


Because equations (76) constitute a freak case which is of no 
interest whatsoever from the standpoint of design, I will not 
go into any detailed derivations of its properties. Suffice 

it to say that equations (76) describe a response which grows 


with time and is thus unstable. 
_ Iné Wee 


Should 0, have a larger negative value than 41 
L 


a motion of the form 


_t 
Ax = enh ke (wet +¢,) + A, 2 wae (wo. 7 ¢,) 


t | ~£ 
A,2* Cot (wet +, ) + Az2 ™ cee (Wet + @, ) 


A 
—~< 
il 


will be observed where, again, “,.=- are The values of the 


time constants are given by 


(78a) T, 


(78b) "Ess 


iT] 
| 
ia 


Again, since this is a singular case never encountered in practice 
there is no useful purpose served in presenting its full derivation. 


Its only useful purpose is to confirm that a divergent dynamical 
Ig W2? 
T, 


response results from 0,<-— - We see that this is indeed 
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the case, as the time constant T, is negative and will thus 
cause the amplitude of the sinusoidal mode with which it is 
associated to increase exponentially with time. I might mention 
here in passing that the behavior described by equations (76) 
and (77) through (78) is very like the "running down" of a toy 
top or gyroscope. Indeed, the equations involved are rather 
similar, so if you have such a device handy you might want to 
observe the decay of its motion a couple of times to get a "feel" 
for what the mathematics is saying. 

At any rate, what we have established so far is that in 
the idealization of zero damping (which never occurs anyway) 
a oiekia’ spinning at a rate “z is capable of tolerating 
negative stability up to, but not including, GQ, = - 28 without 
diverging (albeit without the oscillations subsiding either, so 
that the motion is really only neutrally stable in the dynamic 


sense). Beyond this value the oscillations increase in violence 
until the rocket flips end for end entirely, destroying all 
semblance of a true and predictable flight path. In the real 
case of finite damping, moreover, any negative value of Cy, no 
matter how slight, results in unstable flight. What, then, does 
roll stabilization really do? 

It suppresses the growth rate of the instability. A close 
look at equations (57) will help to clarify my meaning here. | 
Both the inverse time constants D, and D, involve a fraction ‘', 
whose denominator contains the term Re This means that | 
for a large enough radial moment of ne a fast enough roll 
rate, or both the magnitudes of the inverse time constants ir 


will be very small. Thus, even though one of them is negative | 
| 
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in cases where 0, is less than zero, it is only slightly so, 
meaning that the amplitude of the oscillations, while it does 
indeed grow with time, does so at a much slower rate than would 
be the case if the rocket were spinning more slowly or not 
spinning at all. It is therefore entirely possible that, if 
the rocket is spinning with sufficient rapidity, the rate at 
Which the deflection of the model from its intended flight path 
direction grows after it is once disturbed from equilibrium 
will be so slight that no appreciable instability will be 
evident during the entire upward flight. Once apex is reached 
and the recovery system is activated, of course, the stability 
question becomes irrelevant. If the spinning of the rocket 
is capable of holding it reasonably close to its proper attitude 
during the handful of seconds it takes to reach its maxinun 
altitude it will have accomplished its purpose -- and this, 
as we know from experience, is in fact the case. 

Secondly, the presence of a rapid spim rate causes the 


angular momentum of the rocket to be appreciable. Angular 


momentum, like linear momentum, is a vector quantity which 

can be resolved into components by the methods of trigonometry. 
If this is done we find that the Z-component of a rocket's 
angular momentum is just InW, }; &@ rocket which is not rolling 
at all thus has no Z=-component of angular momentum, and in 

fact if it is flying straight and true it has no angular momentum 
at all. Now the effect of any disturbing moment on the model 

is to change its angular momentum; if it is a yaw diaturbance 

it will impart an X-component of angular momentum, while if it 


is a pitch disturbance it will give rise to a Y-component. 
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If the rocket is not spinning at all, the components of angular 
momentum imparted by disturbances will constitute all the angular 


momentum the rocket has after any given disturbance. If it is 


spinning, however, the disturbance-lmparted components of angular 


momentum are only added vectorially to the d-component which is 
already present. What this means is that a disturbance of a 
given strength will have less effect on a spinning rocket than 
on one which is not spinning because the change in angular 
momentum it imparts is of less importance to the spinning 

than to the non-spinning vehicle. The practical consequence of 


all this is that the initial amplitudes of the roll-coupled motion 


due to any given disturbance will be less than those of the 
decoupled response associated with that same disturbance (you 
can prove this to yourself by taking a representative disturbance 
and calculating its effect on both a rolling and a non-rolling 
rocket). Not only, therefore, does the angular displacement 

of a rapidly-spinning, unstable rocket increase very slowly after 
a disturbance is encountered, but the initial displacement 
produced by that disturbance is very slight. 

In addition, the kind of physical phenomena that produce 
transient disturbances in model rockets generally tend to be 
evenly distributed about the rocket's longitudinal axis. That 
is, it is just as likely that a step or impulse will be encountered 
in one direction as it is that it will be encountered in any 
other direction. This being the case, it is rather likely that 
a rocket having encountered one disturbance will soon encounter 


another that cancels its effect -- if the rocket has not diverged 
too far from its intended flight direction by that time. If the 
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rocket is unstable and is not spinning at all, the first disturbance 
it encounters will send it head over heels in a tiny fraction of 
a second, so this "averuging" effect will be no help at all. If 
it is spinning rapidly enough, though, it will still be nearly 
enough “on course" when the second disturbance hits to take 
advantage of its ameliorating influence. A rapid roll rate 
makes a rocket "sluggish" in its rotational behavior, allowing 
it to respond more nearly to the time average of disturbances 
than to the individual disturbances themselves -- and since the 
time average is generally much less than any one individual 
disturbance, this is greatly to the rocket's advantage. 

Finally, the presence of roll turns all disturbances 
due to imperfections in the rocket itself into sinusoidal 
forcing at the roll frequency, as mentioned in Section 3.2.4. 
You will soon see how important this is if you examine equation 
(68b) and imagine 0, to be a negative number, for if C, is negative 
then (-0,) must be positive. This means that the quantity 
fw2(1,.+In)-C | Will always be greater than (-C,) alone, which 
in turn means that the amplitude of the response will decrease 
uniformly as the roll rate increases from zero to infinity: 


an unstable rocket cannot experience resonance. To impart 


a rapid roll rate to an unstable rocket is thus to render the 
effect of a large class of disturbances upon it inconsequential. 
So we see that the list of benefits available to statically 
unstable rockets through the mechanism of roll is impressive 
after all. The net effect of all of them taken together produces 


@ condition that looks enough and works enough like stability 


that the use of the term "roll stabilization" is really not 


altogether unjustified. 
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4. Analytical Determination of the Dynamic Parameters 

The results of Section 3 have shown that it is possible 
to calculate the response of any model rocket to any in-flight 
disturbance if the values of certain quantities which characterize 
the rocket and the nature of the motion at the beginning of the 
observation are known. [Initial conditions, of course, vary from 
disturbance to disturbance; they are generally chosen to have any 
arbitrary values which insure that the response will remain within 
the range of validity of the linearized theory when doing actual 


calculations. The quantities of really fundamental importance to 


dynamic response 


A 
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are those which characterize the rocket itself, the so-called 
dynamic parameters: Ci; Co, Irs Ip, and 

Uz . Since the formulae which describe the response of a rocket 
to a given disturbance depend on these quantities, you must know 
them in order to perform any actual numerical calculations. 

How, then, does one determine their values? 

There are two broad classes of techniques for performing 
such determinations: the analytical method, in which basile 
considerations of mathematical physics are used to compute the 
dynamic parameters from a knowledge of the rocket's size, shape, 
and mass distribution, and the experimental method, in which 
the dynamic parameters are determined from observations of the 
dynamic responses of actual vehicles. The former of these two 
will be presented in this section, the latter in Section 5. 

The analytical method has a distinct advantage in that, by 
its use, a rocket design can be completely evaluated (and altered 
if necessary) before construction is started. Of course, it 
also involves the use of a large number of calculations, some 
of them based on approximations which only a human being (not 
a computer) has the judgment to make. I would therefore recommend 
that the reader pay the most careful attention to the development 
which follows. If you failed to understand the derivations 
in Section 3 you can still have recourse to computer-generated 
solutions, but these will be of no use to you if you cannot 
tell the parameters of your rocket. A thorough comprehension 
of the following presentation is essential to a complete knowledge 
of the factors which influence the design of model rockets. 

4.1 Normal Force Coefficients and Center of Pressure: 


The Barrowman Method 


ee SS = 
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In March, 1967, James S. Barrowman of the National Aeronautics 
and Space Administration completed a remarkable document entitled 


The Practical Calculation of the Aerodynamic Characteristics of 


Slender Finned Vehicles. Submitted as his Master's thesis to 


the School of Engineering and Architecture of the Catholic University 
of America, the report included, among other things, a method 
of calculating the aerodynamic forces on a streamlined, axially 
symmetrical body flying at velocities less than that of sound 
and subjected to small pitching and yawing deflections. Such 
calculations can be used to determine the location of the center 
of pressure of a model rocket, the value of its corrective moment 
coefficient, and the value of its damping moment coefficient. 
Additional applications of Barrowman's work enable the designer 
to determine the roll rate induced by canting the fins of his 
rocket a given amount at any given airspeed. 

Barrowman's method is based on the concept of the normal 
force coefficient, C six » @ dimensionless number dependent 
upon the shape of the rocket which permits the calculation of 
the force acting in a direction perpendicular to the rocket's 
longitudinal axis whenever it is displaced from the direction 
of the relative airstream by some “angle of attack" (a pitching 


or yawing angle). The equation by which this is accomplished 


is 


N = CN SAV eA 


where N normal force 


= mass density of air 


~~ 
! 


= airspeed of rocket 


< 
I 
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oe reference area, a scaling factor used to separate 
information regarding the rocket's size from the 
normal force coefficient. Barrowman uses the cross 
sectional area of the body tube at the base of the 
nosecone as his reference area, and I will follow 
his convention. 


o = angle of attack in radians 


Throughout the rest of this treatment I am going to be using the 
"centimeter-gram-second", or OGS system of physical units. This 
means that all lengths or coordinate values will be considered 
as given in centimeters, all areas will be considered to be 
expressed in square centimeters, all volumes will be considered 
to be given in cubic centimeters, all masses in grams, all 
forces in dynes, and all measurements of time in seconds. Those 
readers unfamiliar with CGS and other metric systems of units 
should consult a physics text or mathematical handbook for the 
appropriate conversion factors between Inglish and metric units. 
The density of the Earth's atmosphere at sea level is, in COGS 


units, 


3 
grams/cm? 


f= (1.225 x10 


so that the value of the force acting on a deflected rocket is 


given numerically by 


\ * &, 6125x10" °° Cy, AV‘ dynes 


Now the normal force coefficient of the rocket considered 
4S a whole is the sum of the normal force coefficients of the 
individual components of which it is composed: nosecone, body 


sections, adapters (if any), and fins. Each part of the rocket 
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is thus considered to provide a portion of the total normal force, 
and this portion is considered to act at a point on the component 
called its center of pressure (0.%.). The Barrowman method uses 
this technique of sectionalized analysis, together with the 
theory of moments, to derive the total normal force coefficient 
and center of pressure of the complete rocket. 

Figure 32 illustrates the most general type of model rocket 
to which Barrowman analysis is applicable and the coordinate 
system used in performing the calculations. Those readers who 
have some familiarity with Newtonian mechanics will recognize 
that the moments due to the normal force components are being 
taken about the nose of the rocket by such an arrangement. The 
tip of the nose is considered to be Z = 0 and the value of the 
coordinate Z increases as we move from the nose toward the tail 
of the rocket. The rocket itself may have a nosecone, conical 
shoulder, conical boattail, body sections of constant diameter, 
and any number of fins (3 or greater) spaced symmetrically about 
the centerline. The particular equations presented here, however, 
will be such that the number of fins must be either three or four 
since there is no particular reason to use any other number. 

In addition to being axially symmetrical, the rocket must be 
relatively slender with a smoothly tapered nose, must be flying 
subsonically (in the low subsonic region below about 200 meters 
per second), must contain no abruptly-tapered sections, must 

not be deflected to an angle of attack greater than 0.2 radian, 
must have fins that are virtually flat plates, and must not be 
subject to excessive deflections (bending) of its structure under 


loading conditions encountered in flight. 


i’ 
—CPre; 


Figure 32; Notation and longitudinal coordinate system used in 
the Barrowman method of finding the center of pressure of 4 model 


rocket. 


(a) (B) (c) (d) 
Conical Tangent Poraboloidal Ellipsoidal 
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Figure 33: Center of pressure locations for some common nose shapes. 
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Under these conditions it can be shown that the normal 
force coefficient af the nose cone is independent of its shape, 
having the value 2.0 for all shapes which meet the assumptions 


of the analysis: 


(79) oma = 2.0 


The location of the nose center Of pressure is found by specializa- 
tion of a more general relationship determined in Barrowman's 
paper: to determine the location of the C.P. of any axially 
symmetrical section of the rocket (nose, shoulder, or boattail) 
first compute the volume enclosed by its surface. Then divide 

this volume by the area of the base (i.e., the cross-sectional 

area of the component at its greatest diameter). The result 

of this division will have the units of length (centimeters, 

in CGS units). Starting from the position of the base, travel 

a distance equal to this length in the direction of the component's 
taper, and the point you will locate in this manner is the 
component's center of pressure. You can see that, in order 

to give an actual formula for the location of the C.P. of such 


a part, we must have a part whose volume is computable by some 


known geometrical equation. The volume of unusually-curved 
components for woich closed-form volume equations do not exist 
must be computed by immersing the part in question in liquid 
contained in a graduated cylinder. Many nose cone shapes, 
however, closely approximate geometrical forms of known volume 
and Figure 33 lists the C.P. locations of four such shapes: 
conical, ogival, paraboloidal, and ellipsoidal. Note that 


center of pressure coordinates are identified by a superscript 


ow ee. = ee 


~19]- 


bar, and also that a hemisphericul nose is a special cuse of 
the ellipsoidal class, with its radius eauul to its length. 


The listings of Figure 33 are repeated below for reference: 


(SOa) 7, = = a (conical nose) 

(SOb) Zm = .406L (tangent ogive nose) 
(80c) 2. = = t (paraboloidal nose) 
(S0da) wa 2S +L (ellipsoidal nose) 


the notation used in determining the normal force coefficient 
and C.>. location of a conical shoulder is given in Figure 34. 
The normal force coefficient of any shoulder, whether or not 


it is conical, is given by 


ay (cu), = 2( G8] 


The conical form is, however, by far the most commonly used and 
the following equation for the C.P. location is valid only 


for the conical configuration: 


(82) Ze, = z,+L|%-3 £(n+1)| 


Figure 35 illustrates the notation used in finding the 
normal force coefficient and C.P. of a conical boattail. 
The normal force coefficient equation is identical to that 


used tn computing the normal force coefficient of a shoulder: 


wm (Cra), = 2 ((2F-ET] 


Note, however, that in this case ro is smaller than ry), meaning 


Se 


Figure 34: Notation used in determining the normal force coefficient 
and center of pressure location of a conical shoulder. 42, denotes 
the distance from the tip of the nose to the forward end of the 
shoulder, while Zgg is the distance from the tip of the nose to the 


center of pressure of the shoulder. 


Pigure 35: Notation used in determining the normal force coefficient 
and center of pressure location of a conical boattail. Again, Z, 

4s the distance from the tip of the nose to the forward end of the 
boattail; Zop is the distance from the nose tip to the boattail 


center of pressure. 


eS ee 


a a 


eee 
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that the value of (Cua) g is negative: a conical boattail 
experiences a suction force when the rocket of which it isa 
part is yawed in a moving airstream. It follows that a boattail 
at the extreme after end of a rocket has a destabilizing effect, 
and any rocket incorporating such a device requires slightly 
larger fins than one which does not. The center of pressure 


location of a conical boattail is given by 


(84) Zoey = Zt S[i+b (2 +))] 


Body tube sections of constant diameter exhibit no measurable 
normal force coefficient at zero angle of attack, and in fact 
produce no substantial normal force at all for angles of attuck 
less than about 0.2 radian. For this reason body tube sections 
are omitted from the equations of Barrowman analysis. 

Figure 36 shows the system of notation used in determining 
the normal force coefficient and center of pressure location 
of a fin or set of fins. Strictly speaking, the Barrowman 
method is applicable only to fins of the form shown in Figure 36, 
but in practical applications it is perfectly permissible to 
approximate a more complex fin shape by that shown in Figure 36. 
As long as the lateral area of the hypothetical approximation is 
identical to that of the actual fin, the numerical results obtained 
from the Barrowman analysis will be very nearly correct. If 


the approximate fin has less area than the true fin, the results 


will be conservative, while if it has more area than the true 
fin they will be overly optimistic. This latter condition is 
dangerous and should be avoided. 


The normal force coefficient of a single fin is given by 


Rocket centerline . 


Figure 36; Notation used in determining the normal force coefficient 
and center of pressure location of single fins and symmetrical fin 
assemblies. Zp is the distance from the tip of the nose to the 
intersection of the fin root and leading edge; Z(p) 1s the distance 
from the nose tip to the center of pressure of the fin assembly. 


The definition of AR, the aspect ratio of a single fin, is also 


given. 


scien 
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Sexe) / S 
: i oe R ( rr 
(85) Cnn oo ee 
2+/4 + (B-) 
while that of a complete set of N fins, where N must be either 
three or four, is 


) = ye (SE) (47) 
(36) (Cn "ae 


The airflow about the fins, however, is disturbed by the presence 
of the body with the result that the effective normal force 
coefficient of a set of fins is not equal to the expression 


given in equation (86). The influence of the body is accounted 


for by postulating an “interference coefficient" Koi) by which 


(86) is to be multiplied to obtain the effective value of the 


normal force coefficient. If we let 


. S+ Fe 
t 
then the value of the interference coefficient for three- and 


four-finned configurations is given by 


so that the applicable value of the normal force coefficient is 


ae (Cet) rca) - Kee (Cua) 


The longitudinal position of the C.>. of any one fin (which 


is also equal to the longitudinal position of the C.P. of the 
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entire fin assembly) is computed according to 


— | X ci tett | | " oO 
(89) £,= z,+% Cr+Ce ae: Crt, Cr +c 


while the radial position of the C.P. of an individual fin is 


(9) Yr = ty +2 (Sd 

The C.P. of any radially-symmetrical set of three or more fins, 
of course, lies on the centerline of the rocket and thus has 

a radial coordinate of zero. 

Having thus determined the normal force coefficients and 
longitudinal center of pressure locations of all applicable 
components, we are now in a position to compute the normal 
force coefficient of the complete rocket and the C.P. location 
of the vehicle considered as a whole. For the total normal 


force coefficient we have 


(91) Cy, = (Cwadm + (Cua), + (Cora), + (Cux) cay 


while the 0.P. location is given by 


+(Cua)e Zee + (Cua)reey Zr 
C ix 


(C tla Em + (C na) Zc 


(92) 2 


These last two are the most general forms of the Barrowman 
equations in that they account for the presence of conical shoulders 
and boattails. Not all rockets have such components, but the 
equations are easily altered to apply to those that do not 


by omitting the terms due to the shoulder, the boattail, or both. 


4.2 Locating the Genter of Gravity 
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In order to compute the static stabllity margin, corrective 
and damping moment coefficients, and moments of inertia of a 
model rocket 1% is necessary to determine the location of its 
center of gravity. This is done by a method of moments very 
similar to that of the Barrowman equations, except that here 
we work with moments of mass rather than moments of pressure 
forces. 

If you have a complete rocket which has already been built, 
of course, it is a simple matter to balance the flight-ready 
vehicle (with payload, engine, and recovery system in place) 
om a com or knife-edged object in order to find the ¢0.G. directly, 
for the ¢.G. is defined as the balance point. We are concerned 
here, though, with designing model rockets and must therefore 
have some means of predicting the C.G. location of a rocket 
before construction is begun. In omer to do this precisely 
you must know the exact mass and the balance point of each 
component == nosecone, body tube, shoulder and boattall (if any), 
engine(s), fin assembly, and recovery system -- of which the 
rocket ls comprised. The payload, if any, must also be taken 
into account. 

The notation used in computing the 0.G. location is lllustrated 
in Pigure 357. Note that moments are again taken about the tip 
of the nose, and that the longitudinal coordinate increases 
as we move from the nose toward the tail, but the name of this 
coordinate has been changed from 3 to W to avold the use of 
elaborate subscript notation to distinguish between centers of 
gravity and centers of pressure. The masses of certain of the 


components <= lengths of body tubing, rocket engines, shoulders, 


Figure 37: Notation and longitudinal coordinate system used in 
determining the center of gravity location of a model rocket. for 
the sake of clarity, not all components have been considered in this 
drawing; the two constant-diameter tube sections forward of the 
conical boattail, for instance, have been omitted and the tail 


section -- tube, engine, and fins -- has been considered as a unit. 
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boattails, nosecones, and the standard National Association of 
Rocketry payload, for instance -- can be determined from information 
given by the manufacturer, although you will have to take care 

to express weights given in ounces as masses given in grams 

by multiplying them by the factor 28.35. The masses of fins, 
fully-rigged recovery systems, and nonstandard payloads and 
components, however, must be determined by weighing on a laboratory 
gram balance. The C0.G. of each individual component can be 
determined by string or knife-edge balancing, except for those 
parts of the rocket which have not yet been made or cut to length, 
such as the body tube and fins. The C.G. of a uniform body tube 
is, of course, its geometrical center. The C.G. of a proposed 

set of fins can be found by cutting a pair of the proposed 

design, joined root to root, out of cardboard and balancing the 
fin set thus obtained on a knife-edge held spanwise. The weight 
of a fin is found by multiplying its area by the weight per 

unit area of the balsa sheet or other material of which it is 
composed. The weight per unit area of fin material, in turn, 

can be determined by weighing a sample sheet of fin material 

whose area is known (such as a complete three-by-thirty-six inch 
sheet of balsa, which has an area of 698 square centimeters) on 

a laboratory gram balance and dividing the weight thus obtained 

by the area of the sheet. To obtain conservative estimates 

you should completely f411 and paint such balsa sample sheets and 
also use the hardest sheet of balsa you can find. This is because 
painting adds significantly to the weight of the fins and 

the weight of balsa itself varies cgreatly from piece to piece, 


being the greatest for the hardest material. C.G. estimates 
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should also be made on the basis of the most powerful (that is, 
heaviest) engine(s) with which it is intended that the rocket 
be flown. 

Once the mass and C.G. location of each individual component 
have been determined, the toal mass at liftoff and C.G. of the 


complete rocket at liftoff can be calculated as follows: 


(93) M=M,+ Mot Mi+ My + M+ My + Mat My 


where My, = mass of nosecone 
M, = mass of shoulder 
My = mass of payload and payload section of tube 
M, = mass of boattail 
M..= mass of fully rigged and packed recovery system 
My = mass of body tube 
M. = mass of engine 


Mp = mass of fins 


(94) G7 = Sets Dee Mee Meine Mr Wr + MeWe+ MeWe + M 


As in the Barrowman calculations, any component which a given 
rocket design does not contain can simply be omitted from the 
equations. Unlike the Barrowman equations, however, the 0.G. 
equations always contain nonzero contributions from the lengths 
of body tubing employed in building the rocket. 

Now it so happens that in the vast majority of actual 
model designs the location of the C.G. is very largely determined 
by the mass properties and locations of the nose, payload, body 


and engine alone. Because of this it is often possible to get 


“ont 


a very good estimate of the 0.G. location of the finished rocket 
by performing a “preassembly balancing" -- cutting the body tube 
to length, inserting engine and payload, and fitting the nosecone; 
then simply balancing the partly-completed rocket thus obtained. 
If your design is relatively standard or intended only for sport 
flying you can save a lot of work by measuring the C.G. location 
in this way, but a knowledge of the analytical method of equations 
(93) and (94) is invaluable when working to high tolerances, 
doing competition work, or experimenting with unusual designs. 
4.3 The Corrective Moment Coefficient 
The results of Sections 4.1 and 4.2 enable the calculation 
of the dynamic parameter 0, as follows: 


(95) C, = fv? A. Cy, [Z-W] 


The numerical value of Cc) in CGS units is given by 


(96) C, = (0.6125 x 107?) V “Ar Cu« [z-w] dyne-centimeters 


Note that W must be smaller than Z for C, to be a positive number; 
this is just the equation's way of telling us that the C.P. must 

lie behind the C.G. for the rocket to be stable. The distance 

(Z- W) is referred to as the static stability margin of the 

rocket. The static stability margin is often “nondimensionalized" 

by dividing it by the maximum body diameter of the rocket. The 
resulting quantity is some multiple of the rocket's maximum diameter, 
or "caliber", and it is thus standard practice to refer to the 

static stability margin of a given rocket in calibers. The 


notation associated with computing 0, and the static stability 
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margin is explained in Figure 36. 

4.4 The Damping Moment Coefficient 

The dynamic parameter 0.5 ig the sum of two components, one 
of which is aerodynamic in origin, the other propulsive. The 
aerodynamic contribution to damping has been obtained by Barrowman 


Cone =VA | (CudelZ-W] + (Cue), [Zn-w] + Cud)e lz wl} 
- (Cua) [Z..-W l i 


(97) 


for which the CGS numerical result is 


— = ec: aes —— 
(98) Co, = (0-6125x 10 VAL} (Cnarre2r-W! + (Cus) [Zn-W] + (Cua) [Z-<-W] 
+ (Cua a Yr} dyne-centimeter-seconds 


As in Section 4.1, any component which a given rocket does not 
possess is simply omitted from the calculation. 

During the time in which the rocket motor is firing there 
is an additional contribution to the damping moment arising 
from the expulsion of mass from the nozzle. If the nozzle 
exit is considered to be located a distance L,, from the tip of 


the nose this propulsive damping moment coefficient is given by 


a Sy 
(99) Cop = haus = w | dyne-centimeter-seconds 


where m = rate of mass expulsion from the nozzle, grams/second. 
The phenomenon of damping due to rocket thrust is generally 
referred to as "jet damping". Readers desiring to explore 


the topic further should consult The Exterior Ballistics of Rockets, 
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by Davis, Follin, and Blitzer. This text, while highly mathematical 
in parts, contains an excellent development of the physics of 
propulsive damping. 
You should notice that Cop is not generally constant during 
the time of thrusting, since m depends on the motor's thrust F 
and exhaust velocity V, according to 
F 


m = Ve 


Both F and V, vary with time during the burning of the motor, 

so that the determination of fi with precision can be quite difficult. 
Fortunately, though, most model rocket motors of the end-burning 

type have a thrust and exhaust velocity that are virtually 

constant over much of the burning time. A rough average of the 

mass expulsion rate may then be computed by dividing the mass 

of propellant (call it m,) contained in the motor before ignition 


by the duration of burning, t.: 


»! 
’ WW p 
m= > 

ty 


Whenever this approximation is valid the contribution of jet 


damping to the damping moment coefficient is 


: _: 
(100) Car = $e (Lne-W) 


The value of the damping moment coefficient during the time the 


rocket motor is thrusting is thus 


A, = wr? 


Static stability margin in calibers = 


Figure 38: Notation used in computing corrective moment coefficient 


and static stability margin. 
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and the damping moment coefficient during the coasting phase 


of flight is given by 


(101b) C., = Os, 


Figures 39 and 40 illustrate the notation and procedure used 
in computing the aerodynamic and propulsive contributions to 
the damping moment coefficient. 

4.5 The Longitudinal Moment of Inertia 

A model rocket consists primarily of coaxial, circular 
cylindrical objects, of which some -=- such as the propellant 
grain, solid bulkheads, and NAR standard payload (if any) -- are 
solid throughout and others -- the body tube and motor casing, 
for example -- are hollow. The nose cone, shoulders, and 
boattails can be of any radially symmetrical configuration, 
while there is less restriction on the geometry of fins and 
most models carry some small, dense, irregularly-shaped objects 
such as the bits of lead which are sometimes used as nose 
weights. Each component of the rocket contributes in some 
measure, depending on its mass, shape, and location, to the 
moments of inertia, and the inertial properties of the completed 
rocket are computed by determining each such contribution and 
adding all the contributions together. 

The contrt bution of any extended body to the longitudinal 
moment of inertia is equal to its mass multiplied by the square 
of the longitudinal distance between its 0.G. and the 0.G. of 
the complete rocxet, plus its moment of inertia measured about 
a transverse axis passing through its own 0.G. The contribution 


to I, of any extended body (call it o) may thus be written 


' a = 
— _— = 


ST SSS ee ee 


— 
= 
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Figure 39; 


Notation used in computing aerodynamic damping moment 


C.Pri) 


coefficient. 


Figure 40; 
coefficient. 
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CG. nozzle 


Notation used in computing propulsive damping moment 


=—20T~ 


(102) Li. = M, [w-w.]° + ie 


where Ino denotes the actual contribution of o to the longitudinal 
moment of inertia of the rocket and oe refers to the object's 
longitudinal moment of inertia with respect to its own C.G., 
which is located a distance W, from the tip of the nose. 

In particular, the contribution of a solid, right, circular 
Cylindrical object of uniform density to the longitudinal moment 


of inertia is given by 


si bel > 2 \* 
(103a) lics = M {LW - Wi +a} 


where Me. = mass of cylinder 


length of cylinder 


radius of cylinder 


mo 
" 


Wo = location of cylinder's C.G. (midpoint) 
reckoned as distance back from tip of nose 
While the contribution due to a hollow cylindrical object of 
outer radius Ro, inner radius R,, is 
2 2 = 
| — ww 2. RR Ls j 
. a; A aL 
(lo3») I... = Me {lw We] +93 12 
There also exist analytical expressions for the contributions 
of various nose cone shapes, shoulders, and boattails, and (in 
principle, at least) the contribution of any object whatsoever, 
regardless of shape or density properties, is computable by the 
methods of integral calculus. Unfortunately, however, the majority 
of algebraic solutions obtainable by such techniques are so 


long and complex that they are utterly impracticul to work with. 
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The best course for the designer in this situation ls to resort 
to an approximate technique for taking these components into 
account. Such 2 procedure is the “point-mass approximation", 
in which all the mass of a given object is considered to be 
concentrated at its own 0.G. This deprives the object in 
question of the property of extension and causes the term 
Ino in equation (102) to become zero; the point-mass approxima- 
tion thus always results in an underestimate of the component's 
inertial contribution, since it ignores the object's mass 
distribution. The point-mass assumption is most nearly valid 
wnen the component under consideration is far from the C.G. 
of the complets rocxet in comvurison with its own dimensions; 
one thus often hears the method referred to as computing the 
inertial contribution of a "remote object". As it turns out, 
nose cones, nose weights, and payloads usually obey the approximation 
rather well but the technique is not as good when applied to 
shoulders, boattails, and fins. Some designers prefer to replace 
the distance between the component C.G. and the rocket C.G. by 
the distance from the rocket ¢.G. to the most remote point of 
the component (the trailing edge of the fins, for example) in 
order to increase the magnitude of the point-mass estimate 
in cases where its accurucy is questionable. Figure 41 summarizes 
the various notations used to compute the contributions of 
some representative components to the longitudinal moment 
of inertia of a nypothetical rocket. 

The longitudinal moment of inertia of any given com,onent 
about a transverse axis torough its own C.G. can also be measured 


experimentally by the use of the torsion-wire method, the same 


b~ —_—_________W,, 
Se 
Wa : | 
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Figure 41: Examples of the notation used in computing contributions 
to the longitudinal moment of inertia. An object subject to the 
point-mass approximation (nosecone), a solid cylindrical component 


(NAR payload), and a hollow cylindrical component (engine casing) 


are illustrated. 
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technique used to determine the inertial properties of a completed, 
flight-ready rocket (to be discussed in detail in Section 5). 
The diameter of the wire used for the measurement of moments of 
inertia of some of the smaller components, however, will need 
to be smaller than that used for full-vehicle experiments. In 
some cases it may have to be as small as .005 or even .003 inch. 
Once the contribution to I; of each component of the rocket 
has been determined, the longitudinal moment of inertia of the 
assembled venicle can be computed by taking the sum of all the 
contributions. The number of contributions will vary from rocket 
to rocket, and in addition most designers use their own judgment 
in selecting only those components large enough and/or far 
enough from the C.G. of the complete rocket to include in the 
computations. The minimum set of components necessary to take 
into consideration generally consists of body tube, engine, 


nose cone, payload (if any), and fins. Shoulders, boattails, 
and substantial bulkheads should also be included if the rocket 
has such components, but lesser items such as screw eyes, shock 


cords, streamers, and launch lugs are commonly omitted since 


their contributions are miniscule. Because the number and nature 


of inertial contributions varies so widely from rocket to rocket, 
a mathematical shorthand called “summation notation" is usually 


used to express the equation for the longitudinal moment of 


inertia as follows: 


(104) |, = 21; 


This symbolism, literally translated into Enzlish, meuns simply 


"the longitudinal mowent of inertia of tne entire rocket is 


354 


equal to the sum of the contributions to the lonritudinal moment 
of inertia from all the components of the rocket". As you can 
see, summation notation saves a greut deal of writing. It could 
equally as well have been applied to a number of other equations 
in this section; this I did not do, however, since I feel that 
the presence of examples of the explicit form of writing out 
summations aids in understanding the nature and purpose of 
summation notation. 

4.6 The Radial Moment of Inertia 

The radial moment of inertia of an assembled rocket lis 
also predicted by summing the contributions due to all its 
components. The contribution of a solid cylindrical component 


of mass Mo and radius R to this quantity is given by 


(105a) [eee = > M. R* 


While that of a hollow eylindrical component of inner radius Ry 
and outer radius R, is 


(105d) les = > Me [Re + Ri? 


The algebraic formulae for the radial moment of inertia contributions 
due to most nose cone shapes are, fortunately, much more tractable 
than in the case of longitudinal moment of inertia contributions. 


A few of the more elementary ones are those for a conical nose, 
3 2 
(106) In, = 10 MnR 


and for an ellipsoidal or hemispherical nose, 


-2l2- 


2 2 
(io7) Ia, = & Mn R 


where, in each equation My, denotes the mass of the nose cone und 


R its radius at the shoulder. 


Fins ure difficult to treat unalytically in any great generality 


due to the greut variety of planform shupes possible. They cannot 
be ignored in computing the radial mowent of inertia, despite the 
fact that their mass is often small, because it is also true that 
they extend farther from the centerline of the rocket than any 
other component. Nor can the point-mass approximation be made, 

as the spanwise extent of a fin is of comparable magnitude to 

the distance between its C.G. and the model's centerline. If, as 
when werforming Barrowman calculations, however, we idealize the 
fin planform to a trapezoid, we can obtain a good approximation 

to the radial moment of inertia due to a4 thin, flat fin of uniform 


density in the form 
1) Mg 
c (Cr-Ct) [feyr Py 4 ‘ males 
(108a) Ir, = {[(s+n) “ak on a I(s "t) re As 


where Mp = mass of fin 
Ap = lateral ares of one side of fin 
ve = radius of fin root from rocket centerline 
s = span of one fin 


root chord of fin 


tin chord of fin 


4 
It follows that the contribution of a tail assembly of N identical 


fins, symmetrically arranged, is 
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(108b) Tey = N Tey 


The notation used in computing radial moment of inertia contributions 
of some representative components is shown in Figure 42. Generally 
speaking, considerution of body tube, fins, engine, nosecone, 

and payload, shoulder, and boattail (if any) in the calculations 

Will suffice to give an accurate prediction of the radial moment 

of inertia of the completed model. As in the case of the longitudinal 
moment of inertia, the contribution of any given component can 

be determined experimentally by torsion wire. Once all the contri- 
butions to Ip from the various components have been determined, 

the radial moment of inertia of the assembled rocket can be 


calculated according to 


(io9) Ll, = 2. Tri 


You should notice that moments of inertia, both loncitudinal and 
radial, have units of gram-centimeterse. 


4.7 General Properties of the Purameters 


Having derived expressions by which the various dynamic 
parameters may be computed, we are now in a position to make 
some observations concerning their general nature and properties. 
We can, for instance, determine the physical dimensions of the 
Various angular frequencies and time constants derived in the 
analyses of Section 3. From Sections 4.1 through 4.6 we have 
that the units of OC, are dyne-centimeters, those of Cy are dyne- 
ceéntimeter-seconds, und those of Ly, and Ip are cram-centimeters. 


The definitions of 0, and C5 from Section 2.2, however, indicate 
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Figure 42: Examples of the notation used in computing contributions 
to the radial moment of inertia. An ellipsoidal nosecone, a solid ‘ 
cylindrical component (nosecone shoulder), a hollow cylindrical 


component (body tube), and a set of four fins are illustrated. 


el 


that the correct units of these parameters should be dyne-ceutimeters/ 


radian for 0, and dyne-centimeter-seconds/radian for 0 There 


> 
is nothing inconsistent here, however, because radians are by 
definition dimensionless (thut is, they have no physical units). 
Their presence or absence thus cannot be detected in u dimensional 
analysis and one must remember to supply them whenever necessary 

in determining angular frequencies. 

Both angular frequencies and time constants should be computed 
using units for the dynamic parameters as obtained from Sections 
4.1 through 4.6, which do not contain radians. If this is done 
we obtain for any angular frequency the units (1/seconds). To 
this we must supply radians, thereby obtuining the physically 
meaningful result that angular frequencies have units of radians/ 
second. Radians per second are thus the physical dimensions of Wy 
Wms Wy, Wo, Wes and Ws . Any inverse time constant 
(D, Dj, or Do) will be found to have units of (1/seconds). Radians 
should not be supplied to this result. Ordinary time constants 
(that is, T, or Tz ) will turn out to have dimensions of seconds. 
Initial amplitudes and phase angles, of course, are in radians. 

The coupled and decoupled damping ratios, & and — » will 


be found to be dimensionless; like normal force coefficients, they 


have no physical units at all. Moreover, since 0, varies as the 
square of airspeed while Oy varies linearly with airspeed, you 

can see from equations (20) and (70) that neither damping ratio 
varies at all with airspeed. Damping ratio is therefore velocity- 
independent -- an enormously valuable property from the standsoint 
of analysis, for it means that the damping ratio (aside from saull 


variations due to jet damping) of any given rocket will remain 
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constant throughout its flight even though the velocity of the 
rocket may vary by an order of magnitude or more. It is then 
possible to define "acceptable" and "optimum" ranges of damping 
ratio which contribute to better flight characteristics, since 
the damping ratio can be designed into the model. 4 and 

Se are relutionships among .eometrical and muss properties of 
the rocket and are independent (within tue linearized tueory) 

of its aerodynamic environment. 


5. Experimental Determination of the Dynamic Purameters 


Mathematical analysis is 2 powerful and elegant tecnnique 
that enables the designer of model rockets to obtain all the 
necessary information concerning the properties of his model 
while it is still “on the drawing board”. Such analytical methods, 
bowever, are alweys based on avproximations to the phenomena under 
consideration, for there invariably exist factors for which it 
is either impossible or impractical to account with absolute 
precision. The value of an ensineering approximation is based 
on the fect that the errors it introduces under normal conditions 
ere small, while the analytical simplification it permits is 
considerable. Even the most valuable of such approximations, 
though, is likely at one time or another to encounter some set 
of circumstances under which it becomes invalid. The limitations 
of anxlysis, the questionable nature of certain of its apvproximations 
with respect to nonstandard desisns, and the necessity to establish 
limits of operating conditions for tne validity of the approximations 
make it essentiul that we have recourse to envirical measurement 
to supplement and check the results of unalyticul computation. 


The subject matter of this section concerns itself with the 


ee ee ee 
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experimental technicues by which such measurements may be obtained. 


2-1 Homents of Inertia: The Torsion-Wire Experiment 


The torsion-wire exveriment is one of the standard techniques 
currently in use by professional industry for measuring the 
moments of inertia of such things as the rotative components 
of electric motors and turbomachinery and the indicating movements 
of various instruments. The experiment is ideally suited to 
model rocket work, providing rapid, precise, and independent 
determinutions of the longitudinal and radial moments of inertia. 
The experimental apparatus can be put together in about twenty 
minutes at a cost that can be less than fifty cents, depending 
on the materials at hand, and the measurement can be made 
directly using the actual model in its ready=-to-launch configuration 
without altering or damaging it in any way. 

The basis of the measuring system is the torsion wire 
itself, a three-foot lenrcth of thin music wire. Wire diameters 
in the range .010 inch to .020 inch are acceptable for most model 
rocket work, with the lower end of the rancre best suited to smaller 
rockets or radial moments of inertia, the upper end to larger 
rockets or longitudinal moments of inertia. The last inch on 
each end of the torsion wire is bent over the center of a two- 
inch lencth of .045-inch music wire, then twisted to hold it 
tightly and soldered in place, forming a "T" fitting at each 
end of the wire. These "T" configurations are the means by which 
the torsion wire is secured to the test rocket at one end and the 
mounting structure at the other. 

Figure 43 shows a complete torsion wire system set up for 


Measuring the moments of inertia of a model rocket. Jllustration 


Figure 43: Measurement of moments of inertia using a torsion 
wire. Illustration (a) shows a model rocket suspended in the 
position used for determining its longitudinal moment of inertia; 
(b) shows the mounting position used fora determination of the 


radial moment of inertia. 
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A demonstrates the correct method of mountins: the rocket to obtain 
a measurement of its longitudinal moment of inertia, while 
illustration B shows the mounting configuration for measuring 

the radial moment of inertia. The upper "Tt" fitting is clamped 

or otherwise fastened to an overiuanging beam mount, which 

can be a simple two-by-four with its other end clamped to a 

shelf, a table, or any other structure that will allow the 
suspended rocket to clear the floor of the laboratory. Torsion 


wire experinents should always be done indoors in order to 


minimize disturbances of the apparatus caused by stray air 
currents, 
The lower "T" is strapped to the rocket or comvonent 
whose moment of inertia is to be measured by means of drafting 
or masking tape. The lighter the entire attachment assembly 
is, the better will be the accuracy of the measurement, and this 
may make some designers prefer to use a thinner crossbar and/or 
Scotch Magic Tape. The use of Masic Tape requires a great deal 
of care, however, to avoid damaging the finish of the model when 
removing the tape after a test is completed. | 
In order to calibrate a newly-built torsion wire system a 
reference standard is needed. The reference standard must be 
some object having a simple shape and a known density or mass, 
so that its moment of inertia is computable by means of a simple 
algebraic formula. One of the most convenient reference standards 
you can use is @ half-inch aluminum rod about one foot longs, suspended 
With its longitudinal axis parallel to the floor as in Mgure 434. 


The rod's moment of inertia, designated I,, is given by 


2 & 
rT = SS ke 
(110) be = ™ Ee * gram-centimeters© 
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where M = mass of rod in grams 
R = radius of rod in centimeters 
L = length of rod in ceatimeters 


A diameter of one-half inch corresponds to a radius of 0.635 
centimeters; if such a rod is cut to a length of 29.7 centimeters 
and is of aluminum alloy 6061 it will have a mass of 101.3 grams 
and therefore a moment of inertia of precisely 7500 cram-centimeters¢, 
Reterence standards of different values of I, may be prepared by 
using rods of different lengths, diameters, and materials, but 
you should find that the one described above is convenient for 
the majority of the measurements you will be maxing. 

A timing device completes the equipment needed to perform 
the experiment. An ordinary wristwatch with a sweep second 
hand will do for this purpose, but mucn better accuracy is 
obtainable from a stopwatch or an electric laboratory stopclock. 
If a timing device accurate to a hundredth of a second is used, 
the experiment will yield values of moments of inertia which 
are repeatable to better than 2%. 

A torsion-wire determination is performed by measuring the 


veriod of torsional oscillation of the model and comparing it 


to that of tne reference standard. This means that the wire 
must first be calibrated by performing the ex»veriment with the 
reference standard affixed to the wire 2s in FPicure 434. The 
oscillations are started by twisting the wire between the fingers 
until the reference standard mukes nexzrly one full revolution 
about the axis of the wire, then releasins it, tukinz care not 

to start the wuole arrangement swinging like u pendulum in the 


process. Upon being releused the reference standard will begin 


-221- 


to turm slowly about the wire axis, first in one direction, 
tuen the other, twisting the wire this way and that. This is 
what is meant by the term "torsional oscillation". The period 
of the oscillation is the time in seconds tuken for the suspended 
object to execute one complete cycle; that is, to twist from 
one extreme of the oscillation to the other and back again. 
To increase the accuracy of the determination, you should measure 
ten such periods in a single timing, starting toe time when the 
reference standard is at one extreme of its oscillation and 
stopping it when the reference standard returns again to that 
position for the tenth time. If the time thus measured is 
Givided by ten, a much more accurate determination of the period 
will result than could be obtained by measuring a single cycle. 
Denote the period of tne reference standard by T, and keep a careful 
reoord of its value, for once you have obtained it you need never 
méeusure it again; the wire has been calibrated and the known 
values I, and Tf, may be used in reducing data from any further 
experiments done with that particular wire. 

To determine the moments of inertia of the model, remove 
the reference standard from the wire and affix the model ag in 
Figure 464 for determining I, or 4s in Figure 43B for determining 
Ip- In each configuration, the oscillations are started and 
the torsional period is measured just as in the case of the 
reference stundard. wWitb most model rockets, torsion wires 
of diameters between .010 and .020 inch produce relatively 
slow oscillutions which are eusy to time with a hich decree 
of acourucy and which are very lightly damped. It should thus 
not be difficult to observe the oscillations of the model for 
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a full ten cycles. 

With the rocket mounted as in Fizure 434 an oscillation 
period whose value I shall denote by IT, will have been measured. 
The longitudinal moment of inertia of the rocket can then be 


computed according to 


qu) I= 1,(%) 


Similarly, when the model is mounted as in Figure 43B an oscillation 
period Tp will result, from which the radial moment of inertia 
of the rocket can be calculated as 


bs 
(2) Ip = I,(%) 


The value of the corrective moment coefficient is deteruined 
by measuring the static angular deflection of the rocket produced 
by a known pitching moment. This experiment, as well as those 
to be described in subsequent sections, requires a small wind 
tunnel -= one which nas a test section whose transverse dimensions 
are at least twelve by twelve inches and which is cupuble of 
producing an airspeed of at least 15 metes per second. It 
would also be preferable if the uirsyeed were continuously variable, 
since this makes som2 of the experiments wore convenient, but this 
feature is not essentiul. I am not going to try to explicitly 
describe the construction of a wind tunnel here; the variety 
of types is considerable und any such discussion would require 
a complete book of its own. Building such a device is a major 


project in itself, and most rocketeers would rutner uve recourses 
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to a fucility thut ulre.ijy exists, such as tuose owned by sone 
universities, SAR sections, und wodel rocacet manufuecturers. 
Those readers woo would lice to build their own tunnels cun find 
information on the subject in dind funnel Testing, by Alun Dope 
(Second @dition, Joan diley and Sons, Inc., New York, 1954). 

A reading of this comprehensive work should give you a good idea 
of the variety of wiad tumsel types available and the nature 

of the design process involved in their planning. 

The experiment to determaine the corrective moment coefficient 
is performed using a moment balance and test rocket as shown in 
Figure 44. The balance is basically u siagle-degree-of-freeioa 
Gimbal consisting of u pulley wheel attuched to a steel suuft 
which runs through bull bearings to teruwinate in an aluminua 
plug fitting. The test rocket is constructed in two sections, 
such that the forward section cam be snugly slid onto one 
end of tne plug fitting, the after section onto the otouor. 
Because it is necessary to build the rocket in this way only a 
Gesign can be tested, not an actual rocket which is to be flown, 
but the arrangenent bas the advantage tout it produces u mininal 
disturbance in tie uirflow. 

Thut portion of the shaft on which the plug is mounted 
extends through a@ hole in the wall of the wind tunnel test section 
and out into toe airstream, such that tne plug is located upprox- 
imutely in the center of toe test section. The cuse ia bolted 
to the side of tne est section opposite the viewing area in 
order to nold the instrument in place. 

The moment balance in Pigure 44 18 shown with a polnter- 


and-protractor device for indicating the angle of deflection. 


Test rocket forebody 


Mounting plug 


Angle 
indicator 
ossembly 
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ati ‘ 


\. Test — 
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\ 
Ball bearing in 
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Balance pan 
Figure 44: Experimental apparatus for determining the corrective 
moment coefficient. The same instrument, with the pulley wheel, 
counterweight, and balance pan assembly removed, can be used for 
determining the damping moment coefficient. Bolt holes are provided 
in the bearing support plate nearest the test rocket for mounting 


the apparatus on the wall of a wind tunnel test section. 


This arrangement is verfectly udeyuate for stutic-deflection 
exverinents; in the exyeriments described in later sections, 
though, wnere the rocket is set to oscillating, it will become 
desirable to record the value of tne angulur deflection at any 
Given time. This can be done with motion pictures and in various 
other ways using the protructor system, but it is usually preferred 
tO Substitute some electrical device for measuring the angle 
und to feed its output into a chart recorder, waich then 
automatically draws a grapo of deflection versus time. 

To generate tne moment which will cause the rocket to 
assume an angle of pitcno relative to the oncoming airstream 
it is necessary to apply a force tangential to the pulley wheel 
ut its outer redius. This is done by susoending a balance pan 
from s thin cord wuich has been wrapped around the pulley and 
adding known weights to the pam. The balance pan itself must 
be suitably counterweignted so that there is no moment applied 
when there is no weight in the pan. 

The experiment is prepared by adjusting the weights of 
the forward and after sections of the test rocket so that, when 
assembled on the plug with un enzine installed, it balances 
wnen tne uirstreum is off und there is no weight in the pan. 
Under these conditions the snaft centerline passes through the 
C.G. of tbe rocxcet, so that free-flight conditions are being 
accurately simulated. 

The airstream is then turned on and adjusted to some fixed velocity 
value which is not to be altered during the course of the experiment. 
The model should come to rest facing directly into the oncoming 


Wind, woico in « g00d wind tunnel will coincide with the test 
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section centerline. If it fails to face into the wind, or turns 
tail-on to the wind, it is of course statically unstable and 
must be redesigned. Assumins the model is facing the airstream 
properly, the last remaining vreliminary step is to check tae 
angle indicator and adjust it if necessary so that it reads 
zero. 

The addition of weights to the pan can now be started, 
beginning with a unit weight that produces a small deflection 
(between 1° and 2°), but which is an even quantity such as 
a single laboratory balance weignt or simple combination 
thereof. Record the mass, in grams, of the weisht used and the 
exact deflection in degrees which it vroduced. Then add another 
weight identical to tne first and record the new deflection from 
the Zero-degree line produced by tne two acting tosetuer, macing 
certain that all movement has subsided before you take a reading. 
Continue adding weights in this manner, recording the deflection 
angle associated with each value of totul mass in the pan, 
until you reach a point at which the rocket will no lonser 
come to equilibrium and the slightest additional weigat in the 
pan will cause the rocaet/balance asseubly to become unstable. 
This will generally occur at some value of deflection ansle 
between 12° and 18° and is due to the Slope of the corrective 
moment curve becoming zero at that point (refer back to Pigure 7 
for an illustration of the corrective moment curve). 

The experiment is now complete and datu reduction can begin. 
The first step here is to transform the units in which the duta 
are expressed, so thut angulur deflections ure given as radians 


and pitching moments us dyne-centinmeters. Deflections in 


decrees ure converted to rudian weusure by dividing by 57.3; 
a moment in dyne-centimeters is computed by multiplying tue mass 
(in graws) placed in the pan by 980 and then multiplying the 
result thus obtained by tne radius of the pulley wueel in 
centimeters. Taese procedures are illustrated in Figure 45. 
Tne completed data reduction should provide a table listing 
each deflection in rudiuns next to tne moment required to 
produce it in dyne-centimeters. 

The data points are then plotted on u graph in cartesian 
coordinates whose horizontal axis represents pitching anzle 
in radians und waose vertical axis represents vitchins moment 
in dyne-centimeters. S5ucn a plot is made by locutiag each 
point described by a coordinate pair in the tuble (a deflection 
and its associated moment) on the graph and marxins it with a 
small "x" or dot, then drawing-a@ smooth curve which, as nearly 
as possible, connects all the points. Since experimental duta 
norually contaias some "scatter", it is more likely that your 
curve will be accurate if it is smooth than if it connects 
each and every point with all its neighbors. The resulting 
graph is a representation of tue first part of the curve in 
Ficure 7: corrective moment as a function of angle of uttack. 
In order to compute 0, from tnis graph, pluce a struiczutedge 
on it such that its edge is tenzent to the curve at tne intersection 
of the coordinate axes (tue orisin) and draw a line using the 
straightedge as a guide. This is tne graphical method of 
performing the “linearization about zero" discussed in Section 
2.2 as applied to the corrective moment curve. The corrective 


moment coefficient Cy is just the slove of this straight line 


Deflection angle (rad) = 5 


Moment (dyn-cm) = M «980 xR 


R (cm) 


a 


Wind axis 


M (g) 

Figure 45: Computing angle of attack in radians and corrective 
moment in dyne-centimeters. The angle of attack in degrees is 
divided by 57.3 to convert to radians; the mass on the balance 
pan, in grams, is multiplied by 980 times the radius of the pulley 


wheel in centimeters to give the moment in dyn-co. 
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and may be computed by locating any point on the straight line 
and dividing its moment coordinate by its deflection coordinate. 
The result 1s 0, given in dyne-centimeters per radian, but this 
should be expressed us simply dyne-centimeters because radians 
(as stuted in Section 4.7) are physically dimensionless. Figure 
46 illustrates the graphical reduction of datu for a hypothetical 
roc#et. 

You way wish to repeat the exp2riment ut a number of different 
values of airspeed to determine the dependence of C} upon 
velocity. If you do this, you will find that 0, is directly 
proportional to the square of the airspeed. 

2-3 The Damping Moment Coefficient 

The dynamic purameter C. is determined using the same cimbal 
arruncenent as in the first exseriment, with the exception that 
the pulley wheel and its associated pan and counterweight 
system must be removed. This must be done in order to reduce 
the moment of inertiu contributed by the rotating parts of 
the balunce system, and unless this modification is carried 
out the rocket will behave as if its longitudinal moment of 
inertia were much greater than it actually is. 

The experiment is prepared by balancing the test rocket 
so that the shaft passes through its center of mass as before, 
setting the airspeed to the desired value -- which must remain 
constant throughout the test -=- and checking to make certain 
that the angle indicator is reading zero. Having completed 
these preliminary steps, deflect the rocket to some moderate 
angle of attack, say 10°, ard hold it steady in this position. 


You may Wish to have an assistent do this by turning the shaft 
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Figure 46: Graphical reduction of wind tunnel test data to 


determine the corrective moment coefficient. (a): A table of 
corrective moment vs. deflection angle is compiled. (b): The 

data points on the table are transferred to a graph and a smooth 
curve is drawn (as nearly as possible) through the points. (c): A 
straightedge is placed along the lower portion of the curve, tangent 
to it at the origin, and a line is drawn using the straightedge as 


a guide. The slope of this line is the corrective moment coefficient. 
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with his hand in order to allow you to best observe the subsequent 
motion, or you may devise various uutomutic systems to do the 
job. One sinple technique for obtaining tne initial deflection 
would be to wrap wu lenstn of stroug tureud cucround the end of the 
shaft from which the pulley has been removed and tie a weight to 
the thread. In any case, record tne value of the initial 
deflection thus produced, identifying it as pw, 

Now release the rocket and allow it to rotate into the 
wind of its own accord. If you have used tne thread-and-weight 
system for vroducing the initial deflection, you can do this by 
carefully snipyving the thread with a puir of scissors. fhe 
rocket should swing toward alignment with the wind axis and 
overshoot it, reachinzg a maximum angle which I shall refer to 
as %, on the opposite side of zero from that on which the 
model was released, and subsequently oscillating with smaller 
and smaller amplitude about zero until it is facing steudily 
into the oncoming wind. The convention for revresenting “%» 
and &, , whose algebraic signs are both taken as positive, 
is shown in Figure 47. The maximum overshoot angle %&, will 
be reacned at a time defined as ty,, after the rocket is released. 
You must accurately record both the maximum overshoot angle 
and the time at which it occurs. In the case of indicating 
systems consisting only of a simple pointer-and-protruictor 
ss F must be recorded by eye (or by photographic means) and 
toax by @ stopwatch. an electrical system for measuring and 
recording the deflections has a significant advantage here, 
in that it takes the guesswork ot of the observations. 


If, upon being released, the model does not oscillate at 
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Figure 47: Convention for defining &, and X, in the experiment 


for determining the damping moment coefficient. 


me 


all but instead slowly faces into the relutive wind from the 
position of initial deflection, it 1s overdamped. As shown 

by the results of Section 3.1.1, this is a hazardous condition 
woich may result in an erratic flight path and the rocket 
must be redesigned to correct it. Additional nose weignt will 
usually take care of this vroblem, but since this moves the 
center of mass forward it will require the building of a new 
test model which is divided in two furtner toward the nose. 
Alternatively, both the nose and the tail of the model can 

be weichted, Keeving the C.G. in the same place but increasing 
the loncitudinal moment of inertia. 

Assumins that the rocket has behaved in 2 properly oscillatory 
fashion and that XX, » A, , and — have all been duly 
recorded, the value of the dampinz moment coefficient may now 
be computed. The first step is to determine the inverse time 
constant D according to the relation 
(113) D = fa ite / 

MAK 
where the reader is reminded that the notation "lIn(~,/«,)" refers 
to the natural logaritom of (%/,). Readers who are mathematically 
adept may recognize that equation (113) is derived from the 
peaking characteristics of decoupled, underdamped step-response 
presented in equations (32), Section 3.1.2. 

With D known from equation (113) and I; imowa from torsion- 
wire determinations, it is possible to calculate Co fron 


equation (16), Section 3.1.1, as 


(114) Cp = 21, D 
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As when determining the corrective moment coefficient, you may 
wish to perform this test at various airspeeds. In doing this 
you will find that C0, increases linearly with airspeed so that 
the vulues of the decoupled and coupled damping ratios, ag 
predicted by the Burrowman equations, remain constant. 
Equation (114) determines CO, in units of dyne-centimweter-seconds. 
6. Model Rocket Design 
I have often remarked during the foregoing presentations 
that the true purpose and real value of all the mathematical 
analyses to which we have turned our attention in this volume 
lies in the fact that they enable the formulation of rational 
rules for the design of model rockets. We have now progressed 
sufficiently far in our anulytical considerations of the dynamic 
behavior of model rockets that we are prepared to discuss the 
subject of model rocket design insofar as it is influenced by 
dynamical considerations. fo "design" a rocket, from the standpoint 
of dynamics, is to adjust its shape and mass distribution so as 
to produce vulues of the dynamic parameters which give rise to 
favorable characteristics in its dynamic response. “Favorable 
characteristics," 4n turn, mean that: 
(a) The rocket is not easily disturbed, or deflected 
from its intended direction of flight. Fora 
given disturbing influence, the angle through 
wnhich it rotates is small. 
(b) The rocket soon returns to a straight and true 
flicht path once the disturbance has passed, 
and does so in an oseillutory fashion so 
taat tne effect of the disturbuice is evealy 


distributed about the intended flirht axis. 
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6-1 Representative Puraneters 

The solutions to the dynamical equations given in Section 
5 predict that favorable dynamic behavior in various varticuler 
situations will be associated with certain ranses of values 
of the dynamic parameters or combinations tuereof. As it 
happens, however, the dynamic parameters of a model rocket 
cannot be varied independently of one another. &ven if they 
could, it turns out that relations between toe paraneters 
best for one response are not necessarily best (or even acceptable) 
with respect to other types of disturbances. The designer 
of model rockets thus finds himself faced with the necessity 
to make certain compromises -- "tradeoffs", they are called 
by professional engineers -- in order to arrive at a configuration 
which, on the whole, has favorable performance. The situation 
4s further complicated by tie fact tuut characteristics which 
are best for dynamics may not always be best for other uspects 
of rocket perforwance -- altitude capability, for example. 

In order to guide himself to a rationale by which design compromises 
can be made the rocketeer needs two classes of information: 

first, what values of the paraneters characterize a typical, 

or representative model; and second, what is the effect of 

varying the conficuration of the model upon the values of its 
parameters? 

In order to supply an answer to the first question the 
typical model rocxet conficgurution DTV-l, illustruted in Micure 
46, was constructed and tested according to the methods of 
Section 6 in the low-turbulence wind tunnel of the Massachusettes 


Institute of Technology's Asronautioal Projects Luboratory. 
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Figure 48: Dynamic test rocket DTV-1. All dimensions are given 
in centimeters, with the exception of the engine casing specifications. 
These are given in millimeters in accordance with international 


convention. 


Plate 1: DTV-l undergoing wind tunnel test to determine its 
damping moment coefficient. The model is mounted on 4 moment 
balance similar to the one pictured in Figure 44, but without 

the pulley wheel assembly and equipped with a photoelectric angle 
indicating device. In frame (a) the model has just been released 
from the angle &%,. In (b) and (c) it is accelerating in pitch 
up. (d): The model passes through zero angle of attack at its 
maximum pitch rate, still pitching up but slowing in (e) and (f). 
(g): The rocket is at its maximum pitch-up deflection, X, - 

(h), (4): The model begins to pitch downward again. (j), (k), (1): 
The rocket passes through zero again on its way down to complete 


its first full cycle of oscillation. 
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DTV-1 was found to have tue followin: dyneomic parameters: 


0.65V° dyne-ceutiueters, waere V is given in 
ceitimeters per second 


c> 
= 
i 


= 10.5V dyne-ceatinueter-seconds 


© 
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I 


9100 gram-centlueters= 

Ip = 178 gram-centiueters? 

The rocket's roll rate during 2 number of additional 
experiments in which its benavior under roll-coupled resonance 
was investigated was an independent variable determined by 
the speed of an electric wuotor mounted on a balance system 
that was essentially a more refined form of that discussed in 
Section 5.3. It will be seen from the above figures that 


the following cuantities are also characteristic of the rocxet: 


Z = .0682 
Ir®z - .0195 Wz 
Ty 


Wme 2 200838V 
Z. = +0675 


where V, the airspeed, is civen in centimeters per second and 

WW, jin radians per second. Now 1% is probable that DIv-1 

is not precisely in the center of the average range of model 
charucteristics; it is rather on tue heavy side and has a static 
stability margin of turee calibers. Nevertueless, it is certainly 


representative enoush to allow tne following general statements 


Seeil ena 


to be made: 
(1) Im a model rocket of averace design, the duping ratio 


tends to be low -- on tne order of one tenth. ssonuice, when 
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it occurs, tends to be a problem and will usually be caused by 
the development of a roll rate whose value is close to the 
natural frequency. Overdamping, on the other hand, is much 
less common and not usually to be feared. 

(2) The radial moment of inertia is very slight compared 
to the lon-itudinal moment of inertia -= on the order of a few 
percent. The roll rate must be very rapid to produce appreciable 
syrosconic moments. Therefore, tne ungular frequencies and 
rate of decay of the response of an average model rocket subjected 
to transient disturbances while spinning about its longitudinal 
axis are very nearly equal to those that would describe the 
behavior of the same rocket if it were not spinning at all, 
unless the snin is very rapid. By “very rapid" I mean that 
the gyroscovic pvrecessional frequency see is, say, 

10% or more of the natural frequency. For DIV-l during powered 
flight this would mean a svin rate on the order of 100 radians 
(about 16 revolutions) per second. 

(3) As another consequence of the small radial moment of 
inertia, the resonance condition for a given rocket is nearly 
the same when it is rolling as when it is not; i.e., the natural 
frequency is nearly equal to the coupled natural frequency 
and the dumping ratio is nearly equal to the coupled damping 
ratio. This is an advantage in that the presence of roll 
does not appreciably increuse the severity of the resonance. 

6.2 Effects of Varying the Paraneters 

Having roughly bracketed the "average" or "representative" 
dynamic parameters, we can start to investigate what happens 


When a rocket departs from the average runge in various ways. 
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We must remember, when doing this, to take into account factors 
affecting other aspects of the rocket's performance (such 

as its overall weight and draz) as well as those affecting 

its rigid-body dynamics. 

First, consider the effect of increasing the longitudinal 
moment of inertia of the rocket. This can be done by adding 
weight at points far fore and aft of tne center of gravity, 
usually maxing the rocxet longer as well as heavier. The 
damping ratio and nutural frequency of oscillation will aecrease, 
and the rocket will be more difficult to deflect from its intended 
path. If this is carried to extremes, however, tne rocxet will 
become so heavy that its altitude capabilities will be sharply 
reduced and it will experience catastrophic resonance at very 
low roll rates, resonance so severe that the model may behave 
as if it had insufficient static stability. The dramatic 
manner in which resonant amplitude ratio increases with decreasing 
damping ratio is shown in Figure 49. There is evidence that 
some model rocxets have actually been caused to crash by excessive 
resonance at low roll rates early in the flight. Rocket A of 
Figure 50 is an example of how a model designed with too great 
a longitudinal moment of inertia might look. 

Decreasing the longitudinal moment of inertia will iucrease 
both the damping ratio and the natural frequency; the actual 
angular frequency of oscillation will increase only up to a point, 
tnen begin to decreuse towards zero as tue damping ratio upproaches 
1.0. The resonance problem will disappeur, but the rocket will 
be more easily deflected from alignment with the intended flight 


path. The slightest disturbance will be enough to stuart it 
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Figure 49; Variation of resonant amplitude ratio with damping 
ratio. A curve of precisely the same form describes the variation 


of coupled resonant amplitude ratio with coupled damping ratio. 
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Figure 50: Improperly designed model rockets resulting from 


extreme variations in the relative values of the dynamic parameters. 
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wobbling, and althboucsh the oscillations will cle away after 
only a few cycles the rocxet wlll be disturbed so often that 
it will spend much of its upward flignt ut a considerable 
ungle of uttuck. Its drac will tous be increcsed und its 
altitude lowered -- purticulurly since a low longitudinal 
moument of lnerila usually weans « low weisnt and the rocket 
may slreudy be ballistically off-optimum*. Continued reduction 
of I; causes overdumpincg, und the model benuuves as if it had 
an insufficient static stability margin. An example of this 
extreme is rocket B of FPicure 50. Between 1962 and 1967 there 
was a marked trend towurd this kind of design in the United 
states. Modelers at that time believed that the lirhter a 
rocset was, the higher it would go, and so constructed all their 
altitude competition desizns to be very lisht and stubby, with 
huge fins. The result was often excessive damping, sometines 
even overdamping, causing severe launcocr tipoff, erratic flicht 
paths, and many 4 pile of wreckuge. Thanks to Malewickl and 
Caporaso == who developed the equations of model rocket ballistics -- 
and to Barrowman -- wno demonstrated analytically the fin areas 
actually needed by model rociets -- and to much sad experience 
and observation, this fetisn is largely a thing of the past. 
Suppose we now consider the effect of increasing the 
corrective mowent coefficient. If tinis is done by increasing 
the static stubility margin -= b; increasing the areu of the 
fins and/or woving tnem further toward the rear of the rocket -- 
the frequency at waich tue rociet oscillates when disturbed 


a 


*Tnere is an optinum weicht fu. any rocket, which gives the 
Creitest altitude. See Georve Caporaso's chapter on trajectory 
analysis in tnis volume for un exolunation. 
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will inerease. Since alteriag¢ the fin geometry in this way 
also increases the dam sing moment coefficient, the damping 
ratio will not necessurily decrease; it may even increuse if 
the practice 1s carried to extremes. Thus, the time required 
for the disturbed rocket to return to proper alignment with 
the intended flight direction becomes shorter -=- and, because 
the longitudinal moment of inertia has not been appreciably 
changed, the rocket is no easier to disturb than it wus before. 
On the face of it, tne modificution appears to be a favorable 
one. 

Unfortunately, though, there are also disturbances whose 
magnitude is directly proportionsl to the static stability murgin 
and norual force coefficient of the model, notably the step 
disturvances due to horizontal winds. If the value of the static 
stability margin is made too great the rocxet will tnerefore 
be subject to excessive “weathercocking", or turning into the 
wind during flight. This impairs altitude performance, maxes 
recovery difficult, and cun be dangerous. Kost designers soon 
learn to steer clear of configurations like that of illustration 
Cin Mgure 50. 

There is, of course, a better way to obtain a large corrective 
moment coefficient. The value of 0 ,, you will recall, increases 
as the square of the airspeed. This does not necessurily 
indicute that the "way to go" in model rocket design is to try 
for the highest possible velocities throughout the flight. While 
higa burnout velocity generally means higher ultitude, excessive 
accelerations achieved at the expense of burnout altitude 


cause excessive aerodynamic drag which can actually cause the 
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altitude achieved to be reduced. what it does mean is tuat 
you should observe a reasonable winimun in the velocity at which 
your rocket leaves its luuncier. Model rocxet engines with 
end-burning grains are designed with u small port at the ifter 
end of the crain, just inside the nozzle. The purpose of thls, 
besides providing a place to pack the iguiter, is to provide a 
higa initial thrust to achieve a substuatial airspeed -- and 
thus a substantial corrective moment -=- before tue guiding 
influence of the launcher is left behind. You can best tace 
advantage of this initial thrust peak by providing a long 
enough launching device and avoiding excessive liftoff weight, 
thereby insuring that your rocket leaves its launcher et a 
sufficient velocity to be stable. 9 meters per second should 
be considered a minimum safe launeh sneed, and 12 meters per 
second, if possible, would be advisable. If you are usins a 
core-burning engine, of course, velocities on this order 
should never be «a problem. 

Reducing the corrective moment coefficient oy reducing 
tne static stability margin will cause tne natural frequency 
to decrease. As the center of pressure moves forward and 
approaches the center of gravity, the danuping ratio will 
increase, lowering tne actual frequency of oscillation until 
overdamping occurs. Moving the center of pressure still further 
forward will result in neutral, and finally negative, stutic 
stability. Only the novice designer is ever caught making an 
error of this kind, and when he does the result is svectacular. 
“Goinz ape" is the colorful and unprooriute sbhrase upvlied by 


the model rocketeer to the behavior of a statically-unstable 
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rocket such es the one appearing in illustration D of Fisure 
50. 

The dampins moment coefficient may be increased by the 
addition of fin area or the movement of fins to a vosition 
farther from the rocket's ¢.G., in the same way that the static 
stability margin is increased. Adding larce amounts of fin erea 
both forward sad aft of the center of cravity, nowever, and tre 
use of excessive fin ares in ceneral, will tead to increase 
the damoinzs moment coefficient without a commensurate increase 
in corrective moment coefficient. Dynamicully, up to a point 
(the point at waich the damyvinz ratio becomes .7071) this is 
s00d. Ballistically, nowever, such larse surfaces are almost 
ulways associated wit a decrease in altitude because of excessive 
drag. dorkine at such high damping ratios is not <= sood idea 
in general anyway, because a slisht cnance of design or modifi- 
cation to u rocket in service or under construction could well 
send it “over the line” into an overdanved configuration. Rocket 
E of Picsure 50 is an examvle of what the designer may wind up 
with if he is too liberal with his sheet balsa. 

The damping moment coefficient, insofar as it ils dependent 
on fin feometry, may be reduced by making certain that ull fin 
area is aft of the center of gravity but not sreutly distant from it. 
Since placing the fins relatively aear the center of cravity 
tends to reduce the corrective moment coefficient also, this 
procedure may not always reduce tne damjzine ratio and nay 
even increase it. Reducins the damping ratio to very small 
values is not a sood idea in any case, since under these conditions 


the oscillations of a deflected rocxet versist for u longs time 
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and resonance becomes destructively severe. Making the damping 
moment coefficient too small thus has the game effect as making 
the longitudinal moment of inertia too large. The rocket of 
Jilustration F in Firure 50 has had its damping ratio made too 
suull by placing the fins insufficiently far from the center of 
gravity. While the designer has apparently been able to keep 
the static stability margin adequate, his rocket will not be a 
good performer. Much of its trajectory will be spent oscillating 
in response to various disturbances even if it does not happen 
to develoo a resonant roll rate -=- in which case its useful 
operuting life will be short indeed. 

The limitations of reasonable design and the standardization 
of component proportions arising from mass-produced model rocket 
supplies do not really leave much leeway for regulating the 
radial moment of inertia independently of the longitudinal 
moment of inertia. Assuming that Ip could be substantially 
reduced, the effect of such a reduction would be negligible 
since Ip is so small to begin with. The radial moment of 
{nertia could conceivably be greatly increased by placing 
weighted pods, or “bobs” at the tips of the fins, but there 
would be no point in doing so. No advantage would be gained 
if the rocxet were properly designed to berin with; in fact 
there would be some unfavorable consequences attendant upon 
such a modification. The rate of decay of the rocket's oscillations 
would be suppressed by gyroscovic moments if it were rolling, 
and its roll-induced resonance would be much more severe 


than its non=-rollins resonant behavior. 


6.3 Rolling Rockets 
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My last statements above were, of course, oromulsated on 
the assumption of a statically-stable rocket. In cases of 
insufficient, neutral, or negative static stubility it is 
necessary to induce a rapid spinning of tne rocket about its 
centerline in order to generate the stability-like effect 
described in Section 3.2.5. The extent to which stability 
is effected by this artifice is dependent, it will be recalled, 
on the magnitude of the product of I, and Wz,. It is thus 
desirable to mave a rapid spin, a high radial moment of inertia, 
or both. Successful spin-stabilized rockets and projectiles 
tend to be short, squat, and heavy. It is this fundamental 
difference in the physical mechanism by which stuble behavior 
is produced that accounts for the confisurational differences 
between aerodynamic vehicles such as sounding rockets and 
objects such as artillery shells. wWell-designed sounding rockets 
are long in relation to their diameters, while urtillery shells 
are short. Why the difference? The reason, of course, is tnat 
tne soundins rocket is aerodynamically stable while the artillery 
shell is not. It is an advantage to the shell to have a large 
diameter in relation to its length because this meuns a large 
radial moment of inertia, fuciliteting spin stubilizution. The 
sounding rocket, on the other hund, performs best at a higher 
slenderness ratio since it relies on the corrective und damoines 
characteristics due to its fins and on its hirh longitudinal 
moment of inertia for favorable dynamic response, not to wention 
the great advantage in altitude caupubility thut goes with a 
more slender profile. 


Stabilization is not, however, the only motive for inducing 
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spin in model rockets. It hus been found that rolling models 
are less subject to "dispersion" by horizontal winds and tipoff 
durin: launch und stuging than those wsichb are not, wWaere by 
"“3ispersion" I wean the horizontul displacewent of the rocxet 
at the time of recovery system actuation. ‘the roll rates used 
in dispersion-reduction ure much lower thaa those used in roll 
stubllization, since the rockets to wuich they ure upplied are 
alreudy stutically stable; the inertial effect 1s generally 
sli-ht and its only purpose is to induce just enough roll 
couplins to distribute the effects of disturbances in 2 radially 
synmetrical fashion about tae intended axis of fligat. 

A roll rute may be induced in 4 model rocket in a variety 
of ways. The major aerodynamic technicues in current use 
include “spinnerons" (thit is, fin tabs), canted fins, and 
eirfoiled fins as illustrated in BPicure 541. Canted main propulsion 
or outrigger engines have also been used to "spin up” model 
rockets, and from time to time flywheel-like devices have 


appeared whereby a product I,pW, other than that of the rocket 


airframe itself has been used to provide inertial coupling. 

The number and variety of roll-inducing techniques possible is 

so great, indeed, that it is impossible to write down uny single 
analytical expression accounting for tunew all. In the varticular 
case of soin produced by cunting each fin of a rocket at sone 
angle @ to the loagitudinul axis, however, Barrowaan anulysis 


vermits computation of the equilibriwa roll rate in the fona 


(115) we = ————120VAr Whe 
SC, hy [(1+3)) S*+4(14+2)) Sh + 6 (1+) fhe ; 


Airfoiled fins Canted fins Spinnerons 


Figure 51: Aerodynamic techniques used for inducing roll in 


model rockets. 


where oar tne roll forcing interference coefficient, 1s given by 
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and Ka> the roll dampins interference coefficient, is 


TA - St 


Gin) 4g = |* “ee 
ra 


(1- ds) (73-1) 
a(t —-1) 


Yy is given by equation (90), \ is the ratio cy/c and 

T iis the ratio (st r,)/T,- The reader should refer back to 
Section 4.1 for additional information concernins the notution 
used in eouations (115) throuzh (117). 

Given the ability to regulate the roll rate of his rocket, 
the desicner will next want to know what roll rates are favorable 
to good perforaance. This question is generally answered by 
eliminatins those ranges of roll rute wnich are deleterious to 
eood performance and stating that the ranges then remaining 
are acceptable. The roll rate that should be avoided at all 
costs is, of course, the roll-coupled resonant rate. In models 
where roll is produced by fin canting this is relatively easy 
to do, as both the resonant frequency and the roll rate are 
linear functions of uirspeed. W, can thus be kept as nearly 
zero as possible (the most common course of action), uniformly 
much lower than W,, (the technique adopted wnen disversion- 
reduction is desired), or uniformly much higher than Wa. 

This last technique is not recommended, as it results in large 
couplins moments, a hicghe-drag configurction, and (often) tangling 


of the shrouds of perachute recovery systems. The selection of 
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available relations between Wz, and Wme in rockets wuose 

roll rate is set by fin canting is illustrated in Figure 52. 
Perhaps you can now see the danger of resonunce sssociated 

with too high a value of Iy: avery high lonsitudiasl monuent 

of inertia means a very low resonunt frequency, and it is entirely 


possible that small fin cant angles urising from imperfections 


in construction will be just sufficient to produce the low 
spin rate needed for resonance. 

In cases where it is desired to stabilize a statically- 
unstable design by inducing roll, there is of course no resonance 
problem. The fin cant angles and spin rates required for roll 
stabilization are very high, though, and this means very poor 
altitude performance and a high probability of tangling the 
recovery system shrouds at ejection. The relative ease with 
which positive aerodynamic stability can be achieved by proper 
design procedures and the relatively poor performance of unstable 
rockets which require high roll rates for spin stabilization 
make it really inexcusable to use roll stabilizution as the 
primary means of achieving a predictable flight path. Spin 
stabilized rockets are to be regarded as curiosities, in the final 
analysis suitable only for demonstration purposes. 

6.4 Design Procedures and Qriteria 

dith the results of all our investigations now lying ready 
to hand, it is possible to formulate a rational vrocedure permitting 
the modeler to design, with a high degree of confidence, 2 model 
that will behave both ballistically and dynamically in a favorable 
manner. Such a method, suitable for all general-purpose design 


and competition work, may be summarized as follows: 


6.4.1 Design Definition; Center of Gruvity and 
Moments of Inertia 
Define, as nearly us possible, the purpose of the proposed 
model. Is it to be, for instuncse, used in altitude or puyloud 
competition, for photographic or sounding work, or sone otuer 
"wission"? Weed it be staged? Should it be clustered? what 
Must be the payload capacity, if any? d@nat recovery system is 
to be used? The unswers to questions such as these will rougaly 
define the size and snape of the rocket's body and nose sections. 
& preliminzury drawing can tnen be made showing the body and nose 
and ull the components contained witbin them or of which they 
are comprised (engines, payload, bulkheads, etc.). <A preliminery 
estimate of the C.G. location and moments of inertia of the design 
thus fur evolved snould then be computed. 
6.4.2 Static Stability Margin 
4dd a fin design to the drawing and compute the various 
normal force coerficients and C.P. locutions of the components 
and of the complete rocxet by the Barrowman method. If the 
rocxet is multistaged it will be necessary to perform the 
Ccalculutions for each configuration of stages in which the 
model is intended to fly. The C.2. should lie between one and 
two calibers behind the C.G.; if it is outside this range, try 
anew design. In contest or record work, where reduction of 
weathercocking is of purumount importance, muny desisners prefer 
to try for precisely one-caliber stability. 
6.4.5 Datiping Rutlo 
Using the information obtained thus fur, compute the 


corrective moment coefficient und tne dumping woment coefficient 
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according to the methods outlined in Section 4. From these 

and the moments of inertia compute the damping ratio and the 

coupled damping ratio. Check to insure that the coupled damping 

ratio is not less than 0.05 and that the decoupled damping 

ratio is not greater than 0.30. A too-low damping ratio can 

be cured by lightening the rocket and increasing its fin area; 

al excessively high one by adding weight to the nose and 

decreasing the fin area. While damping ratios up to 1.0 

would be theoretically permissible, I have established an 

upper limit of 0.30 because it is my considered opinion that 

more neuvily damped rockets ure likely to be too light for good 

ballistic performance. The resonant deflection of the rocket's 

centerline from its intended flight path at a damping ratio of 

0.3 is only 1.746 times the deflection a static disturbance 

would produce (see Figure 49). It should thus not really be 

necessary to use damping ratios higher than this value. In 

accepting a lower limit of 0.05, on the other hand, you will 

really be pushing the builder's art; the roll-coupled resonant 

deflection will be ten times the static deflection due to 

a given disturbance. Assuming that a carefully-built model will 

incorporute unintentional asymmetries causing static deflections 

of no more than one-half of one degree, a damping ratio of 0.05 

will permit such a model experiencing roll-coupled resonance 

to precess about its flight direction with uw cone half-angle 

of five degrees. Olearly, this is about the most we can accept. 
Determine whether it is desirable to induce a roll rate 


in your vehicle for the reduction of dispersion and tipoff. 
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Such a determination will be almost entirely a mutter of your 
opinion as a designer, since the tradeoff between control of 
roll rate and control of static stabllity murgin as a means of 
reducing dispersion is extremely subtle. The decisions of most 
designers seem to run in favor of roll rate control only in the 
case of multistaged models. If you decide to induce a roll 
rate by means of canted fins, compute the fin anzle required 
for the linear velocity-dependence you desire, being careful 
to Keep away from the resonant freauency. The analytical 
prediction of roll rates due to other means must await furtner 
advances in the state of our technology. 

6.4.5 Construction and Testing 

When the above steps are completed and the dynamic parameters 
of the proposed design have been found to be satisfactory, 
construction can be started. It would be desirable to measure 
the ¢.G. location and moments of inertia at several stares 
during the construction, and to measure the dynamic parameters 
of the completed model before the first flight to check the 
accuracy of the estimates and calculations. Barring uny major 
errors in these, the design determined by the ubove metnod will 
be sound. 

In practice, of course, 2 wide viriation in design procedures 
will be found to be acceptable. The designer of a sport model 
need only be concerned with the static stability margin, while 
competition and research modelers will want to make full use 
of all the available analytical techniques in adjusting tueir 
designs for the greatest possible fulfillment of the missions 


for which they are designed. As our technology udvunces it may 
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be expected that many designers will have recourse to parametric 
data generuted by automatic computation as tusy upply ever more 


detailed design procedures to the challenrinc problems of model 


rocket optimization. 


1O. 


Lis 
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SYMBOLS 


Meaning 


area 
face area of elastic cube 

frontal area of launch lug 

reference area for determining drag coefficient 
aspect ratio 


change in effective aspect ratio due to lateral 
displacement of tip vortices 


function of critical Reynolds number used in 
analysis of boundary-layer transition 


coefficient of drag 
base drag coefficient 


base drag coefficient based on maximum frontal 
cross-sectional area 


coefficient of body drag due to angle of attack 


cross-flow drag coefficient of a circular 
cylinder of infinite length 


forebody drag coefficient; also fin friction drag 


coefficient based on area of one side of fin 


increase in fin friction drag coefficient due 
to the effect of fin thickness 


fin friction drag coefficient corrected for 
the effect of fin thickness 


coefficient of interference drag at zero 
angle of attack 


forebody drag coefficient as used in Datcom 
equations 


induced drag coefficient of fins based on 
fin area in side view 


Symbol 
Op, ' 


(Cpa ') cant 


(Coo) 
(Cho) p 
(CDo) PE 


(Cr)p 
ACr 
(Ce) p 
(Ce) om 
(Ce' iam 
(ACr iam 


(Crdeurp 
(Ce )turp 
(ACe) turp 


Cy, 
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Meanin 


induced drag coefficient of fins based on 
maximum frontal cross-sectional area 


increase in drag coefficient due to canting 
of fins 


drag coefficient of launch lug based on lug 
frontal area 


increase in vehicle drag coefficient based on 
maximum frontal cross-sectional area, due to 

the presence of a launch lug 

body drag coefficient at zero angle of attack 
fin drag coefficient at zero angle of attack 


drag coefficient of fin/body assembly at 
zero angle of attack 


subsonic drag coefficient 
friction drag coefficient 
coefficient of drag due to angle of attack 
skin friction coefficient 


forebody friction drag coefficient based on 
cross-sectional area of base 


skin friction coefficient of body 

change in skin friction coefficient 

skin friction coefficient of fins 

laminar skin friction coefficient 

corrected laminar skin friction coefficient 


increase in laminar skin friction coefficient 
due to 3-dimensional effects 


turbulent skin friction coefficient 
corrected turbulent skin friction coefficient 


increase in turbulent skin friction coefficient 
due to 3-<dimensional effects 


coefficient of "lift" or side force 


oe ates 
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Symbol Meaning 

Cy coefficient of pressure 

D drag 

Da approximating function for drag based on the 
assumption of a constant drag coefficient 

Dy base drag 

D. exact drag as determined by Datcom method © 

Dr pressure foredrag 

Dy pressure drag 

D., skin friction drag 

Dex drag due to angle of attack 

E modulus of elasticity 

F shearing force 


G torsional or shear modulus of elastic solid 


drag coefficients expressed as functions 
of Datcom parameters 


drag coefficients expressed as functions 
of Datcom parameters for General Configuration 
Rocket 


body side force interference factor 


fin side force interference factor 


L characteristic length 


<i\ 
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Meaning 


Mach number 

perimeter of body cross section 
Reynolds number 

Reynolds number based on fin chord 
critical Reynolds number 
roughness Reynolds number 

critical roughness Reynolds number 
Reynolds number based on length 


local Reynolds number based on longitudinal 
coordinate 


surface area 

base cross sectional area 

exposed planform area of all fins 
exposed fin planform area in side view 
planform area of fins in side view, including 
hidden" area projected within body; also 

total planform area of all fins as used in 

Datcom equations 

maximum frontal cross sectional area of body 

frontal cross sectional area of body at x, 

forebody wetted area 


frontal cross sectional area of body at x 


temperature 


f 


temperature of standard, sea-level atmosphere 


free-stream longitudinal velocity, airspeed 


free-stream longitudinal velocity as used 
in boundary layer analysis 


volume; also velocity 


vector velocity 


Symbol 


C 

Cstd. 

d( ) 

d( )/a( ) 
a@( )/ac )* 
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Meaning 
change in volume 
initial volume 
span; also width 
speed of sound; also fin chord 
speed of sound in standard, sea-level atmosphere 
differential of ( ) 
derivative 
second derivative 
base diameter 
equivalent diameter 
diameter of launch lug 


maximum diameter of body, used as reference 
diameter in Datcom equations 


reference diameter 

function of ( ) 

acceleration of gravity 

height or thickness of fluid layer; also height 
of control volume in momentum-integral boundary 
layer analysis 

drag parameter as used in Chapter 4 

admissible roughness height 


critical height of transverse cylindrical 
roughness element 


critical height of distributed roughness 
particles 


apparent mass factor 


length; also distance measured around body 
profile, starting at nose 


body length 
length of boattail 


Ps( stag.) 
Ptot 

Poo 

q 

Aq 


Xorit 
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Meaning 
rotation rate, revolutions per second 
unit normal vector 
pressure 
change in pressure 
base pressure 
ambient static pressure 
static pressure 
static pressure at a stagnation point 
total pressure 
free-stream static pressure 
dynamic pressure 
change in dynamic pressure 
radius 
radius of body at station x 
distance coordinate measured along surface 
time; also fin thickness 
unit tangent vector 
longitudinal component of flow velocity; also 
circumferential velocity of the surface of 
a spinning rocket 


longitudinal flow velocity at the top of a 
roughness element . 


transverse component of flow velocity 


longitudinal coordinate; also distance fallen 
by rocket undergoing a drop test 


longitudinal location of transition point 


longitudinal station on body where flow ceases 
to obey potential theory 


station on body where dS,/dx first reaches 
its minimum value | 


Mm on cx gy 


= r U y _ 


Meaning 
coordinate perpendicular to surface 
change in ( ) 


angle of attack; also f''(0) in Blasius boundary- 
layer analysis 


average effective angle of attack 
engineering shear strain 
boundary layer thickness 


boattail angle; also parameter of drag due to 
angle of attack as used in Chapter 4 


dimensionless coordinate perpendicular to 
surface; also ratio of cross-flow drag ona 
cylinder of finite length to cross-flow drag 
on a cylinder of infinite length 

‘% as defined in Blasius analysis, 23 
nondimensional roughness height 

y as used in reference 3 

deformation angle of elastic solid; also 
momentum thickness of boundary layer; also 
angle of fin cant 

absolute viscosity 

kinematic viscosity 

mass density 

change in mass density 

initial mass density 

mass density of standard sea-level atmosphere 


exposed planform area of one fin 


planform area of one fin, including projected 
area "hidden" within body 


shearing stress 


shearing stress at surface 
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Symbol Meaning 

gi veer surface shear stress at station of roughness 
element 

() angle of deviation between perpendicular to 


free stream and perpendicular to surface 


Pp central angle of a point on the surface of 
&@ cylinder held transverse to the stream, 
measured from the stagnation point 


¥ streamfunction 

Wr rotation rate, radians per second 
o( ) partial differential of ( ) 

¥( fC) partial derivative 

*( )/a( \= second partial derivative 


infinity 
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THE ASRODYNAKIC DRAG OF MODEL ROCKETS 


Introduction 

Like stability, aerodynamic drag has been a topic of 
intense interest in the field of model rocketry since the 
hobby was in its infancy in the late 1950's. One does not 
have to look very far to find the reason for such interest: 
model rockets, owing to their lightweight construction and the 
fact that their operation is restricted to flight entirely 
within the lower reaches of the atmosphere, are more strongly 
affected by atmospheric resistance than any other tyve of 
ballistic, rocket-propelled vehicle. The influence of drag 
upon the altitude performence of a model rocket is not a slight 
correction, but a major controlling factor, and no modeler 
who is seriously interested in accurate predictions of altitude 
capability can afford to ignore it or dismiss its effect lightly. 

The early recognition of this fact by members of the 
National Association of Rocketry during the first year of that 
organization's existence led in 1958 to the first wind-tunnel 
test of a model rocket to determine its coefficient of drag. 
The results of this test sequence, performed on a model of the 
Aerobee-Hi sounding rocket in the subsonic wind tunnel of the 
United States Alr Force Academy, were published that same year 
by G. Harry Stine in the first NAR Technical Report, “Basic 
Model Rocket Flight Calculations". The same document contained 


a 


the observation that aerodynamic drag 1s responsible for lowering 
the maximum altitude of a typicul model rocket by more than 
50%, and an expanded discussion of the same materiul contained 


in Stine's Handbook of Model Rocketry (First Edition, 1965) 


reported altitude reductions due to drag of more than 90% in 
cases of exceptionally poor design. 

The Aerobee=-Hi tests remained nearly the sole source of 
experimental model rocket drag data for the next eight years. 
From time to time various modelers would construct home-built 
wind tunnels and balance systems in an effort to obtain more 
data; most of these test facilities, however, were too crude 
to provide a low enough air turbulence level for accurate 
measurements. Whatever valid data were obtained, moreover, 
appeared to receive only local attention, and virtually no 
modelers attempted to adapt theoretical or semiempirical analytical 
treatments of the drag problem to cases of model rocket flight. 
During the winter of 1965-1966, however, the NARHAMS Section 
of the National Association of Rocketry constructed a sinsle- 
return=<flow, low-speed wind tunnel with sufficiently low air 
turbulence to permit relatively accurate measurements of model 
rocket drag coefficients. Mark Mercer of that section subse- 
quently conducted an extensive parametric investigation of 
various modified forms of the Javelin, a commercially-available 
kit produced by the Oenturi Engineering Company of Phoenix, 
Arizona. The results of his tests, incorporated by Douglas 
J. Malewicki into Centuri's Technical Informution Report TIR-100, 


Model Rocket Altitude Performance, represent the most complete 
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set of experimental data on model rocket drag available to date. 
During the same period, serious analytical and semiempirical 
studies of the model rocket drag problem first began to appear. 
The Research and Development competition event at the Eighth 
Annual National Model Rocket Ohamplonships in 1966 saw the 
presentation of a paper by Dr. Gerald M. Gregorek of Ohio State 
University, entitled "A Oritical Examination of Model Rocket 
Drag for Use with Maximum Altitude Performance Charts". Dr. 
Gregorex's paper, a milestone in the hobby comparable to the 
advent of Barrowman analysis in stability determination, and to 
Malewicki's publication of altitude graphs based on closed-form 
solutions to the equations of vertical motion for model rockets, 
presented a semiempirical method for calculating the drag 
coefficient of a model rocket based on the United States Air 
Force Stability and Control Datcom (Datcom being an acronym 
for Data Compendium). The Gregorek treatment deserves credit, 
not only for being the first in-depth, analytical discussion 
of the topic of model rocket drag, but also for motivating 
the growing body of literature on the subject that has appeared 
in the hobby since the original paper was presented and sub- 
sequently, widely circulated among interested local sections 
of the National Association of Rocketry. Since its first 
appearance in 1968, the periodical Model Rocketry has carried 
a number of articles concerned with the topic of drag coefficient 
determination by both experimental and analytical means. Con- 
tributors to the literature over the past three years have 


included George J. Oaporaso, Douslas J. Malewicki, Forrest NM. 
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Mims, Thomas T. Milkie, Gary Schwede, Dr. Gregorek himself, and 
several others. It is in this atmosphere of increased interest 
in the determination of model rocket drag properties to a high 
degree of precision that the present chapter has been written. 

The treatment to be presented here is divided into eight 
major sections, of which the first is a basic survey of the 
properties and importance of model rocket drag. Section 2 
presents discussions of the basic concepts -=- drag coerficient, 
Reynolds number, and so on <= which will be employed repeatedly 
in the subsequent sections. Sections 3 and 4 contain analyses 
of the two major contributions to drag at a gero angle of attack: 
pressure forces and skin friction, while Section 5 examines 
drag due to the side force (or “Lift™) on a yawed rocket, drag 
due to nonzero roll rate, and drag due to surface roughness. 
Section 6 contains information of use in the practical calculation 
of drag coefficients for specific model rockets. I have, for 
this purpose, used a slight modification of the USAF Stability 
and Control Datcom method which is applicable to the regime 
of relatively low Reynolds numbers (usually under 3 x 10°) 
typically encountered in model rocketry. In Section 7 a 
semiempirical method of accounting for the effects of compressible 
airflow on the drag coefficients of extremely hish-performance 
model rockets is considered, and the chapter is concluded 
with a survey of experimental methods for the determination 
of model rocket drag. 

The accurate determination of model rocket drag requires 
a rather precise knowledge of the airflow pattern which exists 


iround the vehicle in question. This, in turn, must be deteriined 


by applying the theories of fluid dynumicg -- that branch of 


mathematical physics which concerns itself with the study of 
liquids and gases in motion. The general equations of fluid 
dynamics, named the Navier-Stokes equations in honor of those 
who first formulated them in the mid-Nineteenth Century, are 


among the most complex and difficult known to man. A strongly 


coupled set of nonlinear, partial differeiutial equations with 
nonconstant coefficients, they have never been solved in their 

full generality. Sven most of the highly-specialized approximations 
to these equations used in determining model rocket drag are 
therefore quite complicated and require the methods of calculus 

for their solution. Mathematical derivations employing calculus 
have been used freely throughout the chapter for the benefit 


of 


those advanced readers who have an interest in them and 
who require some analytical justification for the conclusions 
eventually reached through their application. Those who have 
no knowledge of (or interest in) advanced mathematics sand not 
give up in despair, however, for the equations ultimately 
derived by all the calculus manipulation -- the equations 
actually used in the calculation of model rocket drag coefficients 
-- are all algebraic and capable of being solved by anyone who 
has had the first year of high school algebra. 

A number of books and pavers have been used as references 
in the compilation of this chapter. Rather than refer to 
each one by name as material based on it is presented, I have 


Cited references by footnote numbers. The work identified by 
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a given number may be found by consulting the reference list 


at the end of the chapter. 


1. Basic Considerations 

The study of drag forces on model rockets is one of the 
most difficult, exciting, and important problems facing the 
modeler today. The amount of experimental work of significant 
value which has been accomplished in this field is relatively 
limited; many questions remain unanswered, and many of the 
physical phenomena involved are imperfectly understood. My 
intention in writing this is not to close the question of 
model rocket drag, but to provide basic information and methods 
which, it is hoped, will be extended, refined, improved upon 
and added to by modelers engaged in future serious research. 
The reader is encouraged to view all applications of theory 
to model rockets presented in the following pages with a critical 
eye, for until a really sizeable body of experimental data is 
available, many conclusions must remain tentative and subject 
to revision. 

By definition, drag is the sum of the components of all 
the aerodynamic forces acting on a body parallel to its 
instantaneous velocity vector with respect to the air. The 
algebraic sign of any component of drag is taken as positive 
when it acts in a direction opposite to the direction of the 
model's motion. Defined in this manner, the total drag of 
any body is, of course, positive. The drag of a model rocket 
is a complicated function of its size, shape, finish, velocity, 


and angle of attack, and of the thermodynamic state of the air. 
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Even for relatively simple rocket shapes, the relationship 
between drag and the variables upon which it depends is virtually 
impossible to predict with any precision on a purely theoretical 
basis. Resort must be had to semiempiricul methods -- composites 
of theoretical predictions and experimental data -- like the 

one employed in Section 6; hence the need for extensive experi- 
mental research on model rocket shapes, to confirm (or if 
necessary, correct) any such method. In Pigure 1 the definition 
of drag (which is considered to originate from the model's 
center of pressure, or C.P.), and the multiplicity of factors 
which determine its magnitude, have been illustrated. 

Because of their lightweight, lowedensity construction, 
model rockets have lower ratios of weight to frontal and surface 
area than any other class of ballistic, rocket-propelled bodies. 
Hence, aerodynamic drag has a greater influence on the flight 
of model rockets than it does on the flight of other rocket- 
propelled vehicles. [In a typical model rocket at burnout, 
the drag is of the same order of magnitude as the weight, and 
thus has a considerable effect on the coasting portion of the 
model's flight. During the powered portion of flisht, when 
the engine is providing a thrust that is normally eight or ten 
times the model's weight, the influence of drag is of course 
lessened; its effect on the overall flight performance, however, 
is always considerable, and it is a rare occurrence for a 
model rocket to reach more than half the altitude it could 
have achieved, were aerodynamic drag altogether absent. In 


some high-performance models, moreover, the drag can become 


Drag is determined by: 
erocket size 

erocket shape 

* airspeed 

efinish smoothness 
eangle of attack (a) 
edensity of air 
«viscosity of air 
espeed of sound 


Figure 1: Definition of drag and the variables that determine 

its magnitude. The size, shape, surface finish, and to some extent 
the airspeed and angle of attack of the rocket are under the 
designer's control. The atmospheric density and viscosity, and 

the speed of sound, are properties of the medium to which model 
rocket flight is confined. The sound speed influences drag through 
its relation to compressibility effects. 
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much greater than the weight, so thet the drag and weight taken 
together are equal and opposite to the thrust of the engine. 
This condition creates a terminal velocity which the rocket 
Cunmnot exceed, even if the burning time of the enfine is relatively 
long. The minimization of uerodynamic drag is, therefore, one 
of the prime considerations in the design of high-performance 
model rockets. 

Analytical knowledge of the physical phenomena which 
underlie drag is, like most scientific knowledge, of interest 
for its own sake. More important to the model rocketeer, 
however (and the reason it is presented in this book), is that 
it has distinctly practical applications in the design of 
rockets. It helps to explain, for instance, why rounded nosecones, 
streamlined fins, and smooth surface finishes -- features which 
have been advocated for years -- are in fact effective means 
of reducing the drag. As another example, it 1s impossible 
to predict the drag of a rocket accurately without an understanding 
of the boundary-layer approximation, and of the transition 
phenomenon characteristic of boundary-layer flow in the Reynolds 
nunber regime in which model rockets operate. And so it is 
thet rather extensive use of matuematical derivation, though 
admittedly burdensome to the average hobbyist, is unavoidable 
in any thorough discussion of model rocket drag. I reiterate, 
however, tuat one need not be a2 nathematician to make use of 
the information contsuined herein. Remeber that we are taking 
a basically engineering approach: we wre interested in the 


results of the matneuatical derivations. And in each case 
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and each constituent of aerodynamic drag considered, it will be 
found that these results are no more difficult to work than, 


say, the equations of Barrownan anulysis. 


This section will lay the foundation for a detailed analysis 
of drag forces by presenting a number of basic concepts and 
ideas. Section 2.1 will examine certain physical properties of 
tae atmosphere, and the variation of these properties as they 
affect calculations of drag (and hence, altitude performance). 
The dimensionless quantities defined and discussed in Section 
2.2 will be used extensively in succeeding sections, particularly 
the Reynolds number R and the drag coefficient Cp- Section 2.5 
concludes the treatment of basic concepts with a discussion of 
the scheme by which the total drag force is separated into 


components and analyzed in later sections. 


2.1 Atmospheric Properties for Model Rocket Flight 

The physical properties of the atmosphere of greatest 
interest to model rocketry are its mass density f, its absolute 
coefficient of viscosityM, and the ratio between these two 
cuantities, the kinematic viscosity y = (#/f). Hence we 
shall restrict our attention to phenomena associated with hens 
variables. 

The atmospheric data presented herein is based on the 
United States Standard Atmosphere, 1962 (19), whose figures 
have been converted to MKS (meter-kilogram-second) metric 


units for model rocketry work. This model of the atmosphere, 
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based partly on experimental data, is an “idealized, middle 
latitude (approximately 45°) year-round mean over the range of 
solar activity between sunspot minima and maxima" (19). The 
assumed sea-level temperature for the tabulations is 59° 
Pahrenheit (15° Gelsius or 288° Kelvin), with a standard sea- 
level pressure of 101,325 newtons per square meter (the MKS 


equivalent of the familiar 14.7 pounds per square inch). 


2.1.1 Density 


A measure of the drag force exerted on a rocket is the 
total momentum the rocket imparts to the originally stationary 
fluid through which it travels. Momentum is directly vroportional 
to the mass of the fluid displaced; and since the density of 
a fluid is simply its mass per unit volume, its connection 
with drag is established. As mentioned in Chapter 1 and shown 
later in this chapter, the overall drag on a model rocket is 
directly proportional to the mess density of the air through 
which it flies. 

Atmospheric density generally decreases with altitude, as 
seen in Figure 2. At an altitude of 300 meters, f departs 
from its sea-level value by just under 3%. At 1000 meters, 
a respectable altitude for a model rocket, the deviation is just 
over 9%. By the time a height of 3000 meters, the practical 
altitude limit for a model rocket, is reached the density has 
decreased by 25.6%. Except in cases of extremely high performance 
models, the variation in atmospheric density during the course 
of a flight is rarely considered. It is, however, fairly 


Common for modelers to account for the elevation of their launch 


0 500 1000 1500 2000 °&# 2500 
Altitude (meters) 


Figure 2: Variation of standard atmospheric density with altitude 


above sea level. 
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Figure 3: Variation of standard atmospheric temperature with 


altitude above sea level. 
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sites by using the atmospheric density at the launcher elevation 
in their calculations of drag. 

Density is also affected by the temperature of the uir; 
in fact, the Standard Atmosphere density graph of Figure 2 
is based on the relationship of temperature to altitude shown 
in Figure 3. It can be seen from the graph thut the Standard 
Atmosphere assumes a so-called “linear lapse rate" of ubout 
1° ¢. for each 154 meters of altitude. As we all know from 
experience, however, the temperature at any civen launch aite 
may vary widely from day to day; for very precise performance 
calculations one might therefore wish to use the perfect ag 


law for correcting the density according to 


P= Sea. — 


where the temperature T is measured on en absolute scale. If 
you have a FPahrenheit thermometer you can convert its reading 
to the absolute Rankine scale by adding 460°, while the reading 
of a Celsius ("Centigrade") thermometer is converted to the 
absolute Kelvin seale by adding 273°. Strictly speaking, 
variations in air pressure due to changes in the weather also 
change the atmospheric density, but in any weather good enough 
for flying high-performance model rockets sufely such effects 
are relatively minute. 

Finally, the movement of a body through the air produces 
local changes in density, since the increased vressures on 
the body's surface resulting from such motion tend to com»ress 


the surrounding air. If the motion is slow enough to keep these 
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effects small, results from incompressible flow theory can be 


used in our analysis of drag which permit considerable simpli- 


fications over theories which take compressibility into account. 


The magnitude of compression effects due to velocity can be 
estimated following the method of Schlichting (15). 


The modulus of elasticity of air, denoted by E, is defined 


by 
(1) sp=-E Ae 


where AV/V, denotes the change in each unit volume of air 
produced by the change in pressure Ap. For air at sea level, 
assuming isothermal (constant-temperature) pressure changes, 

E is just equal to the sea-level pressure of 101,325 nt/m. 

The total mass of air present in the volume V, must be equal 

to the total mass present after the pressure change has altered 
the volume to Vo>+AV. Since mass is just the product of 


density and volume, this means 


(2) (Vo+ av) (fo.+OP) = V5 fs 


Carrying out the multiplication and neglecting the products 


of differences in volume and density, 


bf ._ bv 
(3) a 
so that 
f 
(4) Ap= ES or, equivalently, ~ = = 


Now the speed of sound, denoted by c, can be found by solving 


ee 
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a calculus problem known as Laplace's equation, given the 


density and elasticity of the air. The result of the calculation 


is 


(5) C* = 


Bernoulli's equation, one of the basic formulae of fluid 
dynamics, gives the relation between the pressure exerted 
by a moving fluid in the direction transverse to its motion 


(the static pressure) and the flow velocity u as 
(6) p+sf,u® = constant 


The maximum change in pressure Ap caused by flow of velocity u 
about a body is therefore (assuming there is some so-called 
stagnation point on the body's surface at which the fluid is 
decelerated to rest) of the order #fu°. This last quantity 

is often denoted by the symbol q and referred to as the dynamic 


pressure. Substituting BE = c°p, and 


(7) Ap=>Pf,u? 


into equation (4), we obtain 


Po. Rar —. ££ par 
(a) Se sae = 2 (2) 


The ratio u/e is known as the Mach number M of the flow 


(named for Ernst Mach (1838-1916)). Since, for approximate 
incompressibility to prevail, Af/f. must be small compared 


to one, equation (8) gives 


(9) Me <I 
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If one assumes AP/P, = 0.05 to be the largest tolerable relative 
compression for which compressibility need not be considered, one 
derives $M° = .05, or M = 0.316. Since the velocity of sound 

at sea level (see Figure 4) is about 340 meters/second, this 
value of Mach number corresponds to a rocket velocity of about 
107 meters/second. High-performance model rockets certainly 
attain, and often exceed, this value in flight, but for the 
majority of model rockets it is a fairly high figure, attained 
only during the final instants of powered flight, if at all, 

and then persisting for only a short time after burnout. As 

we shall see in Section 7, moreover, slender, finned projectiles 
like model rockets possess the fortunate property that, throughout 
much of the higher subsonic flight regime, the influence of 
compressibility on the overall drag characteristics of the body . 
as computed according to incompressible flow theory is relatively 
slight even though the relative compression itself is not. 

Hence, it will be assumed throughout this chapter's Sections 

1 through 6 that effects due to the compressibility of air are 
negligible. 


2.1.2 Viscosity and Kinematic Viscosity 

Suppose we had a cube of some elastic solid material, 
such as hard rubber or some "springy" metal like steel or 
aluminum. Suppose, moreover, that we had somehow arranged to 
apply forces parallel to four faces of the cube in the manner 
shown in Figure 5a. The force on each face (which is equal 
in magnitude to that on each of the other faces), divided by 
the area of that face, is known as the shearing stress T, 


ee 
= 


c (m/sec) 
WW) 
W 
oO 
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Figure 4: Variation of standard atmospheric sound speed with 


altitude above sea level. 


Figure 5: Shearing deformation of an elastic solid. A cube of 
elastic material is subjected to a shearing stress tT on its lateral 
faces (a), placing it in a state of uniform shearing strain § as 
shown in (b). ‘The cube is viewed directly from the front, so that 


only its forward face is visible. 


given in MKS units as newtons/meter©. Thus, if the face area 


is denoted by A, and the force by F, Ts F/Ag- Since the cube 

is placed in static equilibrium by the force system thus described, 
it will neither move away nor turn -- but it will deform into 

a rhomboidal parallelepiped as shown in Figure 5b, where the 

angle @ as illustrated is less than 90°. If the stress is 
reasonably small; i.e., within the so-called elastic limit 

for the material, the cube will not be permanently bent out 

of shape by it, but will return to its original form when the 
stress is removed. In most materials this results in the difference 
(™/2 - ©), where © is given in radians (1 radian = 57.39), being 
small. For such cases, the quantity (7/2 - @) is defined as 

¥ , the engineering shear strain which is effectively dimensionless 
although it is often written in units such as meters per meter. 

The stress required to produce a given shear strain is given by 


Hooke's law as 
(10) T= GE 


where G, given in newtons/meter®, is called the torsion modulus 


or shear modulus. In elastic solids, then, the shearing stress 


is directly proportional to the amount of shearing strain. In 
fluids, however, the deformation law assumes a different dependence 
on strain, as the following experiment demonstrates. 

Consider two very long parallel plates, containing a viscous 
fluid between them (the meaning of "viscous" will become clear 
as the experiment proceeds), as in Figure 6 (after 15). The 
lower plate is fixed in the observer's reference frame, while 


the upper plate, at a height h above the lower, moves to the 


| Cc 


Figure 6: Shearing deformation of a viscous fluid. The lower 
plate is fixed, while the upper plate moves at horizontal velocity 
U. The horizontal velocity of the fluid confined between the 


plates is given by u = Uy/h. 


right with a constant velocity U. 

An extremely important experimental observation about 
viscous fluid flow is that the fluid behaves as if it were 
adhering to any surface with which it comes in contact -- 
that is, the fluid directly adjacent to any given surface under- 
goes no relative motion with respect to that surface; it “sticks” 
to it. This phenomenon, known as the no-slip condition at the 
wall, means that the material of which the plates are constructed 
is immaterial to the flow (assuming hydraulically smooth surfaces). 
The no-slip condition is a useful physical assumption in continuum 
fluid dynamics, although it is by no means an absolutely valid 
physical model of what actually happens near a surface in fluid 
flow. In fact, there are cases of the flow of extremely rarified 
gases in which a considerable amount of "slip" relative to the © 
wall occurs and a finite-slip condition must be applied. In 
all cases of interest to model rocketeers, however, the validity 
of the no-slip condition can be assumed. The no-slip condition 
has a number of ramifications in application to model rockets 
which will be detailed in Section 5. 

In our experiment, a consequence of the no-slip condition 
is that the velocity of the fluid increases linearly with 
height above the lower plate, from Zero at the lower plate to 
U at the upper plate. Assuming the lower plate to be fastened 
to some fixture that prevents it from moving, there must be a 
force F applied tangentially to the upper plate to maintain 
its velocity at U, and since there is no acceleration F must 
equal the frictional (or viscous) forces applied to the upper 
plate by the fluid. Furthermore, experiment reveals that 
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(13) F — 


Where Ais the area of the upper plate in contact with the fluid. 
The frictional shearing stress t is then proportional to U/h. 
Since the fluid velocity varies linearly with y, the vertical 
coordinate, U/h is just equal to the rate at which the fluid 
velocity u increases with height above the lower plate; i.e., 


the derivative of u with respect to y, or du/dy. Thus, 


(12a) aes > 


where the symbol ec reads in English, "is directly proportional to". 


Specifically, it has been found that 


(12b) ‘e = oe 


where is the coefficient of viscosity, a physical property of 

the fluid. From (12b) it 1s seen that the shearing stress in 

a fluid is dependent on the rate, not the amount of deformation. 
The constant # is then a measure of a fluid's resistance 

to deformation. At room temperature, water is roughly 75 times 

as viscous as air. Substances like glycerine and molasses are 


more viscous still. Thus you can see that the word "thick", 


as applied to fluids colloquially, is roughly equivalent to the 
more technical term "viscous". For gases, to a first approximation, 
M can be considered independent of pressure, depending only on 


temperature. In Figure 7, M is seen to decrease steadily with 


increasing altitude. 
The ratio of the coefficient of viscosity to the density 


of a fluid is called its kinematic viscosity y=M/P. It is 


950+— , . 
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Figure 7: Variation of the absolute viscosity of standard atmosphere 
with altitude above sea level. 
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Figure 8; Variation of the kinematic viscosity of standard atmos- 


phere with altitude above sea level. 


this quantity, rather than A independently, that will appear 
repeatedly in our analysis of drag; its significance is discussed 
in the treatment of Reynolds number. For the present, we 

observe from Figure 8 that y increases relatively slowly with 
altitude. This is because at altitudes typical of model rocket 
flight, although f and # are both decreasing, Pf is decreasing 

at a faster rate than yw with increasing altitude. At an altitude 
of 300 meters, y is only about 2.4% greater than its sea-level 
value. In the calculations of this chapter y will be assumed 

to have a constant value of 1.495 x 1072 meter“/second, an 
average valid for the temperature and density variations normally 


encountered in flying model rockets. 


2e2 Dimensionless Coefficients and Quantities 
2.2.1 The Reynolds Number 
In our study of model rocket drag, we will make frequent 
use of a dimensionless quantity called the Reynolds number, 
denoted by R. Named for the English physicist Osborne Reynolds 
(1842-1912), its value reflects the nature of the flow about 
a body. Under certain conditions the drag coefficient (see 
2.2.2) may be expressed as a function of Reynolds number alone. 
The theoretical derivation of the Reynolds number may be 
accomplished in a variety of ways: by dimensional analysis, by 
a consideration of the forces acting on a fluid element in 
incompressible flow, or by examination of the Navier-Stokes 
equations of fluid equilibrium. I shall use the second approach, 
since I feel it is of greatest interest to model rocketeers; 


those readers who desire to follow the other lines of argument 
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are referred to the excellent accounts in Shapiro (17) and 
Schlichting (15). 

Suppose we consider the forces acting on a fluid element 
moving parallel to the x-axis of a Cartesian coordinate system 
at a velocity u, where u is a function of both the x and y 
coordinate values (Figure 9). The size of the fluid element is 
large compared with the dimensions of a molecule of fluid, and 
large compared with the average distance between the molecules, 
but small compared with the dimensions of the region in which 
fluid is flowing and small compared to the dimensions of any 
physical boundary or solid object nearby. The flow itself 
is composed of a very large number of fluid elements, such that 
variations in density, velocity, and all other physical properties 
between adjacent elements are small enough to permit the flow 
to appear continuous. 

There are essentially two types of forces which act upon an 
individual fluid element: body forces, which act from a distance 
(such as gravity), and surface forces, which act through the 
physical contact of one fluid element with another. Surface 


forces may be further subdivided into normal stresses (pressure), 


which act perpendicular to the surface, and shear stresses 
(viscous friction), which act parallel to the surface of the 
element. 

In this analysis, the body force due to gravity is assumed 
to be balanced by buoyancy forces in the fluid, and hence is 
neglected. Furthermore, the fluid is assumed incompressible, 


which means that the volume of each fluid element is constant; 


u(y) 


Fisure 9: A fluid element in Cartesian coordinates, showing the 
variation of the x-component of velocity with the y coordinate 
and the shearing stress on the upper and lower y-faces of the 


element. 


Figure 10: The concept of free-stream velocity. The air in the 
free stream moves past the rocket at velocity V, while the air 
in the "boundary layer" next to the rocket's surface is slowed 
down by viscous friction. The thickness of the boundary layer 
has been greatly exaggerated to make it visible; actual boundary 
layers have thicknesses on the order of 107 or 1077 om. 


= 


hence any elastic forces which might arise from a change in 
volume are neglected. 
The only forces left to consider, then, are inertia forces 


and yiscous friction forces. We shall attempt to express the 


ratio of these two forces in terms of the variables which 
determine the nature of the flow: the density f, the coefficient 
of Viscosity mz, the free-stream velocity V, and a characteristic 
linear dimension of any given solid body in the flow, L. 
The free-stream velocity V is the velocity of the undisturbed 
fluid relative to the solid body. For a model rocket, V is 
the velocity of the airstream as seen by an imaginary observer 
moving with the rocket, at points far enough from the rocket's 
surface to be undisturbed by its passage (Figure 10). It 
is important to distinguish V from the velocity of elements 
very near the body; for the elements at the surface itself 
this velocity is effectively zero. In most cases applicable 
to model rockets, L will refer to the total length of the rocket. 
When we consider friction drag in Section 5, however, we will 
find that the nature of the flow over the fins is determined 
by the fin chord c, so L will be taken as c in that instance. 
From considering Figure 9, one can determine that the 


net resultant of all shearing forces on the element is 
| 7 ) 
(13) (t+ +47) dxdz - tdxdz = Sy axdy de 


Applying equation (12b) and dividing through by dxdydz, the 


volume of the element, we find the shear force per unit volume 


as 
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Note that the symbol a, rather than d, is used in writing the 
derivatives of a function of more than one independent variable. 
The derivative of such a function is called a partial derivative. 
The inertia force per unit volume, assuming steady (i.e., not 


u | 
oscillating) flow conditions, is equal to puss, Consequently, 


(15) (inertia force)/(friction force) = 


Now using order-of-magnitude approximations, we can say that 
the velocity u is of the same order of magnitude as the free 

du | | | o*U 

sx iS of the order V/L, and by2 is of the 
order v/L°. Hence the ratio of inertia force to friction force 


stream velocity V, 


is given approximately by 


\y2 
(16) inertia force - ai = Siwy ws VL 
friction force ~ p- ey V 


The quantity — is the Reynolds number. Part of the 
significance of this quantity (which is dimensionless when 
evaluated in a consistent set of units) stems from the answer 
to the following question: given two bodies, geometrically 
Similar but of different sizes, what is the condition that 
must be satisfied for the flow over these two bodies to be 
Similar; i.e., for the streamlines to be geometrically similar 
also? Some thought reveals that the forces acting on any two 
fluid elements at geometrically similar positions must bear 
the same ratio in both cases, at each and every instant of time. 


If we consider now the type of flow from which we derived 


=—29 (= 


the Reynolds number; i.e., an incompressible flow with no 

free surfaces (so that gravity and buoyancy forces cancel) it 
is apparent that the inertial and viscous forces bear a fixed 
ratio in any two cases of flow about geometrically similar 
bodies if the Reynolds numbers of the two flows are identical. 
Two such flows are referred to as dynamically similar. 

To illustrate this principle by example, consider the airflow 
about the Saturn V moon rocket and that about an accurate 1/100 
scale model of that vehicle. For the flow about the two bodies 
to be dynamically similar, the Reynolds numbers must be equal; 
hence 
(ea 

full-scale ‘ ¥ /model 


(17) = 
Since the fluid is air in both cases, and we can restrict the 
problem to low-altitude flight with standard launch-site atmos- 
pheric conditions, the values of Y are identical. With 
Leylieseale = lbmodel * 100, the requirement of equal Reynolds 


mumbers becomes 


Vnodel = l00Vfyi1-scale 


The airflow about the model Saturn flying at, say, 100 meters/second 
is then dynamically similar to that about the full-scale rocket 
when it is moving only one meter/second! Throughout almost 

all of its flight, the full-scale Saturn V is in a Reynolds 

number regime far above that which model rockets ever experience. 
This suggests that the types of flow problems encountered in 

model rocketry tend to be somewhat different from those of full- 
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scale astronautics -- a conclusion which, to a large degree, 
is correct. 

The principle of dynamic similarity is the basis for the 
technique of model testing, whether by wind tunnel or any other 
means. To achieve the same flow characteristics about a scale 
model which are found at typical operating velocities about 
the full-scale version, it is possible to vary both the test 
velocity and the kinematic viscosity, as seen in equation (17). 
Practically speaking, the velocity of a wind tunnel cannot be 
made large enough to attain the desired Reynolds number if the 
disparity in size between model and prototype is too great. For 
instance, the subsonic aerodynamic characteristics of the Saturn 
V could not be determined by the wind-tunnel testing of a 1/100 
scale model, since simulation of a prototype velocity of 100 
meters/second would require a wind-tunnel test at 10,000 meters/ 
second; and while the Reynolds numbers would then be equal the 
extreme compressibility effects on the model test would destroy 
its validity. By choosing another test fluid with a lower 
value of Y, however, it is possible to conduct dynamically 
similar model tests for moderate scaling ratios between model 
and prototype. Water, for instance, has a kinematic viscosity 
at room temperature less than 8% that of air; it would therefore 
be possible to test a 1/4 scale model of a light airplane which 
is to fly 45 meters/second, using a test velocity of 15 meters/second 
in water, and have flow about the model which is dynamically 
similar to that about the full-scale airplane. Increasing the 


model size has the same effect as reducing the kinematic viscosity: 
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it permits dynamically similar testing at lower velocities. 
For this reason, many wind tunnels are built today with very 
large test-section dimensions. 

To get an idea of the Reynolds numbers commonly encountered 
in model rocketry, suppose we compute the value of R for a 
model 0.3 meter long travelling at 60 meters/second. Using 
Ye 1.495 x 107> meter“/second, we obtain from equation (16) 
R = 1.205 x 10°, Because a consistent set of units was used, 
the Reynolds number is dimensionless; this must be the case, 
as the ratio of forces should not depend on the system of 
units used to evaluate it. 

It appears that model rocket flight thus enters regimes 
in which inertia forces on the air in regions surrounding 
the model are about a million times greater than frictional 
forces. One might assume, for this reason, that it would be 
possible to ignore friction forces completely in our analysis. 
Despite the attractiveness of this proposition, it does not 
stand up to experiment; friction forces exert a great influence 
on the flow around a body, no matter how great the Reynolds 
number, but their action is confined essentially to a very 
thin layer at the body's surface known as the boundary layer. 
This concept will be discussed more thoroughly in Section 3. 


2.2.2 The Drag Coefficient 
The drag coefficient of a body, denoted by Op, is defined 


D 


(18) Cc,=—=—_ 
e SSA 
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where D is the drag force, A, is a characteristic "reference 
area” of the body (in model rockets, usually the body tube 
cross-sectional area), and eye is known as the dynamic pressure. 
In this form, evaluated with a consistent set of units, the 
drag coefficient is dimensionless. 

Under certain conditions the drag coefficient possesses a 
very useful and valuable property: given two geometrically 
similar bodies, the only difference in drag coefficient between 
them (if any) will be due to their being operated at different 
Reynolds numbers; the drag coefficient is a function of Reynolds 
number alone. Mathematically, 

(19) Cy = F(R) 

Conditions required for the validity of (19), in addition to 
geometric similarity, are that the flow be incompressible and 
the angle of attack be zero, so that the only forces acting 
on a fluid element in the vicinity of the body are due to 
friction and inertia. The functional dependence of Qp on R 
must usually be determined experimentally, as present theory 
is generally inadequate to predict drag coefficients for any 
but the simplest geometric shapes. For the model rocketeer, 
this would imply the necessity for extensive wind tunnel tests 
on each of his models. Unfortunately, there are few individuals 
with access to the necessary equipment for such tests. 

One solution to this problem is to resort to semi-empirical 
expressions for the drag coefficient which have been compiled 


from statistics derived by testing a great many subsonic rocket 
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vehicles. In Section 6, one such method is presented and 

analyzed in detail. Although these formulae are not applicable 

to bizarre model rocket shapes, and have not yet been extended 

to multistaged vehicles with any considerable degree of confidence 

in their accuracy, they do permit sizeable variations in nose 

cone shape, fin planform, number of fins, boattail character- 

istics, and general physical dimensions for single-stage rockets. 
Since the empirical expression must necessarily be dependent 

on Reynolds number, it would appear that a laborious computational 

procedure is still required to determine graphically the relation- 

ship between Op and R for any given model. Fortunately, as 

we shall see later, the drag force on a model rocket over a 

considerable range of Reynolds numbers of interest is very 


nearly proportional to the square of the velocity: 
2 
(20) D=kV 


where k is a constant. Comparison of equation (2.20) with 
equation (2.18) reveals that k is just equal to #fCpA,, so 


that the condition of constant kK requires 
(21) Cp = constant 


Hence, to obtain a drag coefficient of acceptable accuracy 
for almost all model rocketry purposes it is necessary to 
calculate only a single value of Op from the semiempirical 
expression, using a Reynolds number roughly estimated as the 
average value to be encountered in flight. The "average" Cp 


thus determined may then be used in performance analyses. 
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222-5 The Coefficient of Pressure 

Undisturbed air has an ambient, or "static", pressure (denoted 
P,) which may be measured on a gauge or barometer. At sea level, 
the ambient pressure is equal to 101,325 newtons/meter¢. In 
flow past a body such as a model rocket, however, the statio 
pressure as measured on a gauge by an imaginary observer moving 
with the airstream will be seen to undergo changes in value. 
At a stagnation point (where the flow has been brought to rest 
relative to the body, as happens at the tip of the nose), for 
example, the static pressure will increase. In incompressible 
flow the amount of this increase is just q = #fV@, where V is 
the free-stream velocity. At other points on the body, the 
static pressure will vary between its value at the stagnation 
point -= (Ps) stag # Po + EP YS -- and some minimum value which 
can be less than the ambient static pressure pp. 

The fundamental relationship which relates changes in 
static pressure to changes in dynamic pressure q is Bernoulli's 
Principle, which states that the total pressure P,,; is a constant 
in frictionless, incompressible flow. The total pressure is 
simply the sum of the local static and dynamic pressures, at 


any location in the flow: 


(22) Pee = Poy +ofue = Pszttfu, = constant 


where Dg]; Pao, and Uz, Uo are the static pressures and velocities 
at any two points which have been designated point 
1 and point 2, respectively. If we choose point 1 to be a 


stagnation point, u, is zero and 
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(23) Ptot = (Ps) stag” Ps +t fu? = constant 


The total pressure of the flow is thus seen to be equal to the 
static pressure at a stagnation point. 

The increment in static pressure at stagnation, q = ‘SVE, 
is an important quantity in aerodynamics, as in many applications 
the force experienced by an object resulting from the flow of 
fluid around it is proportional to q. This explains, for 


instance, why the drag coefficient is defined as 


(24) Cy = <x 
r 


In an analogous manner we can define a pressure coefficient. 
It is apparent from the above discussion that differences 
in pressure, rather than absolute pressures, are important in 


determining fluid dynamic forces. Hence we define 


(25) Cp = _ = is a 
where p is the local static pressure, p,, is the ambient atmospheric 
pressure (free-stream static pressure) -- 101,325 newtons/meter@ 
at sea level -- and q is the free-stream dynamic pressure, 
afve. At a stagnation point, equation (25) gives the result 
C, = +1.0- 
In Section 4, Bernoulli's Principle and the concept of the 


pressure coefficient will be used to explain the existence of 


pressure drag. 


2-5 Constituents of the Total Drag Coefficient 
It has been found in practice that a systematic analysis 


of drag requires some scheme for dividing the drag into components, 
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which can then be studied separately. In subsonic flow problems, 
the most common partitioning technique is to divide the total 


drag into skin-friction drag (due to forces tangential to 


the body surface) and pressure drag (resulting from forces 
perpendicular to the body surface). Integration of the com- 
ponents of the tangential and normal forces which are parallel 


expressions for the drag (14): 
(26) pressure drag: Dp, = - \5 pcos (i, y)d$ 


(27) skin-friction drag: Dy, = \\ t cos (t,VIAS 


The notation associated with these so-called double integrals 
or surface integrals is illustrated in Figure ll. The effect 
of performing the calculus operation called “integration” is 
just to add up all the infinitesimal contributions to drag 
resulting from the pressure and viscous skin-friction stress 
on each infinitesimal bit of surface area dS. The pressure 
integration results in equation (26), while the friction inte- 
gration results in equation (27). The area § includes the base 
area of the rocket. 

The pressure drag may be further subdivided into the 
integral over the base area, called base drag, and the integral 


over the rest of the model's surface, called pressure foredrag: 


(28) Dp - (( peos(mVv Jd Sy ~ (4 peos (nv )AdSs 


$4 Gs 


where Sp denotes the base area and §, the total forebody surface, 


or "wetted", area. Equation (28) may also be written using 


Figure ll: Notation used in the surface integrations for calculating 
friction drag and pressure drag. The unit vector i, perpendicular 

to the surface, and the unit vector t, tangent to the surface, 
originate from the center of the small element of area dS. The 
notation cos(H, V) refers to the cosine of the angle between n and 


V; while cos(t,V) is the cosine of the angle between t and V. 
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the abbreviated notation 


(29) D pp = Di + De 


where Dp denotes the base drag and Dp the pressure foredrag. 
This arrangement is convenient because base drag is an important 
topic in itself, and special techniques are employed to reduce 


it. The total drag at zero angle of attack is then 
(30) D= Dy + De + Dy 


Skin friction drag is discussed in Section 3, and base 
drag in Section 4. The analysis of these sections will be 
valid only for zero angle of attack; in Section 5, the additional 
drag Da due to angular deflection of the rocket longitudinal 
axis from the direction of the relative airstream will be 
considered. The total drag at a general, nonzero angle of 


attack may then be written 


(31) D= Dp +De+ Dy + Dx 


Dividing by #fV°A,, where the Ap we will be using is the 
rocket's maximum frontal area, we can express the drag in 


nondimensional form as the sum of constituent drag coefficients: 


oo es = Ca, + Cy + Cp + Cox 
(32) : eV2A, D DL £ V 


You should note the use of maximum cross-sectional area in this 
chapter for computing drag coefficients, as opposed to the use 
of the cross-sectional area at the base of the nose as the 
reference area for determining the normal force coefficients 


of Chapter 2's Barrowman analysis. 
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The above scheme of componentization will be used to 
study model rocket drag in succeeding sections. At this 
point something might be said about the relative importance 
of the various terms in equation (32). According to experimental 
evidence to date, the order of importance of the drag components 
of a typical streamlined, well-constructed model rocket might 


appear as follows: 


1) launch lug drag: In models having launch lugs, 
the lug produces a component of pressure drag that 
must be added to the pressure foredrag. fThis 
component accounts for about 35% of the total Cp. 

2) S§kin-friction drag of forebody: Accounts for 
25% to 30% of the total Cp in models having 
launch lugs, 35% to 45% in lugless models. 

3) Skin-friction drag of fins: Accounts for 254- 
30% of the total Cp in models with lugs, 35%- 
45% in lugless models. 

4) Base drag: Accounts for about 10% of the total 
Cp in models having lugs, about 15% in lugless 
models. 

5) Pressure foredrag: Forebody pressure drag 
from sources other than launch lugs accounts 


for less than 1% of the total Cp. 


The order of this list, and the relative magnitudes of the 
contributions, can be altered drastically by improper con- 


struction techniques. Failing to provide the fins with the 
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proper airfoil shape gives rise to a pressure drag several times 
greater than the total drag would be with properly-shaped fins. 
Rough surface finishes and blunt nosecones also lead to consider- 
able increases in drag, though not so great as do unshaped 
fins, and the increase in drag due to nonzero angle of attack 
can be quite large even for a well-streamlined vehicle. It 
is not uncommon for a model rocket to have twice the drag at 
a 10° angle of attack that it exhibits at 0°. 

Typical values of the total drag coefficient for model 
rockets with launch lugs range from 0.5 to 0.8, depending on 
the quality of the design and construction of the model. By 
comparison, a circular dise held perpendicular to the flow 
has a Cp of 1.1; the disc thus experiences a drag force 50% 
to 100% greater than that on a model rocket of the same diameter 
in an airstream of the same velocity. This result foreshadows 
our later discussion on the undesirability of blunt shapes and 
abrupt protrusions in model rocket work. To quote an example, 
removing the launch lug from a certain model rocket may reduce 
its drag coefficient from 0.7 to about 0.45. 

Figure 12 summarizes diagrammatically the important topics 
in model rocket drag to be considered in detail in the following 


pages. 
3. Viscous (Skin-Friction) Drag 


del Ihe Importance of Viscosity in Real Fluid Flow 
In Section 2 the skin-friction drag was defined as 


(33) by = sf %, cos (t, Vv) dS 


pressure laminar turbulent 


. foredrag — boundary boundary 
layer \ layer fin- body 
a «Interference 
Vv drag 
drag : ca : 
gue . ! | 
angle skin sage | 
arto Wietion due 15 
pee orIG launch lug 


base drag | 
fin tip vortex— 


Figure 12: Causes and constituents of model rocket drag. The 
various drag constituents and flow phenomena shown here are discussed 
in detail in later sections of this chapter. The thickness of 

the boundary layer in this drawing has been greatly exaggerated 

to make it visible to the eye. 
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where t, 1s the skin-friction force per unit area at the 
surface of the model (equal to the viscous shearing stress 
in the air directly adjacent to the model surface). Recalling 


equation (12b), we can write T. as 


(34) ~, » » ($3), 


where we have adopted a "local" coordinate system in which 

the y-axis extends perpendicularly upwards from the point on 

the rocket's surface at which is being evaluated. Earlier 

we saw, via an estimate of typical model rocket Reynolds numbers, 

that inertial forces are about a million times greater than 

viscous forces at average model rocket flight speeds. Why, 

then, not ignore the viscous forces completely in our analysis? 
The mathematical model which corresponds to this assumption 

is the so-called “perfect fluid" of classical hydrodynamics. 

The theory of the perfect fluid model, which assumes a fluid 

that is incompressible and has a coefficient of viscosity of 

zero, was well developed before the beginning of the 20th 

Century since the mathematical simplifications permitted by 

the perfect fluid assumption are considerable. The results 

one obtains from calculations based on classical hydrodynamics, 

however, assert that the drag on a closed body of any shape 

moving at constant velocity through a perfect fluid is exactly 


zero. This prediction was so contradictory to all experimental 


evidence -- even that available in the mid-19th Oentury -=- that 
it came to be called d'Alembert's Paradox. It was apparent 


that one of the fundamental assumptions of the ideal fluid 
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theory was physically inaccurate. 

In 1904 the great German scientist Ludwig Prandtl (1875-1953) 
resolved this dilemma by introducing the concept of the boundary 
layer. According to this theory, the influence of viscosity 
in fluids whose viscosity is small (or in situations where 
the Reynolds number is large) is confined to a thin region 
near the surface of any solid body immersed in the flow. The 
fluid obeys the rule of no slip at the wall -- contrary to 
the behavior of the perfect fluid, which was allowed to flow 
past a body freely -- and hence the fluid velocity must increase 
from zero at the body wall to the full free-stream value in 
avery short distance, perhaps a few hundredths or thousandths 
of a centimeter (note that the terms "wall" and "surface" are 
being used interchangeably in this discussion). This condition 
reauires that the fluid velocity increase very rapidly with 
distance from the body surface; i.e., that the velocity gradient 
ya be very large in the boundary layer, and hence “Yr, in 
equation (34) may not be negligible even if « is small. 

This theory essentially divides the flow about a body 
at high Reynolds numbers into two regions. Within the thin 
boundary layer viscous forces are of about the same magnitude 
as inertial forces, and hence cannot be ignored. Outside the 
boundary layer, the flow conforms very closely to the behavior 
of a perfect fluid: frictional forces are negligible in this 
region. This partitioning of the flow permits a mathematical 
BOlution to the problem of flow about a body at high Reynolds 


humbers to be obtained. This is generally done by first 
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determining the flow about the body by the methods of classical 
hydrodynamics -- the so-called "potential flow" theory. The 
solution thus obtained for the flow outside the boundary layer 
provides what mathematicians call "boundary conditions" which 
allow the solution of the boundary-layer equations to be carried 
out. The two solutions are then "grafted together" where the 
boundary layer ends and the outer flow begins, to provide a 
picture of the total flow pattern. 

The mathematical difficulties involved in the solution of 
a three-dimensional boundary layer, as on a model rocket, are 
nevertheless of momentous proportion. Several basic problems, 
such as the location of the "transition point" where the character 
of the boundary-layer flow changes from "laminar" to "turbulent" 
(these terms will be discussed in detail later on), as yet lack 
a firm theoretical foundation for their solution. Furthermore, 
it is doubtful whether a complete mathematical description of 
the flow pattern about his model would be of great benefit to 
the hobbyist, as such a description can only be obtained by 
laborious numerical techniques requiring the use of an electronic 
computer for each and every case to be solved. 

This section will therefore confine itself to a discussion 
of the basic concepts of boundary-layer theory likely to be of 
greatest interest and utility to the model rocketeer. The 
ultimate aim, of course, is to develop expressions for the 
viscous stresses in the boundary layer which can be related 
directly to the skin-friction drag. Fortunately, with the aid 


of certain assumptions which will be enumerated as we go on, 
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one can derive results which are applicable to the calculation 


of skin-friction drag on model rockets. 


3-2 The Distinction Between Laminar and Turbulent Flow 


The fluid flow within a boundary layer may be characterized 
as either laminar or turbulent. The distinction between these 
two states may be observed in the stream of smoke rising from 
a burning cigarette in very still air (Plate 1). For a short 
vertical distance the column is narrow and straight, but 
above this region the flow disintegrates into a disorderly, 
eddying stream. The smooth, unmixed phase of the flow is termed 


laminar; the rough, eddying part is called turbulent. 


Whether the flow in the boundary layer along an object 
will be laminar or turbulent depends to a large extent on the 
Reynolds number, although physical conditions such as air 
turbulence and surface roughness can assume important roles. 
Experimentally, the value of R at which the transition from 
laminar to turbulent flow in the boundary layer over a flat 
plate will occur has been found to lie in the range between 
5 = 10° and 5 =z 10° (15). Since this interval includes the 
previously calculated typical value of R for a small model 
rocket, we may expect both laminar and turbulent boundary- 
layer flows to exist on model rockets during flight, depending 
on the velocity. 

Consequently, we shall examine both types of boundary- 
layer flow. Because the analysis for a three-dimensional 


body can be extremely complicated, our discussion will be 


Plate 1: Smoke rising from a cigarette in a still room. fThe 
path of the smoke is at first smooth and straight (laminar flow), 
but after it has risen for a certain distance it becomes rough 


and mixed (turbulent flow). 
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restricted to the steady, two-dimensional flow past a thin, 
flat plate held parallel to the airstream. Although this 

is geometrically a quite simple case, the skin-friction coefficients 
derived from the analysis of the flat plate in laminar and 
turbulent flow form the basis for the calculation of skin- 
friction drag on all three-dimensional shapes (assuming that 
boundary-layer separation, discussed in Section 4.2, is not 
present). The results of Sections 3.3 and 3.4 for laminar 
and turbulent flow, respectively, will be used extensively 
later on in this chapter for the determination of model rocket 
drag coefficients. 

Next, in Section 3.5, a discussion of the mechanism of 
boundary-layer transition is presented. Since laminar and 
turbulent boundary layers produce markedly different skin- 
friction coefficients, even at identical Reynolds numbers, 
it is important to know the location of the transition Zone 
in order to calculate viscous drag accurately. This problen, 
unfortunately, has not as yet been well-researched for model 
rockets, and it is necessary to assume a location for the 
transition. Section 3.5 analyzes the important factors affecting 
the location of the transition point and discusses the calculation 
of the total skin-friction coefficient for boundary layers 
exhibiting both laminar and turbulent regions. 

Section 3 will conclude with some estimates of the correction 
factors required to apply the flat-plate results to three- 
dimensional configurations. This will be seen to be small, 
usually 5% or less, for the fins and body of a model rocket. 
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3.3 Zhe Laminar Boundary Layer on a Smooth, Flat Plate 

In laminar flow, the fluid elements move parallel to the 
surface of the body and there is little or no mixing of the 
fluid -- i.e., transfer of momentum -- between adjacent strean- 
lines. Historically, the first application of Prandtl’s 
boundary-layer theory was accomplished by H. Blasius, who 
in 1908 computed the laminar boundary layer in uniform potential 
flow past a flat plate. Since this example illustrates many 
of the important features of boundary-layer analysis, we shall 
examine it in detail. 

Steady fluid motion about such a plate is depicted in 
Plate 2 (12). The streamlines of the flow were made visible 
by sprinkling aluminum particles on the water; the length of 
the streaks left by the particles is proportional to their 
velocity. Very near the surface of the plate, the traces are 
much shorter than in the exterior flow; this region of reduced 
velocity is the boundary layer. Note also that the apparent 
thickness of the boundary layer, which we shall shortly define 
in mathematical terms, increases with distance downstream 
along the plate. This is because the boundary-layer shearing 
stresses are retarding a greater volume of fluid as distance 
from the leading edge increases. 

Note that there is no indication of the absolute size of 
the plate in the photograph. Hence we expect the velocity 
profiles (see Figure 13) at all x-stations on the plate to 
be mathematically similar; i.e., the dimensionless ratio u/U. 


may be expressed as some function of the dimensionless coordinate 


Plate 2: Flow about a thin plate of length Rat a Reynolds number 
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Figure 13: Profiles of longitudinal velocity in a laminar boundary 


layer over one side of a flat plate at zero angle of attack. 
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ratio y/g , where Ueis the velocity of the exterior flow 
immediately outside the boundary layer (calculated by potential- 
flow theory) and $ is the boundary-layer thickness at any 


given location on the plate. This function must be the same 


at all distances x from the leading edge of the plate, although 
§ itself becomes greater as x increases. 

We can make an estimate of the boundary-layer thickness 
§ by equating the viscous and inertial forces within the boundary 
layer and solving for the value of $ at which this condition 
occurs. As seen in Section 2.2, the inertial forces in the 
fluid flowing near an object of characteristic dimension L 
are of the order SUE/L. The friction forces per unit volume 
in a boundary layer of thickness § are of the order PU eo/$* 
as the velocity gradient 37 exists only within the thickness 
of the boundary layer itself. We then obtain 


Solving for the boundary-layer thickness %, 


[PL nT 
oo oR = Pi 


In the case of the flat plate the characteristic length of 
interest is the distance from the leading edge x. Substituting 


x for L, we obtain the boundary-layer thickness as 
| X 
(37) (~ / =e 


The thickness of the boundary layer is thus seen to vary 
with the square root of the distance from the leading edge. 
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The object of a mathematical solution to this problem is to 
obtain the constant of proportionality in the expression for 
§ , and to determine functions for the boundary-layer velocity 
profile and the skin-friction drag. 

The equations of fluid flow for a general, two-dimensional 


boundary layer are 


é 

U su EP gy SS 

(3) rate t+ egy ame a tT 
au, av L 
(39) afar =0 


where u and v are the local components of velocity in the x- 
and y-directions, respectively. The boundary conditions required 
to completely define the solution to this set of equations are 


v =O (both the tangential and the normal velocity 
components must vanish at the wall) 


Loe 
] 
© 
} = 
" 


Uo(x,t) (the tangential velocity component must 
be identical to that computed from potential- 
flow theory at large distances from the wall) 


et 
LT 

g 
S 
iT 


Those readers who are interested in the derivation of these 
equations from the complete Navier-Stokes equations for general 
fluid flow may consult Schlichting (15). 

The Blasius problem assumes a steady flow, so all derivatives 
with respect to time will vanish. Furthermore, the potential 
flow cannot detect the existence of a thin, flat plate held 
parallel to it; Us. just remains constant at the free-stream 
value far from the plate, and hence dp/dx is zero (there is 
no pressure gradient along the plate), as may be determined 


from Bernoulli's equation. The boundary-layer equations are 


= ee ery. ware 
a ee ee a 
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then seen to reduce to 


2 
aU , au Ee. 

(40) eo ray = Y ya 
U a 

(41) +7 7 im Se 


and the boundary conditions become 
y2O: Uuwaeve O 
= Ue (note that U.is now independent of x and t) 


To solve these equations Blasius introduced a new dimension- 


less variable y= +, or, using the expression for the approximate 


boundary-layer thickness from equation (37), 


(42) i= yV bE 


A dimensionless streamfunction f(y)was also introduced, such 


that 


(43) f - 
Cr) YX Veo 
where W(x,y) is the streamfunction that had been well known 
to potential-flow theorists of the 19th Century; it is related 


to the flow velocities u and v in such a manner that it identically 
satisfies equation (39): 


ay 
(44a) u= = 


(44b) Y= teen 


from which we see that 


au - 
ax ayaX 
sv. _ _s*F _ ay 
ay eX dy dy 2x 
: 2 2 
é sy sy aX ay Xx 


Using equations (42) and (43) to substitute into the expressions 


for the velocity components, Blasius obtained 


| +. sy. o% — Af(n) _ vee 
(45) us %y ° 34 By = Ve Ly ic T° CA) 


(46) yo -2h spf’ (rt'-f) 


The prime symbol (') is often used in calculus to denote a 


derivative; hence S10 is also written f'("%), or simply f'. 
Higher-order derivatives are denoted by multiple primes; hence 
at is equivalent to f'', etc. 

From equations (45) and (46) it is possible to obtain 
expressions for the velocity derivatives of equation (40) 
in terms of the nondimensional vertical coordinate W and the 


nondimensional streamfunction f: 


tl "_ 
(a7) BH 2H 3s [URE] [- 


ae = > OX, 
) yu. at ats ‘ re 
(48) 7 * a ay [un] sre 

2 To oF) ON | UU gl 
(9g) 2H = Uo iy ty = vet 


Substituting (45) through (49) into (40), we have 
a mw 
| User cle . Unt (mel fy 
(50) -s= tt + += (“fF f)f = VY X f 


which can be algebraically simplified to 
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(51) ff"+2t' =0 

with the boundary conditions 
(52) =o: f20;, f =O 
(53) Yr: fli 


Now the advantage Blasius obtained by introducing the 
dimensionless vertical coordinate and dimensionless strean- 
function was that he was able to reduce equations (40) and 
(41), a nonlinear system of two partial differential equations, 
to equation (51), which is known as an ordinary, homogeneous, 
nonlinear differential equation: “ordinary” because f is a 
function of the single variable %, “homogeneous” because 
the right side is zero, and "nonlinear" because the product 
of f with f'' appears in the equation. Such an equation is 
easier to solve than the original system of equations; "“easier", 
however, does not mean "easy", and a solution to equation (51) 
has never been obtained in closed form. Power series methods 
have been used to obtain accurate solutions by numerical means, 
but the procedure is rather complex and its mechanics are of 
little interest to model rocketeers (readers desiring a presentation 
of the method are urged to consult Reference 15). Table 1 
presents the numerical tabulation obtained by L. Howarth from 
his highly accurate solution of equation (51). 

These data can be used to obtain a picture of the velocity 
distribution in the boundary layer; the results for the horizontal 


velocity component are plotted in Figure 14. Near the wall 
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TABLE 1 

f f' - v/U.. eee 
0.2 0.00664 0.06641 0.33199 
0.4 0.02656 0.13277 0.33147 
0.6 0.05974 0.19894 0.33008 
0.8 0.10611 0.26471 0.32739 
1.0 0.16557 0.32979 0.32301 
12 0.23795 0.39378 0.31659 
1.4 0.32298 0.45627 0.30787 
1.6 0.42032 0.51676 0.29667 
1.8 0.52952 0.57477 0.28293 
2.0 0.65003 0.62977 0.26675 
2.2 0.78120 0.68132 0.24835 
2.6 1.07252 0.77246 0.20646 
2.8 1.23099 0.81152 0.18401 
3.0 1.39682 0.84605 0.16136 
3.2 1.56911 0.87609 0.13913 
3.4 1.74696 0.90177 0.11788 
3.6 1.92954 0.92333 0.09809 
3.8 2.11605 0.94112 0.08013 
4.2 2.49806 0.96696 0.05052 
4.4 2.69238 0.97587 0.03897 
4.6 2.88826 0.98269 0.02948 
4.8 3.08534 0.98779 0.02187 
5.0 3.28329 0.99155 0.01591 
5.2 3.48189 0.99425 0.01134 
5-4 3.68094 0.99616 0.00793 
5.6 3.88031 0.99748 0.00543 
5.8 4.07990 0.99838 0.00365 
6.2 4.47948 0.99937 0.00155 
6.4 4.67938 0.99961 0.00098 
6.6 4.87931 0.99977 0.00061 
6.8 5.07928 0.99987 0.00037 
7<0 5.27926 0.99992 0.00022 
7.2 5.47925 0.99996 0.00013 
7.4 5.67924 0.99998 0.00007 
7.8 6.07923 1.00000 0.00002 
8.0 6.27923 1.00000 0.00001 


Table 1: Numerical solution of the laminar boundary layer over 
a flat plate at zero angle of attack, obtained after the method 
of H. Blasius by L. Howarth. 
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TABLE 1 (continued) 


f 


6.47923 
6.67923 
6.87923 
7.07923 


= U/ Use 


1.00000 
1.00000 
1.00000 
1.00000 


fit 


0.00001 
0 «00000 
0.00000 
0.00000 


Figure 14: Horizontal velocity component vs. ) in 4 laminar 
boundary layer over a flat plate at zero angle of attack. nN has 
been taken as the vertical axis because it is the dimensionless 
coordinate perpendicular to tne plate's surface. The quantity 
S* 45 called the displacement thickness and is equal to approximately 
1/36. 
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the horizontal velocity component is nearly a linear function 
of the y coordinate, but as y increases the slope of the curve 
rapidly steepens as u approaches the potential-flow velocity 
Uso « 

Notice that the free-stream velocity is attained asymptot- 
ically; i.e., that the boundary layer shades gradually into 
the exterior flow, so that the concept of "boundary-layer 
thickness" is ambiguous. The generally-accepted definition 
is based on the distance from the wall where the velocity 
differs by 1% from Uw; i.e., where u = 0.99Uc. From Table 


1 we see that this corresponds to % = 5.0; hence 
| Vx 


Evaluating this expression for Uco = 60 meters/second (6000 
centimeters/second) and y= 1.495 x 1079 meter@/second (0.1495 


em“/second), we obtain 


(55a) Cs 9.400 (672 fe 


for x and § in meters, and 


(55d) $= 3.10 x 1072 x 


for x and § in centimeters. At x= 1 cm., then, the boundary- 
layer thickness 4 is .031 cm.; at x = 10 cm. § is .098 on., 
while at x = 100 om. (1 meter) § is .310 cm. The corresponding 
Reynolds numbers based on x are 4.02 x 10%, 4.02 x 10°, and 
4.02 x 106, respectively. 


The transverse component of velocity, v, can also be 
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determined from the Blasius solution by substituting values 
for f and f' at each value of 9 desired into equation (46). 
The variation of the nondimensional quantity ¥ fx with 
Yis plotted in Figure 15. As approaches infinity v does 


not vanish, but instead attains the asymptotic value 


(56) Ve = 0.865 Um V ro- 


Examining again the case of Uw. = 60 meters/second, we obtain 
(57) Veo = — meters/second 
Where x must be given in meters. Thus, at a point 1 cm. from 
the plate leading edge (that is, 0.01 meter), the value of 
Vv. is 0.322 meter/second == insignificant, of course, compared 
with U., but still nonzero. The nonzero value of the transverse 
velocity at the upper edge of the boundary layer is explained 
by the fact that the increasing boundary-layer thickness causes 
the airstream to be displaced from the wall as it flows along 
it, creating a slight outward velocity component. This is 
not the same as the flow separating entirely from the wall, 
a phenomenon that occurs only in an "adverse pressure gradient"; 
4.e., when the pressure in the boundary layer is increasing in 
the direction of flow. The flat plate at zero angle of attack, 
it will be recalled, exhibits a Zero pressure gradient. 

The Blasius solution enables us to determine the skin- 
friction drag on the flat plate with a laminar boundary layer 
by specializing the equation for the viscous drag on a surface 


in general, two-dimensional flow: 


al 
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Figure 15: Nondimensionalized transverse velocity component 
Naf Yak 

Uco ¥ 
at zero angle of attack. Again, 7) has been taken as the vertical 


vs. % in a laminar boundary layer over a flat plate 


axis. 


Figure 16: Notation used in determining the friction drag of an 


object of finite thickness in laminar flow. 
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R 
(58) Dy =b ; Tv. cos pds 


where tT, is the shearing stress at the wall, b is the span 
of the object (dimension transverse to the flow), and p is 
distance measured around the object's profile from front to 
rear. The notation of equation (58) is explained pictorially 
in Figure 16. For a flat plate of negligible thickness the 
angle @ is zero everywhere, so cos @ =1.0. In such a case 


the differential path length ds is also equal to dx, s0 


2 
(59) Dy = L § Ax 


K=O 


From equations (34) and (48) 


, = if , Ueo 
(60) Yi =p (34) = p Unf He ‘f (0) = aVay $F 


where the quantity f''(0) has been represented by the symbol 
x (not to be confused with angle of attack in this application). 
From Table 1, & is found to be 0.332. Hence, the skin-friction 


drag on one side of the a" is 

De dx _ Peta 
(61) D, = .332 46 U. De | Se = 664 b Un BSLV. 
For both sides (the total friction drag), we have 


(62) 2D, = 1.328 b YUms Fl 


The friction drag coefficient for laminar flow over a flat 
plate wetted on both sides is thus 

2Dy 7 |.328 
zSUsA VRE 


where A, the lateral area of both sides of the plate, is 2b2 


(63) Cy = 
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and Rp is the Reynolds number based on the length of the plate 

if the plate is too short for transition to turbulent flow to 

occur anywhere on its surface. If the plate is sufficiently 

long for transition to occur, Rg is the Reynolds number based 

on the distance from the leading edge to the transition Zone 

and the coefficient computed according to equation (63) is 

valid only for that portion of the plate forward of the transition 
region. Recalling our numerical example of Ue = 60 meters/second, 
suppose we compute the friction drag coefficient of a typical 
model rocket fin with an average chord of 3 cm. (.03 meter). 


For such a case we obtain 


(64) C.= 328. «6 = 0. 00392 


FT 12. Ob«to# 
We must remember, however, that friction drag coefficients as 
originally computed are based on wetted area -- that is, total 
lateral surface area. To use them in calculating the overall 
drag coefficient of a model rocket, one must convert them to 
coefficients based on maximum body frontal area. This procedure 


will be described later on. 


324 The Turbulent Boundary Layer on a Smooth, Flat Plate 
At a certain value of the Reynolds number, the fluid flow 
in the boundary layer above a given surface will change from 


laminar to turbulent -- a phenomenon known as transition. 


Plate 3 illustrates a case of transition occuring in a channel 
of water. As the Reynolds number increases from subcritical 
(fully laminar flow) to supercritical (fully turbulent flow) 
values, a thread of dye injected into the fluid is subjected 


Plate 3: The Reynolds dye experiment, illustrating tne transition 
from laminar to turbulent flow in a channel of liquid. aA thread 
of dye injected into the flowing fluid at first remains smooth and 
straight (a), but farther down the channel the critical Reynolds 
number of the flow has been exceeded and the stream is turbulent 


(b), causing the dye to be mixed. 
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to increasing mixing action until finally the entire channel 

is colored. In this section we will consider the structure 

of the fully-turbulent boundary layer in the flow over a smooth, 
flat plate, noting how the velocity profiles, boundary-layer 
thickness, and skin-friction drag differ from the laminar 

case. 

In laminar flow, streamlines move more or less parallel 
to each other with negligible mixing, and if the flow is steady 
the velocity at any point in the flow remains constant as time 
goes on. When turbulent flow is observed closely, however, 
subsidiary motions of the fluid transverse to the main motion 
downstream are detected (15). The velocity at a point is no 
longer constant, but is subject to excursions, or variations, 
about some average value. This behavior amounts to mixing 
between the streamlines and causes an exchange of momentum 
in the transverse direction, because each fluid element essentially 
retains its forward momentum while mixing is occurring. Hence, 
the velocity profile in the turbulent boundary layer is such 
that the x-component of velocity increases far more slowly 
with height over most of the boundary-layer thickness than is 
the case for the laminar boundary layer. 

The distinctive feature of turbulent flow is the irregular, 
high-frequency oscillations exhibited by the velocity and pressure 
at a point. These quantities can be considered constants only 
as an average over an extended period of time. Turbulent flow 
must still observe the no=slip condition at the wall, however, 
and there is thus a region very close to the wall where viscous 


stresses are of larger magnitude than the stresses due to 
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turbulence which dominate the rest of the boundary layer. Since 
the conditions of flow in this very thin region -- perhaps 1% 
or so of the total turbulent boundary layer thickness -- are 
essentially laminar, it is kmown as the laminar sublayer. 
Despite its small thickness, the sublayer plays a vital role 

in determining the magnitude of the viscous shearing stress 

at the wall and hence the turbulent skin-friction drag. We 
shall encounter it again in Section 5.4 when we examine drag 

due to surface roughness. 

Because of its extensive applicability, we would like to 
determine the turbulent skin-friction drag on a smooth, flat 
plate as we did in the laminar-flow case. The same general 
methods of derivation cannot, however, be used again owing 
to two major difficulties: (a) very little is known about 
the nature of the transition that occurs as one passes upward 
from the laminar sublayer to the turbulent region; and (b) 
the laws of friction which are effective in the sublayer are 
also unknown. We proceed, then, on a different tack, by 
assuming that the boundary-layer velocity distribution over 
a plate is similar to that within a circular pipe. This allows 
us to avail ourselves of the extensive data available for pipe 
flow, which has been studied in experiments preferentially to 
the plate case since it is much more difficult to carry out 
measurements in the boundary layer of a plate than in that 
within a pipe (15). 

The validity of this assumption has been established, at 
least for moderate Reynolds numbers, by experimental investi- 


gations. Since the boundary layer in a pipe is formed under 
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the influence of a pressure gradient (the pressure at the 
downstream end of the pipe must be less than that at the upstream 
end, or no fluid would flow through it), while for the flat 
plate dp/dx was assumed equal to zero, the velocity distributions 
for the two configurations certainly cannot be exactly identical. 
Because the friction drag is calculated from a spatial integral 
of the fluid momentum in cases of turbulent flow, however, 
small differences in the velocity distribution are not critical 
(15). 

In order to compute skin-friction drag for a turbulent 
boundary layer, it is first necessary to introduce the concept 


of the momentum thickness, 0, of the boundary layer. The rate 


at which x-momentum per unit span of the plate (or per unit 
circumferential distance of the pipe) is being lost due to 
the presence of ‘the boundary layer instead of potential flow 
is given by § } u(Ue-4)dy, We may therefore define a quantity 
@ such that 


i] 


(65) §$U. 0 = f) u(Ueru)ay 
or 


ac u | u. ) 
66 8 = TT Uf He pe 
(66) 6 \ il Uso) *Y 
Then in the case of laminar flow, since (u/U.n.) = f', 


(67) 68=4% f° (t- #7) dm 


A=0 
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This is approximately 1/8 of the boundary-layer thickness 
defined by equation (54). 

Now we may relate @ to the skin-friction drag in the 
following manner: consider a flat plate surrounded by a rect- 
angular control surface (an imaginary surface in space == a 
concept often used in the analysis of fluid-flow problems) 
identified by its corner points, AA, BB, as in Figure 17. 
Segment 4,B,, parallel to the plate, is sufficiently far from 
the wall that it lies in the region of undisturbed velocity Um. 
Pressure forces in such a case are constant over the whole control 
surface, so one need not consider their contribution to the 
fluid momentum. Due to symmetry, moreover, segment AB contributes 
nothing to the momentum in the x-direction. Assigning positive 
value to mass flowing in and negative value to mass flowing 
out of the region enclosed by the control surface, the momentum 
balance may be expressed as in Table 2. 

Momentum conservation requires that the drag force D be 


exactly equal to the total momentum flux through the control 


surface, or 


h 
| | 2 2 2 
(69) p=$b( (Un>-ut - U2 - UUs) dy 
6 
The upper limit of integration may be changed to infinity, as 
the integrand is zero for y > h; hence 


oy) D= $b | U( Un -u)day 


Oo 
This expression applies to a plate wetted on only one side; to 


obtain the drag for a plate wetted on both sides, we evaluate 


TABLE 2 


Cross-Section Rate of Flow nantue Bax 4 
; . x- Direction 


0 0 


h h 
b | Way pb) Uso Ady 
~bf” udy ~Sb (* umdy 


-b{M(Ue-uday | fof o(u.-w)ay 


sum = control total net rate total momentum flux 
surface of flow = O = drag 


Table 2: Volume flow and momentum flux accounting associated with 
the control surface pictured in Figure 17, for use in calculating 


turbulent skin-friction drag. 
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Figure 17: Oontrol surface for calculating the friction drag 
due to a turbulent boundary layer over a flat plate at zero 


angle of attack. 


a) 


eo 


(71) 2d= Sb } UUs -u) dy 


Two remarks concerning these integrals should be made here. 
First, equation (70) is applicable to any symmetrical cylindrical 
body, not only a flat plate; in the case of a cylindrical body 
b is merely replaced by the circumference of the cylinder. 
Second, the integral may be evaluated at any station x on the 
body, in which case it will give the drag due to skin friction 
on the region extending from the leading edge to that particular 
station. 

Now from equation (65) it will be recalled that 

eo 
(72) U20 =) u(Us-u)dy 
Y=o 
This expression is identical to the integral appearing in 


equations (70) and (71); hence we have 


(73) D=b¢90U.° 4 


We return now to an explicit consideration of the turbulent 
boundary layer on a flat plate. From the empirical results for 
turbulent boundary layers in pipe flow we adopt the "1/7th=-power 


velocity distribution law" in the form 


mt (4) 
os 
As in the laminar case, this relationship requires that all 
the velocity profiles along a flat plate in turbulent flow 
be of the same form, and thus one curve plotted in dimensionless 


coordinates can represent them all. 


The results of experiments with turbulent boundary layers 


tn el ae Te ee ee = ————— —— 
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in circular pipes have also shown that the shearing stress at 


the wall obeys the relation 
“4. 
| wUr = 0-0226\TLT 


The momentum thickness can now be obtained in terms of the 
boundary-layer thickness § by direct integration from equations 
(66) and (74): 


a=) i (I- t-) dy 
8 CE)’ "by 
\ f 5 - 
: ‘ (F)"ay -f (t)"ay = Z5-F5 


Then 
(76) Q=s>$ 


Now if we differentiate equation (73) with respect to x we 


obtain 
2 dO 
| — a Ss 
cs a 7 fea = To(x) = 1 Ue gy 


Combining equations (76) and (77) then yields 
Co do _ 7 db 


(78) Fos = dk ~ 72 dx 

Substituting (78) into (75), we have 
| Y 
A§ | » \% 

(79) a> Ge = 0.0225 (qe) 


An explicit expression for $ as a function of x can now be 
obtained by integrating this ordinary differential equation 


in $, assuming that $= Oatxes0O. The result is 


) 
wes) * 
0.036X ( D 


The boundary-layer thickness in turbulent flow is thus 


© 
L 


(81) 


seen to increase more rapidly with distance than in the laminar 
case: § (x) is proportional to x for a turbulent boundary 
layer, while $(x) for a laminar boundary layer varies as 
x®, The difference is due to the mixing action present in 
turbulent flow, which causes greater momentum and energy losses 
per unit time than is the case for laminar boundary layers. 
From equations (73) and (81), the turbulent skin-friction 
drag one one side of a flat plate may now be written as 


ie £ )* 


(82) D= b8 Un O = 0-036 F Unt kL ( 


L 
$ ] 4 gt 
The drag varies as U.° and A » 28 compared to Ux? and 


for the laminar boundary layer. The skin-friction coefficient 
Cp can then be determined from its definition and equation (82): 
(83) C= 27 

F SPU bk 


(84) Cp 2 28 
and finally, we arrive at the result 
= ob 
§ 


This expression has been found to represent experimental results 
very well, provided the value of the numerical coefficient ig 
altered slightly to 0.074 (15): 
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‘a a 
(86) Cy = 0.074 (tet - 0.074 (Ry) ‘ 


This relationship, valid for a flat plate with a completely 
turbulent boundary layer from the leading edge downstream, is 
limited to the range of Reynolds numbers between 5 x 10° and 
i. x 107 -. &@ range which, fortunately, includes the upper limit 
of R to be expected in the vast majority of model rocket flights. 

Table 3 summarizes the results of our analyses of purely 


laminar and purely turbulent boundary layers: 


TABLE 
characteristic | laminar value turbulent value 
‘, ).328 0.074 
(Ry) (Re) %5 t 
é 34a 0.37x (2%) ° 
u/U,, as given in (5 
Table 1 5 


To give a representative example of a turbulent skin-friction 
coefficient, suppose we consider again the free-stream velocity 
Uses = 60 meters/second and a plate with a length of 0.3 meter, 
giving a Reynolds number of 1.206 x 10°, Assuming that some 
condition of free-stream turbulence or some device like a trip- 
Wire has caused the boundary layer to be turbulent all along 
the length of the plate, we derive the result 


Ce a 0045 
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oro Soundary Layer Transition 


3e5-1 Effect of Pressure Gradient and Reynolds Number 
The two preceding sections dealt with boundary layers that 


are entirely laminar or entirely turbulent in character. [In 
reality, the flow over a flat plate may exhibit both forms of 
behavior. Laminar conditions will generally exist from the 
leading edge downstream to a point at which the local Reynolds 
number Ry ex Us. x/y attains a value somewhere between 5 X 10° 
and 3 x 10°. At higher local Reynolds numbers the flow is 
almost certain to be turbulent. 

The exact value of the Reynolds number at which this 
phenomenon of transition from laminar to turbulent flow occurs 
depends on a number of factors: the turbulence level of the 
free stream, the roughness of the surface, centrifugal body 
forces due ro rotation of the body, and whether or not heat 


is being transferred to the boundary layer from the body or 


from external sources. The pressure gradient in the external 


flow (which is uniformly zero for a flat plate) also exerts a 
considerable influence on transition, as will be seen shortly. 
The hypothesis which underlies theoretical studies of 

transition was first enunciated by Osborne Reynolds: that 


the process of transition from laminar to turbulent flow comes 


about as the consequence of an instability in the laminar flow 


(15). Small disturbances, which may arise from any of the sources 


listed above, are assumed to act upon the laminar flow. fhe 


theory of stability attempts to determine whether these disturbance 


magnify or die away with time. If they decay, the flow is 
considered stable; if, instead, they grow in magnitude, the 


—————____. 
= all ie ec 
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flow is regarded as unstable and transition to a turbulent 
pattern may result. The ultimate object of the stability 
theory is a prediction of the critical Reynolds number, Roy, 
for which transition may be expected. 

fhe results of the stability amalysis for a flat plate 
will not be presented here (readers interested in this analysis 
may consult Reference 15), as they are not directly applicable 
to the three-dimensional boundary layer on a model rocket. 
Instead, we shall investigate briefly the effects of the pressure 
gradient in the external flow on boundary-layer stability, and 
then present the hypothetical model of transition on model 
rockets which will be used for the calculation of drag coefficients 
in Section 6. 

The great English scientist, Lord Rayleigh (1842-1919) was 
the first to propose that velocity profiles with a point of 
inflection (point at which the curvature reverses) are unstable. 
Figure 18 compares such a profile with one found in a region of 
stable flow. Rayleigh's observation is of great practical 
significance, because there is a direct relationship between 
the existence of an inflection point and the nature of the 
local pressure gradient. The pressure distribution on a surface 
in fluid flow (for cases in which there is no separation of 
the boundary layer) is determined by the theory of potential 
flow, which, it will be remembered, applies to the inviscid, 
"nerfect" fluid. In real cases it is found that this theoretical 
pressure distribution agrees very closely with measured pressure 
distributions, as if the boundary layer were not present. In 
@ sense, then, the external flow impresses its pressure distribution 


mppree 
| 
8 
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© 
Figure 18: Stable and unstable boundary layer velocity profiles. 
Profile (a) has a point of inflection; that is, a point at which 
the curvature of the velocity profile reverses. Profile (b) is 
fully convex in the direction of flow. The flow of profile (a) 
is unstable, while that of (b) is stable. 
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on the boundary layer. Along a surface with a favorable pressure 
gradient; that is, with the pressure decreasing in the down- 
stream direction, the boundary-layer velocity profiles will 

be full and without inflection points, as in Figure 18b. In 

the presence of an adverse pressure gradient; 1.e., where the 
pressure increases downstream, the velocity profiles will 
generally develop inflection points, as in Figure 18a. In 
summary, then, a favorable pressure gradient tends to stabilize 
the flow in the boundary layer, while an adverse pressure © 
gradient tends to destabilize it. The point of minimum pressure 
on a body is therefore of considerable importance; it determines 
the point of transition, and the two are generally in close 
proximity. 

For an object such as a circular cylinder held with its 
axis perpendicular to the stream, the region of minimum pressure 
oecurs near the shoulder as seen in Figure 24 (the angles p 

= 0° and 180° correspond to the front and rear stagnation 
points, respectively). This experimental fact could also be 
deduced from equation (23): since the flow must be accelerated 
initially to pass over the upstream half of the cylinder, there 
4s a corresponding decrease in static pressure in this region. 
Along the downstream side (in the ideal case) the flow is 
decelerated to its original undisturbed velocity and static 
pressure. 

Something analogous to this process occurs on the nose of 
a model rocket: the flow is accelerated slightly and a point 
of minimum pressure is attained somewhere in the vicinity of the 


body-to-nosecone joint. If the rocket possesses a circular 
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cylindrical body, no further deflection of the flow will occur 
until the vicinity of the base is reached. Along the body, 

then, it is expected that the pressure gradient is either 

zero or very small; hence no adverse pressure gradient is 

expected anywhere along the airframe of such a rocket and it 

is assumed that the location of the transition point on a typical 
model rocket is independent of the external pressure distribution. 
If the model has a boattail, however, an adverse pressure gradient 
will exist on it and transition -- or even separation -=- can be 
expected in the flow about such a component. 

No data are available to indicate either where transition 
first occurs on a model rocket or the corresponding critical 
Reynolds number. The following hypothetical description, based 
on the flow behavior observed about streamlined bodies similar 
to model rockets, is advanced with some reservations as a 
model for boundary-layer transition on model rockets: at 
low velocities, corresponding to Reynolds numbers based on 
body length below about 35 x 10°, the boundary layer on a model 
rocket will be completely laminar. As the velocity increases, 
the local Reynolds number Ry = Use xX/y (based on axial distance 
from the nosecone tip) will exceed at some station x the exper- 
ijmentally-determined (or assumed) value of Rorit for the rocket. 
This event will first occur near the model's tail, where the 
local Reynolds numbers are greatest; hence a small region 
of turbulent flow will first appear on the body near the base. 

As the velocity continues to increase, all values of Ry also 
increase and the transition point, determined by Ry = Rorit;, 


will move progressively toward the nose. 
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A similar progression of events will occur on the fins, 
but at much higher body Reynolds numbers Rg, because the nature 
of the flow over the fins is determined by the Reynolds number 
based on fin chord length R, = Unc/y). For typical model rockets, 
Rg is an order of magnitude greater than R,; a turbulent boundary 
layer will therefore not generally be found on model rocket fins 
except in cases of exceptionally large rockets and/or exceptionally 
high velocities. The reasoning of this and the last paragraph 
is based on the assumption of perfectly smooth surfaces. Roughness, 
as will be shown in the following section, can induce premature 


transition. 


oede2 Effects of Surface Roughness 

The presence of roughness elements, whether isolated or 
distributed in groups, in a laminar flow is known to be generally 
conducive to transition. Under otherwise identical conditions, 
transition occurs at a lower Reynolds number on a rough wall 
than on a smooth one. This behavior follows from the theory 
of stability, as the roughness elements create disturbances 
in the flow which add to those already present in the boundary 
layer and the external flow. Transition will occur at a lower 
value of R than would otherwise be the case if the disturbances 
created by the roughness exceed those due to the turbulence 
already present in the flow. If, however, the roughness elements 
are very small, turbulent disturbances from the free stream 
will dominate and the roughness should have no effect on transition. 

We examine first the effect of a cylindrical wire which is 


attached to a wall at right angles to the stream direction. 
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S. Goldstein has determined the critical height k,,4;4 of such 
a wire; i.e., the wire diameter just small enough so as not to 


influence transition, to be (15) 


7¥ 


ea 


where T,, is the shearing stress at the wall in the laminar 


(87) _ 


boundary layer at the location of the wire. Now for a flat 
plate, equation (60) gives 


[Vw o" 
(88) % (x) = M Ue Vox T (0) 
and from Table 1, f''(0) = 0.332. Recognizing that Ms yy 
0-332 2 
(89) ((%) = == Ue = T 
f VR he 


Then for a flat plate, 
= y \ 
12.2 »(Rx) = Se ta, 
(90) K crit = Uo ~ 12.2 ( Uco s 
where the quantities involved must all be members of the same 
consistent set of units. For example, if U, = 60 meters/second 


and x = 3 cm. (0.03 meter), the critical height will be 
Kick = SLT % lo? meter = 5.67« 107? cm. 


The cylindrical wire of the foregoing analysis could represent 
a paintbrush hair, the body-to-nosecone joint, or any similar 
small, cylindrical protuberance on the model's surface. If 
such protuberances have heights greater than the value of Kogrit 
computed according to equation (90), there is some danger of 
premature transition. For the nosecone joint or surface, 


considering the stabilizing effect of the favorable pressure 
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gradient, the value of Korit given by equation (90) is probably 
somewhat too small. Assuming it does give the correct order 
of magnitude, however, it is apparent that a model rocket 
requires a rather smooth surface to minimize the possibility of 
transition occurring prematurely, with its consequent marked 
increase in skin-friction drag. 

In reality, the transition point will occur somewhat 
downstream of a roughness element which just exceeds K,14+4 
as determined by equation (90). This is due to the fact that 
a finite "amplification time" is required for the disturbances 
due to the protrusion to generate turbulent flow. In order to 
induce effectively instantaneous transition, the height of the 
protrusion must be two or three times that predicted by equation 
(90). 

Distributed roughness elements; i.e., particles typified 
by dust or sandpaper grit, can also induce premature transition. 
We present here a simplified method (Ref. 3) for determining 
the minimum height kK of distributed particles which will be 
just sufficient to cause the development of premature transition 
to turbulent boundary-layer flow. 

We first define a parameter "|, ; which may be used as a 


nondimensional representation of a given roughness particle of 


height ks; 


(91) im = “ V Rx 


where R, = U..x/), and x is the distance from the leading edge 


(or nose). A roughness Reynolds number Ry, based on particle 
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height and flow velocity at the point in the boundary layer 


corresponding to the top of the particle, is also defined as 


(92) Ri = Ade 


It is possible to express %, as a function of Ry /V/Rx; 
assuming the velocity and temperature distribution throughout 
the boundary layer is known. In Reference 3, these calculations 
have been carried out for the cases of two-dimensional flow 
past a flat plate and three-dimensional flow past a conical 
body held with its axis parallel to the stream. The relationships 
thus obtained are presented graphically in Figures 19 and 20. 


To use these charts, it is necessary to choose a value of the 


critical roughness Reynolds number (R,),. Attempts to measure 
(Ry), experimentally have yielded values anywhere from 250 to 
600, but Reference 3 suggests that the higher value is the most 
accurate. Once (Ri) is selected, the value of k required to 
induce transition at a given distance x from the nose or leading 
edge can then be determined by calculating the ratio (Ric) ¢/V/Rx 
and reading the corresponding value of %, from Figure 19 or 


20; this value of %, is used in equation (91) to give 


2K “Lk 
(93) ie — oe 
t VR, 
Ry way of example, if we take (Ry)+ as 600 and base R, 

on Ue. = 60 meters/second, we have 

(Ret _ 0.299 

—— =o (for x given in meters) 

VRe Vx 


Suppose, now, we want to know the particle size needed to induce 


Ne» 16 a ae ee 
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Figure 19: Vs the nondimensionalized rougnaness particle height 
required to cause transition from laminar to turbulent flow, plotted 
as a function of Fa , the ratio of the "roughness Reynolds number" 


aA 
to the square root of the "station Reynolds number" for a flat 


plate at zero angle of attack. 
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Figure 20: %,, tne nondimensionalized roughness particle height 


required to cause transition from laminar to turbulent flow, 


plotted as a function of Tak , the ratio of the “roughness Reynolds 
x 


number" to the square root of the "station Reynolds number" for a 


cone whose axis is at zero angle of attack. 


transition at a distance of 3 cm. (.03 meter) from the nose or 
leading edge of the surface in question. The quantity (Rye) ¢/VRx 
is then 1.73; from the graphs we find the associated two-dimensional 
value of \, is 1.20, while the three-dimensional value is 0.96. 
Substituting in equation (93), we then calculate critical particle 
sizes k, of 2.08 x 1074 meter for the two-dimensional case and 
1.66 x 107* meter for the three-dimensional case. The two- 
dimensional results may be applied with good accuracy to fins, 
body tubes of constant diameter, and other surfaces of zero 
pressure gradient; the three-dimensional results are applicable 
to nosecones, shoulders, and similar components whose boundary- 
layer pressure gradients are favorable. In’ either case, the 
critical size of distributed roughness particles is found to 
be on the order of 1/100 of a centimeter -= further demonstration 
of the necessity for a smooth surface finish on model rockets 
to minimize the skin-friction drag. It should also be noted 
that the case of our example has an Ry of 1.206 x 10°, which 
is well above the lower limit of 6 x 104 given in Reference 
15 as the Reynolds number below which a laminar flow cannot 
be disturbed into a turbulent pattern. Hence, transition can 
occur under the conditions given in the example. 

There are certain limitations to this method. First, a 
zero pressure gradient has been assumed in its derivation; it 
seems likely, however, that the pressure gradient on most 
reasonably well-designed model rockets is small enough to keep 
the method accurate enough for practical uge. Second, the 
critical roughness Reynolds number (Ry); can be assumed to have 


the constant value of 600 only if the roughness elements are 
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completely submerged in the laminar boundary layer. The height 
of the roughness particles compared with the boundary-layer 
thiokness can be determined from the value of %, found for 

a particular case and the boundary-layer velocity profiles of 
Figures 2la and 21b (3). The values of %, found for the example 
above are seen to lie well within the boundary layer. 

The reader should note at this point that the variable 
“as used in Reference 3, from which Pigures 19 through 21 are 
taken, is not the same as the variable ™ used in the presentation 
of the Blasius solution of Section 3.3. If we identify the 
\ of Ref. 3 as %3 and the )% of Blasius by ig , we have 


. . ¥ . ov UeoX = _,[ Ve 
(94) Nyse syRx = axVS = 4 yx 


(95) “s = 4 Lf 
so that 
(96) . eX» 


The two-dimensional boundary-layer profile of Figure 2la is thus 
{dentical to that of Pigure 14, except for a scale factor of two 
in the vertical coordinate. 

The station x = 3 cm. generally corresponds to a position 
on the nosecone or fins of a model rocket. As x is increased, 
the boundary layer becomes thicker (varying as‘/x'for a laminar 
boundary layer in zero pressure gradient) and the particle size 
required to induce transition at that value of x is also increased. 
Eventually, the increase in downstream distance from the nose or 


leading edge will result in a value of R, sufficiently great 


Figure 21: Boundary layer velocity profiles for laminar flow 


over flat plates (a) and cones (b). 


to cause natural transition without the presence of any surface 
roughness. Calculations of induced transition due to surface 
roughness are, of course, applicable only for values of R, less 
than the critical Reynolds number Royit- 

An increase in the free-stream velocity will decrease the 
boundary-layer thickness at a given station x, so the particle 
Size required to cause premature transition will algo decrease. 
High-performance model rockets, which are expected to travel 
at extreme velocities, therefore require exceptionally smooth 
surface finishes to minimize their friction drag. 

Pinally, we should note a third limitation on the general 
applicability of the calculation method presented in this section: 
the "distributed" roughness particles are actually assumed to 
lie in a thin band transverse to the stream direction so that 
the given value of Ry can apply to them all, and the transition 
induced by particles of diameter k;} is presumed to occur instan- 
taneously as the air flows over this band. In actuality, of 
course, the roughness in a model rocket's finish is usually 
‘distributed fairly evenly over the entire surface of the rocket 
and the transition induced by the particles occurs at some 
finite distance downstream of them. The calculation method 
presented does, however, provide the kind of order-of-magni tude 
information useful to the model rocketeer in ascertaining the 
permissible roughness of surface finishes that will avoid 


premature transition and keep friction drag as low as possible. 


52523 Skin-Friction Drag of Boundary Lay ers 


with Transition 


One can estimate the skin-friction drag on a flat plate 
on which boundary-layer transition occurs if it is assumed 
that, behind the transition point, the turbulent boundary 
the leading edge. Since the laminar region introduces a reduction 
in drag from what the drag would be if the entire boundary layer 
were turbulent, we can just substitute the laminar drag up to 
the transition point for the turbulent drag over the same 


distance (15). The incremental decrease in drag force is then 


(97) AD=-+ Us b Xerit (yan - (Ce) iom | 


where (Or)iy,, and (Cr),,, are the respective coefficients 
of turbulent and laminar skin friction. 


The change in overall skin-friction coefficient becomes 


(98) ACs = = - - Cee ury ~ (CeJramn | 


or 

Reri 
(99) ACs, = - Re (Ce eur - (Cam! 
Letting 


(100) B = Rerit itches = (Ce)iom | 


we derive the overall skin-friction coefficient ag (15): 


0.074 B_ 
Ry’s Re 


where the laminar and turbulent skin-friction coefficients 


(101) Cy = 


are evaluated from the previously derived expressions, equations 


(86) and (63): 


SS — — > 


ta 357- 


7), i at a 
(102a) (C¢ turk = ( Ry)’ 


(1020) (Ce) = 1328 
( +/\lam (Rp) % 


Approximate values of B for several possible values of R,.44 


are listed below (15): 


Rorit 3 x 105 5 x 10° 1 x 106 3 x 10° 
p 1050 1700 300 8700 


In order to apply equation (101) in a particular case, 
the value of R,.,, must be known. Since no value of this 
quantity has been determined for a model rocket, we shall 
assume an average value for calculation purposes of Roerit = 5 X 10°, 
corresponding to a B of about 1700. Since this value is near 
the lower end of the R,,4;4 range for flat plates (3 & 10? to 
ba 10°), the results obtained should be somewhat conservative, 
making it unlikely that the drag will be underestimated. Section 
6 discusses the matter of critical Reynolds number for model 
rockets further in the light of data gathered by Mark Mercer. 

The transition curve described by equation (101) for B = 1700 

is plotted as function C in Figure 22, along with the pure laminar 
and pure turbulent functions from equations (63) (function 4) 

and (86) (function B). Mgure 22 can be used directly to find 
skin-friction coefficients for use in the method described 


in Section 6. 


Skin-Friction ‘eeges xeave 


Approximate methods have been developed for estimating 
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Figure 22: Skin friction coefficient for flow over a flat plate 
with boundary layer transition, based on the assumption of 
Rorit = 5 Xx 10° (corresponding to B = 1740 in equation (101)). 
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the effects of three-dimensionality on the values of the skin- 
friction coefficients derived for the flat plate. The results 
of an approximate method desoribed in Reference 9, which can 

be used to correct two-dimensional skin-friction coefficients 


for application to three-dimensional gurfaces, are presented 


below. 


3e6.1 Body Corrections 
For laminar boundary-layer flow over a circular cylinder 


held with its axis parallel to the stream, the increase in skin- 
friction coefficient over that of a two-dimensional plate having 
the same length f is given approximately by (9) 


(103) (acs), - ae 


In @ previous example, we determined a skin-friction coefficient 
of 0.00382 for laminar flow over a flat plate at a Reynolds 
number of 1.206 x 105. For a model rocket body with a length- 


to-diameter ratio of 10 at the same Reynolds number, we obtain 


(acy), = bbbxlo-* 


The adjusted skin-friction coefficient is thus 


' 4828 . 2kA _ 
(Cy * (Ce) iam * (ACE) tom = ~ Ry r —_ ™ -00318¢ 


with equation (103) accounting for a 4.4% increase in the value 


In the case of turbulent flow, the increase in skin-friction 


coefficient is found from (9) 
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022 (A/d) 
(104) (ACE) = eye Cau 


.074/Ry% for a flat plate, 


.bxl0° Q/d) 
105; (OCs eur ~ <7 e 


or, since (Cr)turb 


In our turbulent-flow example, it will be recalled that the skin- 
friction coefficient for a completely turbulent boundary layer 
over a flat plate at a Reynolds number of 1.206 x 10° was 

found to be 0.0045. Assuming a length-to-diameter ratio of 


10 and the same Reynolds number, we have for the cylinder 
CoC deve = 5.13 x 107° 


Then the adjusted skin-friction coefficient is 
.074 6x10 (2 . 
(Ce). sim + bese ere oe = .0045593 
with equation (105) accounting for a 1.3% increase from the 
flat-plate value -- a bit less than 1/3 the percentage increase 
for the laminar case. In Section 6, corrections of these 
magnitudes will be used to determine the skin-friction drag 


on the constant-diameter body tube sections of a model rocket. 


2:6:2 Hin Corrections 
A model rocket fin is generally not quite thin enough to 
be represented as a flat plate. The average tangential velocity 
of the airstream about a fin with a symmetrical airfoil section 
is higher than that of the undisturbed flow, even at zero angle 
of attack when the fin produces no side foree (or "lift", as 


the side force is sometimes colloquially called) (9). The 
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friction drag coefficient of a flat plate wetted on both sides, 
with the planform area (area of one side only) used as the 


reference area, is 
(106) C bs = 2Ces 


Now the increase in friction drag with thickness is proportional 
to the increment in dynamic pressure caused by the increase 

in flow velocity required for the air to negotiate a fin of 
finite thickness. This increment, in turn, is proportional 

to the thickness ratio t/c, where t denotes fin maximum thickness 
and c denotes fin chord: 


ACos _ AY - ot 
(107) 2C¢ q Cc 


Then for the fin drag coefficient, based on fin planform area, 


corrected for thickness effects, we obtain 
/ t 
(108) Cog = 2C, (I+ 2+) 


For a typical model rocket fin having a thickness ratio of 
0.05 the correction introduced by the use of equation (108) 
is seen to be 10%. 

_ Again, we shall have occasion to return to these formulae 
in Section 6. In that section also, procedures for converting 
skin-friction drag coefficients based on body tube lateral area 


and fin planform area to coefficients based on maximum frontal 


area will be presented. 
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4. Pressure Drag 


4.1 Introduction 


Pressure drag was defined previously in Section 2 as the 
integral over the body surface of the components of pressure 
forces acting directly opposite the direction of the rocket's 


motion; that is, 
(109) Dp = \( pcos(n, vids 
% 


where the unit vector n is everywhere normal to the surface 

(you may wish to refresh your memory in regard to the notation 

by consulting Figure 1l again). For purposes of analysis, it 

is useful to divide this integral into two parts: first, the 
integral over the base area of the rocket, called base drag, 

which will be discussed in Section 4.4; and second, the integral 
over the remainder of the rocket body and fins (pressure foredrag), 
to be discussed in Section 4.3. 

The existence of pressure drag is intimately associated 
with the phenomenon of boundary-layer separation. In general, 
for a rocket with a streamlined nose, streamlined fin profile, 
and no launch lug, the base drag will be considerably larger 
than the pressure foredrag. This is because separation of the 
boundary layer from the rear of the rocket, unavoidable due to 
the presence of the opening into which the engine casing must 
be inserted, creates a relatively large component of pressure 
drag. In the event that extensive flow separation occurs on 
the forebody, however -= as the result of blunt surfaces directed 


against the airflow -- the pressure drag of the forebody can 
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be quite large, perhaps several times the base drag. 

Since an understanding of the mechanism and prevention 
of boundary-layer separation is essential to the study of pressure 
drag, we begin with a discussion of this phenomenon in Section 
4.2. Unfortunately, there is very little quantitative information 
available concerning the two most important sources of pressure 
drag on well-constructed model rockets: the launch lug (if the 
model has one) and the base. Section 4.3 discusses Mark Mercer's 
data concerning the first question, and in Section 4.4 the 
empirically-derived expression which is used to evaluate base 
drag is presented, although it is noted that this formula does 
not take into account either the effects of stabilizing fins 


or the influence of the engine exhaust on the base drag. 


4.2 Boundary-Layer Separation 
The skin-friction coefficients which were derived in Section 


3 for laminar and turbulent flow presuppose that the boundary 
layer remains attached to the solid surface on which it is 
formed. This assumption is generally valid for a flat plate, 
as the pressure gradient along the plate's surface dp/dx is 
zero; but in regions of increasing pressure (dp/dx positive, 
a@ so-called adverse pressure gradient) the boundary layer 
may be unable to follow the contour of the body surface beyond 
a certain point and it will break away from the surface. When 
this happens, the skin-friction coefficients of Section 3 are 
not applicable beyond the point of separation. 

To illustrate this phenomenon, we examine the flow past 


a blunt body, such as the circular cylinder shown in Figure 
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23. In the inviscid flow of a "perfect" fluid, the fluid 
elements are accelerated from point A to point B, and are 


decelerated from point B to point C. In accordance with 


Bernoulli's equation, there is an increase in static pressure 
between A and B and a corresponding decrease along the downstream 
surface from B to 0. This theoretical pressure distribution 
(which appears in Figure 24 as the curve ¢,z1- Asine?) is 
impressed upon the boundary layer in real fluid flow; that is, 
at any station in the boundary layer the pressure over the 
thickness of the layer is virtually constant and is taken as 
equal to the pressure in the exterior flow at the same station. 
An element in the exterior flow, because of the pressure 
distribution, undergoes a continual change in kinetic energy 
as it moves from the front to the rear of the cylinder, first 
increasing, then decreasing. Because there is no dissipation 
of energy in inviscid flow, the theory of perfect fluids predicts 
that a fluid element will arrive at C with the same velocity 
it had at A. Within the boundary layer, however, fluid elements 
are subjected to large frictional forces which consume much of 
the kinetic energy gained in travelling from A to B. Hence 
an element near the wall will not have sufficient kinetic energy -- 
to overcome the positive pressure gradient on the downstream 
side of the cylinder, and at some point its motion will be 
arrested. Acting under the influence of the pressure gradient, 
it will then reverse the direction of its motion so that it 
is actually moving against the exterior airstream. 
This process and its consequences are depicted in Figure 


25, which shows how the velocity profiles in the boundary layer 


Figure 23: Flow about a circular cylinder held transverse to the 
airstream. Inviscid ("potential") theory predicts that the flow 

near the surface of the cylinder will be accelerated from point A 
to point B and decelerated again from B to ©. In actuality, the 

boundary layer develops an inflection point due to the adverse 


pressure gradient between B and C, and separation occurs at §. 


_| |¢ [| R26x10* 


180° 

© 
Figure 24: Theoretical and experimental variation of pressure 
coefficient in flow about a circular cylinder. The theoretical 
curve obtained from potential flow theory is displayed and compared 
with average curves of experimental data taken at the subcritical 


Reynolds number 6 x 10+ 


and the supercritical Reynolds number 

5 =z 10° (based on cylinder diameter). The angle Pis the angle 
between a line drawn from the cylinder axis to point A in Figure 

23 and a line drawn from the axis to any other point on the cylinder 
periphery. Point Bin Figure 25 thus corresponds to Y= 90° and 


point C to mM = 180°. 
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are altered near a point of separation. The boundary layer 

has a full, stable velocity profile at point a, well upstream 

of the separation point c. As the flow moves into the region 

of increasing pressure, however, the particles at the wall begin 
to be retarded until, at c, the velocity profile develops an 
inflection point and has a zero velocity gradient at the wall. 
The layer of fluid nearest the wall has consequently lost all 
its forward momentum. The condition of zero normal velocity 


gradient at the wall is expressed mathematically as 
eu -_ 
ao (4) 20 


Downstream of c, the separation point, the layers of fluid 
nearest the wall reverse their motion, a vortex is formed, and 
the general accumulation of fluid in the boundary layer leads 
to a rapid increase of boundary-layer thickness (points d 
and e). The layer becomes so thick, in fact, that the original 
assumptions which were made in the derivation of the boundary- 
layer equations (equations 38 and 39) are no longer valid and 
a “boundary layer" as such can no longer be said to exist. Hence, 
the boundary-layer approximations apply only up to the point 
of separation, and resort must be had to experiment to determine 
the conditions on the rear of the body from which the flow has 
separated. 

The remarkable series of photographs in Plates 4a through 
44, made by Prandl and Tietjens (Reference 12), illustrates 
the actual development of separation at the rear of a circular 
cylinder. In Plate 4a, the flow has just begun; the boundary 


layer is very thin, and conditions conform very closely to ideal, 


b 


Plate 4: Flow around the rear end of a blunt body, illustrating 
the onset of boundary layer separation due to an adverse pressure 


gradient. 
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inviscid potential flow. In the next picture, some particles 
nearest the wall have been retarded by the adverse pressure 
gradient; they appear as bright, white dots. This corresponds 
to the velocity profile of point c in Figure 25. These particles 
have acquired a backwards velocity in Plate 4c, and a line of 
stationary fluid now exists at some distance from the wall, as 
at points d and e in Figure 25. The external flow persists 
in forward (left-to-right) motion outside this line. The 
instability of the dividing line is demonstrated in the concluding 
plates of the sequence as it breaks up into separate vortices, 
grossly altering the pressure distribution beyond the separation 
point. 

Figure 24 compares the theoretical pressure distribution 
(Cp sl- 4sin°?) on a circular cylinder with experimental results 
obtained at various Reynolds numbers. Because of the symmetry 
of the theoretical curve, integration of the pressure forces 
over the surface of the cylinder will yield a pressure drag 
of zero -- the same result obtainea for an object of any shape 
using potential-flow theory alone. In the experimental cases, 
however, the pressure over the rear of the cylinder never 
attains its original value at P= 0°. Pressure recovery is 
thus said to be incomplete. The suction forces due to the 
negative pressure coefficient at the rear will predominate 
over the suction forces acting on the upstream side, and a 
net positive pressure drag (force in the direction of the 
stream) will result. 

The existence of a point of inflection in the velocity 


distribution is a necessary condition for separation (15). 
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The development of boundary layer separation from 


Figure 253 
a surface due to the influence of a positive (adverse) pressure 


gradient. 
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In Section 3 we saw that the stability of a laminar flow is 
also related to this characteristic of the velocity profile: 
the existence of a point of inflection is a necessary and 
sufficient condition for the amplification of turbulent distur- 
bances. The significance of this correlation is revealed 

when one considers the variation of the drag coefficient of 

a sphere or circular cylinder with Reynolds number, as shown 
in Figure 26. 

At a Reynolds number of about 35 x 10° for a sphere, and 
about 5 x 10° for a circular cylinder held transverse to the 
flow, the drag coefficient exhibits a sudden and considerable 
decrease. This phenomenon is due to the transition of the 
boundary layer from laminar to turbulent flow, causing the 
separation point to move downstream -= and, therefore, causing 
the total width of the “stagnant™ or "dead-air" region created 
by the separation to decrease. This effect is also demonstrated 
in the experimental pressure distributions of Mgure 24, as 
for supercritical (post-transition) Reynolds numbers, the 
pressure recovery is more complete than at subcritical (pre- 
transition) Reynolds numbers. Hence the fluid flow resembles 
frictionless flow more closely, and the pressure drag is corres- 


pondingly reduced. The magnitude of the decrease in pressure 


drag is considerably greater than the increase in the friction 


drag due to the attached turbulent boundary layer. This 
accounts for the sharpness of the drag coefficient curve's slope 
at the critical Reynolds number. ‘ 
A striking flow-visualization experiment, originally performed 


by Prandtl (12), demonstrates the validity of these assertions. 
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Figure 26: Variation of drag coefficient with Reynolds number 
based on diameter for circular cylinders (a) and spheres (b). 
The curves shown are average values obtained from a large number 


of experiments. 
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He placed a sphere in subcritical flow and observed the resulting 
flow pattern, made visible by smoke (Plate 5a). As expected, 
the laminar flow separated just before the shoulaer, and there 
was a very wide wake trailing the body. When a thin wire ring 
was mounted upstream of the sphere's equator, artificially 
inducing turbulence as a subcritical Reynolds number (see 
Section 3.5), the separation point moved well downstream as 
shown in Plate 5b. This movement was accompanied by a decrease 
in the measured drag coefficient, similar to that achieved at 
supercritical Reynolds numbers. The experiment is thus a 
convincing demonstration that the sharp decline in the drag 
coefficient of spheres and cylinders observed at the critical 
Reynolds number can only be interpreted as a boundary-layer 
phenomenon (15). 

It remains to be explained why transition affects the 
position of the separation point. The physical phenomenon 
determining this behavior is that a turbulent boundary layer can 
withstand a stronger adverse pressure gradient than can a 
laminar boundary layer. This results from the mixing action 
present in the turbulent layer, which transfers momentum from 
the outer layers of the flow to the strata of fluid near the 
wall, permitting them to continue their forward motion for 
greater distances against adverse pressure gradients than would 
otherwise be the case. This same mechanism accounts for the 
low drag of many bodies with streamlined aftersections, such 
as airplane fuselages: the transition of the boundary layer to 
turbulent flow prevents the flow from separating in the relatively 


mild adverse pressure gradient at the rear of such a body, and 


Plate 5: Flow about a sphere at a subcritical Reynolds number. 
In (a) the laminar boundary layer separates slightly upstream of 
the shoulder. In (b) the presence of a wire ring "trips" the 
boundary layer, artificially inducing transition to turbulent 
flow and delaying separation until the flow is far downstream 


of the shoulder. 
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thus the pressure drag is very small. Since the skin friction 
of such a body in fluids such as air is also small, the overall 


drag coefficient is close to zero. 


4.3 Pressure Drag of the Forebody and Fins 

From our discussion of separation, we derive a cardinal 
rule for low-drag model rocket design: never present a blunt 
surface to the flow. In general, there are four areas on a 
typical model rocket which are capable of violating this rule: 
the body base, the launching lug or other protuberances (if 
present), the leading and trailing edges of the fins, and the 
nosecone. Although at least a portion of the base of any 
model rocket must necessarily be cut off abruptly to permit 
insertion or removal of the rocket engine, boattailing offers 
@ considerable reduction in base drag and will be discussed 
separately later on. In the present section, we shall examine 
the effects of separation on the rest of the rocket body and 


fins and describe techniques for minimizing then. 


4.3.1 Nosecone (Forebody) Pressure Drag 

For the purposes of analysis, it is possible to consider 
the nosecone of a model rocket as being attached to a body tube 
of effectively infinite length oriented with its axis parallel 
to the flow. Such a configuration is known as a half-body. 
An expression for the drag on such a body is a good approximation 
to the pressure drag on the forebody (nosecone and body tube) 
of an actual model rocket, provided that the rocket is long 
enough so conditions near the base do not have a sizeable 


influence on the flow near the nose. The data of Mark Mercer's 
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investigation suggest that this approximation 1s a good one 
for a typical model rocket, since Mercer found changes in 
nosecone shape to cause the same absolute increment in drag 
coefficient for both the blunt-finned and the streamline-finned 
version of the model he tested. 

We first examine the flow about a half-body for an incom- 
pressible, inviscid -- that is, perfect -- fluid (12). The 
mathematics of this problem are such that it cannot be solved 
unless some specifications are made regarding the pressure at 
the rear of the body. To circumvent this difficulty, aero- 
dynamicists assume that, at a sufficient distance from the nose, 
there exists a slot into which the surrounding pressure penetrates 
(Figure 27). The pressure drag on such a half-body is then the 
resultant integral of pressure over the surface of the "amputated" 
forebody. 

The techniques of potential-flow theory, involving the 
mathematical concepts of sources and sinks, could be used to 
obtain the pressure drag, but a simpler model is presented 
here (12). As in Figure 27, we enclose the half-body in a 
wide, hollow cylinder and integrate over a right, cylindrical 
control surface as indicated by the dotted line. Denoting the 
cross-sectional area of the cylinder as A,, and the frontal area 
of the half-body as Aj, the requirement of mass conservation 


yields 


(111) A,u, = (A,-Az) U2 


or, letting Rg = Ap/Al- 


Figure 27: Scheme for computing the pressure drag of a half-body. 
4, is the frontal cross-section area of the control surface; A, is 


the frontal cross-section area of the half-body. 
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(112) ue= (1- Ra) uz 


Bernoulli's equation for steady, incompressible flow requires 


that 

(113) p+ > fu,” = pats fue 

so one can write 

(114) p-p, = £u,? [1- (1-Ra) | 


Drag, it will be recalled, represents the momentum flux through 
the control surface (as in the friction-drag calculations of 


Section 3). Hence, 
(115) D= A, (pi-pe) +A, Puy? -(A,-Az) Pus 
Applying the condition of mass conservation, 

(116) D=A,(p-P2) +A, Pu, Cu,- uz) 

From equation (113), then, 

(117) D = Ay 4 Us 24) -(1- Ra)® +2[(1-Ra)* ~1+Ral] 
Finally, simplifying the algebra, one obtains 

(is) D=ALS e URS = A2* ua Ra 


or Cp = Rg- If we let the cross-sectional area 4 of the 
enclosing cylinder become infinitely large, Rg goes to zero <= 
resulting in the prediction that the drag of a half-body in 
@ fluid flow of infinite extent is zero. 

A better understanding of this result can be had by examining 


~380- 


the pressure distribution over the nose of the half-body under 
the assumption that the flow remains attached to the surface. 
The streamlines (Mgure 28a) near the stagnation point are 
convex toward the body; this causes an excess pressure in that 
region. As the flow proceeds downstream along the nose, however, 
the streamlines turn their concave sides to the body, indicating 
the existence of a diminished pressure. The net effect, as 
can be seen in Figure 28b, is an equilibrium between positive 
pressures and suction (negative pressure increments), yielding 
zero pressure drag. 

Although this result was derived for inviscid flow, it 
has important applications to real fluid flow. Consider, for 
instance, a nose shape with a smooth, gently-sloping profile, 
such as @ paraboloid or tangent ogive. We do not expect the 
flow over such shapes to differ much from that predicted by 
potential theory, as separation does not occur. The streamlines 
will be displaced outward some small distance by the boundary 
layer, but they will retain essentially the same contours. 
Hence, it seems reasonable to assume that the pressure drag 
of a streamlined nosecone should be very close to Zero in real 
fluid flow. 

There is a considerable body of experimental data supporting 
this contention. Figure 29, due to Hoerner (9), presents a 
variety of possible nose shapes with their tested values of 
pressure foredrag coefficient (based on frontal cross-sectional 
area). As we surmised, the first two shapes, having no sharp 
edges or blunt surfaces, have pressure drag coefficients near 


zero. Furthermore, as the "degree of bluntness" increases 
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Figure 28: Streamlines and pressure distribution in flow about a 


half-body. Drawing (a) shows the streamline pattern and the 
ratio of local static pressure to free-stream dynamic pressure, 
while drawing (b) shows the distribution of pressure over the 
surface. Note that there is positive pressure on the forward 
part of the nose region and suction on the after portion of the 
nose. According to potential theory the two effects counteract 


each other and the drag of a half-body is zero. 
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Figure 29: Pressure foredrag coefficients of various nose shapes. 


The rounded shapes exhibit very low drag coefficients, in good 
agreement with the potential-flow prediction for a half-body. 
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(from top to bottom in the diagram) the drag coefficient shows 
a corresponding increase. 

Evidently the first shape, which might represent a conic 
section (ellipsoid, paraboloid, or hyperboloid of revolution), 
is superior for model rocketry applications; in fact, an 
ellipsoid of revolution whose length is about twice its base 
diameter is considered near-optimum by many designers. Its 
negative pressure drag coefficient is due to the predominance 
of suction forces over positive pressure increments on its 
surface. This result can be understood by reexamining the 
experimental pressure distributions determined for a circular 
cylinder held transverse to the flow. The flow over the forward 
half of the cylinder is the two-dimensional analog of the 
three-dimensional flow about a nosecone of rounded profile, 
and it can be seen that integration of the coefficient of 
pressure over the cylinder's forward half (#< 90°) will result 
in a negative pressure drag coefficient. 

A comparison of shapes #3 and #6 reveals what even a small 
amount of rounding of sharp edges can accomplish The quantitative 
variation of drag coefficient with “rounding radius" for a 
variety of two-dimensional and three-dimensional shapes is 
{llustrated in Mgure 30. At a value of r/h Y 0.1 for three- 
dimensional shapes, Op declines sharply in a manner analogous 
to its behavior at the critical Reynolds number (Figure 26). 

The physical cause of this behavior is not transition, however, 
but a progressive decrease in separation from the forward edges. 
The “critical radius ratio" r/h = 0.1 is then the minimum value 


above which the effects of separation on the pressure drag are 
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Figure 30: Variation of drag coefficient with rounding radius 
for two-dimensional and three-dimensional bodies. The two-dimensional 
result can be applied to fin design, while the three-dimensional 

curve is applicable to nosecones. Both curves are averages of 


experimental data. 
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Figure 31: Drag coefficient of the Javelin rocket with various 
nosecone shapes and fin profiles. The first column displays 
diagrams of the nose shapes tested. The second lists designations 
for the shapes (designations beginning with BO=- are catalog numbers 
used by the Centuri Engineering Company, producers of the cones and 
of the Javelin rocket). The third column lists drag coefficients 
obtained for the Javelin rocket sanded, painted, and with airfoiled 
fins using each nose shape. The fourth column lists drag coefficients 
obtained for a sanded and painted Javelin with no airfoiling on the 
fins. Figures in parentheses were obtained after adding a launch 
lug; the figure in brackets is for an unsanded, unpainted Javelin 


with a launch lug and without fin airfoiling. 
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Figure 32: Variation in the drag coefficient of a paraboloidal 


nose shape with fineness ratio L/d. 
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negligible. It appears from tests that (r/h)orit is a slowly- 
Varying function of Reynolds number, decreasing as Ris increased. 

Mark Mercer (10) has wind-tunnel tested all seven of the 
shapes in Figure 29, plus some additional ones of interest, 
on an actual model rocket -=- the Javelin, a commercially-available 
kit produced by the Centuri Engineering Company, which he modified 
to various configurations for test purposes. The trend toward 
greater drag with increasing nosecone bluntness is clearly 
demonstrated in his measurements (Figure 31). Note particularly 
that the five shapes exhibiting the lowest drag (Centuri stock 
nosecones, catalog numbers BC-70, BC-78, BO=72, BC-76 and BC-74) 
are roughly similar to the first shape in Figure 29; furthermore 
they are representative of what might be considered “typical" 
model rocket nosecones. The essential features which distinguish 
these shapes from the others tested'are (a) a length-to-diameter 
ratio of at least 2; (b) a smooth transition between nosecone 
and body, the nosecone being generally tangent to the tube at 
its base; (c) a smooth boundary curve with its convex side 
toward the flow; and (d) no blunt surfaces facing the flow. 
Mercer's data may thus be considered an empirical guide to model 
rocket nosecone streamlining. 

The importance of the length-to-diameter ratio in nosecone 
streamlining is demonstrated quantitatively in Figure 32, taken 
from Stine (18). The pressure drag coefficient is reduced 
significantly as the ratio L/d of the paraboloidal shape is 
increased up to about 2.0; further extension of the nose reduces 
the drag only slightly. This behavior accounts for the relatively 


slight differences in drag among the five streamlined nosecones 
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in Mercer's testes. 


4.5.2 Fin Pressure Drag 

Since the fin surfaces are generally parallel to the flow 
direction, any pressure drag due to the fins must result from 
separation of the flow from the leading and/or trailing edges. 
Mercer's data indicate that the effect of blunt fin edges, 
as opposed to streamlined edges, is considerable in this respect 
(Pigure 31). The Javelin rocket used in his tests experienced 
an increase in Cp from 0.70 to 2.35 when all the fin edges 
were left squared off, rather than rounded at the leading 
edges and tapered at the trailing edges -- a 236% increase in 
drag over that of the streamlined-fin configuration. 

At the thickness-to-chord ratios commonly encountered in 
model rocketry (usually 0.02 or greater), the separated flow 
from a blunt leading edge will reattach itself to the fin at 
some point downstream. If the trailing edge is also squared 
off, separation will occur there also, resulting in a “base drag" 
analogous to that of the rocket's main body. 

To prevent -- or rather, to minimize -- fin separation, 
streamlining of the fin section (or "profile") its required. 
Adequate streamlining can usually be accomplished simply by 
providing a rounded leading edge (the two-dimensional analogy 
to the streamlined nose shape) and a gently-sloping aftersurface 
culminating in a sharp trailing edge (the so-called "knife-edge"). 
One must compromise with structural durability requirements here, 
since a paper-thin trailing edge is very easily damaged. The 
profile of a well-streamlined model rocket fin is illustrated 
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in Figure 38. The character of the lateral edges of the profile -- 
whether they are flat or "airfoiled”" -- does not substantially 
affect pressure drag, but it does play an important role in 


determining drag due to lift as discussed in Section 5. 


4.3.3 Launch Lug Drag 

A remarkable aspect of aerodynamic drag is that small 
Changes in the shape of a body can produce large variations 
in its drag coefficient. Mercer's research showed that the 
addition of a launch lug (presumed location: near the rear 
of the body tube) increased the Cp of the streamlined-fin 
version of his Javelin test rocket by about 0.28, or 67% of 
the value for a lugless rocket. This finding agrees rather 
well with estimates of 50% or more reported for much larger 
rockets (7). 

The culprit, once again, is boundary-layer separation <-- 
in this case, from the blunt face of the lug. Pressure drag 
due to lugs and similar objects which protrude from the boundary 
layer is often referred to as parasitic drag. The only available 
data on this important effect as it relates to model rockets is 
that of Mercer, so the influence of a launch lug on the Ch 
values of rockets of different body diameters and fin configurations, 
as well as the effects of launch lug placement, cannot now be 
accurately assessed. We note, however, that the addition of a 
lug to the blunt-finned version of Mercer's Javelin increased 
the drag coefficient by about 0.21, an increment roughly equal 
to that for the streamline-finned version. On this basis it 


is possible to suggest an average drag coefficient increment 
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of ACp » 0.25 due to the presence of a launch lug on model 
rockets whose configurations are such that the ratio of body 
diameter to lug diameter is identical to that of Mercer's 
Javelin, and such that the lug placement is similar. 

We can develop a tentative formula for extending Mercer's 
results to models in which the launch lug diameter stands in a 
different ratio to the body tube diameter than was the case in 
the Javelin experiments, by computing the drag coefficient of 
the launch lug when in place based on its own included frontal 
area. To do this we note that the standard launch lug used on 
@ model of the Javelin's size has a diameter of about 0.40 
centimeter, while the body tube of the Javelin has an outer 
diameter of 1.93 centimeters. The ratio of the tube diameter 
to the lug diameter is then 4.8, and the ratio of A,, the 
reference area for computing the drag of the entire rocket (which, 
it will be recalled, is equal to the cross-sectional area of 
the body tube), to the area included within the circular cross- 
section of the lug -- which we shall denote by Ajy, -- is 
the square of the diameter ratio, or Ay/Ajyg = 23.0. The drag 
coefficient of the lug based on its own frontal area is therefore 
23 times greater than that based on the body tube cross-sectional 
area. Denoting it by (Cp)iug: we have (Cr)iug = 5-75 -=- quite 
& large value, and one that indicates that the lug must cause 
flow separation, not only from itself, but from a substantial 
area of the body tube in its vicinity. The general expression 
for the drag coefficient increment due to a body-mounted launch 


lug may then be written 
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2 
(119) (OCp), _ 5.75 “lus = 5.75 due] 
ug r r 

Data taken by Douglas J. Malewicki (20) indicate that 
placing the launch lug in one of the joints between the model's 
fins and its body can substantially decrease the launch lug 
drag increment. Malewicki determined an overall Cp of about 
0.50 for his Skychute XI rocket tested with a launch lug at 
Reynolds numbers (Rp = 2.5 x 109) about the same as those of 
Mercer's tests. Since, according to the methods of Section 6, 
the Cp of the Skychute XI without a launch lug is probably not 
less than 0.35, the increment in Cn due to the presence of 
the lug located at the fin-body joint cannot be much more than 
0.15 -=- only 60% of the increase determined by Mercer for a 
body-mounted lug on a configuration of the same ratio Alug/Ar- 
The wind tunnel used by Malewicki (the low-speed tunnel at 
Wichita State University near Wichita, Kansas) may have had a 
Significantly lower air turbulence level than that used by 
Mercer, so it is not necessarily accurate to compare their 
results directly. Given the extremely limited nature of the 
data concerning this important problem presently available to 
model rocketeers, however, the best we can do is to present 
the following tentative formula for the drag coefficient increment 
due to a launch lug mounted at the fin-body joint: 


2 
(120) (aco)... - 3.45 aes = 3:45 (Suz) 


The development of accurate, empirical expressions for (ACD) 1 ug 
covering variations in lug configuration, size, and placement is 


a problem requiring considerable further research. 
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The most effective means of reducing launch lug drag is 
to eliminate the lug completely and launch from a tower or 
closed-breech launching device. Mechanisms by which the lug 
can be retracted soon after launch or left behind on the launch 
rod have also been experimented with, resulting in varying 
degrees of success. One firm, Competition Model Rockets of 
Alexandria, Virginia, has developed a particularly successful 
form of pop-off launch lug and has incorporated the design in 
several commercially-available kits. 

In conclusion, however, I must reiterate that the prediction 
of drag due to launch lugs remains at the time of writing almost 
wholly a matter of empirical art -- of "guesstimating", to adopt 
a colloquialism from professional rocketry. It is hoped that 
in the near future this area of model rocket drag will be more 
thoroughly investigated, and that formulae for predicting launch 
lug drag will be established on a firmer analytical foundation. 


4.4 Base Drag 

The only section of the rocket now remaining to be considered 
in our analysis of pressure drag is the base. Since the plane 
of the base is generally perpendicular to the flow direction 
(at zero angle of attack), base pressures act along the drag 


axis and the second term in equation (28) may be written simply 


(121) Dy =-\§ Pb dS, 


50 
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Dt 
(122) Cy = —— 
é zPU. St 

Theoretical analysis of the base drag is extremely difficult; 
in fact, there is at this time no theory which can accurately 


predict the base drag of a model rocket during all phases of 


flight. Oomplications arise from the following sources: 


(a) The boundary layer separates from the blunt 
base and, as mentioned previously, the boundary- 
layer equations are not valid beyond the 
separation point; 

(b) The presence of the fins disturbs the flow, 
generally resulting in a decrease in base drag 
from that observed for finless bodies; and 

(c) A jet exhausting into the base region is 
believed to cause a further decrease in 


base drag. 


The last two problems, peculiar to rocketry, have not been 
well researched on either the hobby or the professional level 
for subsonic flow. The empirical expression for base drag 
presented here is consequently unable to take either of the 
last two phenomena into account. 

Base drag is essentially a separation phenomenon. Mgure 
55 depicts the flow to be expected about the base of a model 
rocket when the engine is not firing. The boundary layer 
separates and then converges downstream, enclosing a volume 
known as the "dead-air" region. This term is actually a misnomer, 


as there is considerable motion of the air in this region 


Figure 33: Flow about tne base of a model rocket with a conical 
boattail. € is the boattail angle and § 4s the boundary-layer 
thickness. The boundary layer thickens as the flow passes over the 
boattail and then separates when the flat base is reached, forming 
a region of low pressure -- the "base pressure" P) -- and then 
reattaching at point R downstream of the rocket. Viscous effects 


cause the circulation pattern shown in the base pressure region. 
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resulting from mixing along the free shear layer -- the boundary 
region between the dead-air volume and the free stream -- and 
from flow reversal at the convergence point (16). 

The character of the flow as a whole, as Hoerner (9) 
suggests, is somewhat like a jet pump: the external flow, 
acting as a "jet", mixes with the "dead air" and tries to 
“pump" it away. The static pressure at the base is consequently 
reduced, and base drag results (see equation 121). The boundary 
layer (which becomes the free shear layer after separation), 
however, acts as an insulating sheet between the jet pump effect 
of the outer flow and the dead-air region, and the effective 
dynamic pressure of the pump is reduced. An increase in boundary- 
layer thickness therefore results in a smaller reduction of 
base pressure, which in turn implies a smaller base drag. 

We have seen that the boundary-layer thickness is proportional 
to the skin-friction drag (for example, compare equations (54), 
(59), amd (60)). If we now define a forebody friction drag 
coefficient Cr, such that 


| £ igtio S 
ee Deore oaqy> _ / 2 
(123) Cry = — “En Ce Sh 


where 8, is the wetted area of the body exclusive of the base, 

Sp is the area of the base, and Cr’ is the forebody skin-friction 
coefficient as determined by the methods of Section 3, we expect 
(on the basis of the above discussion) that 


(124) Cy, = f (C,,) 


The nature of this relationship -- that is, the form of the 
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function f -- can be determined from a plot of experimental 
data, as in Pigure 34. The empirical function that has been 


determined for equation (124) is 


VCH = 1 Sb 

As we expected, an increase in the body viscous drag (which 
includes the effects of roughness) produces a decrease in base 
drag. Equation (125), however, as previously stated, does not 
take into account the effects of fins or rocket exhaust. 

Although there has been some experimentation with trading 
increased friction drag for reduced base drag by varying the 
roughness of a model's surface finish, model rocketeers are 
generally limited to variations in rocket geometry to effect 
reductions in base drag. The most widely-used technique, 
employed on models which require a main body tube section greater 
in diameter than that which would be a "glove fit" to the engine, 
is referred to as boattailing. A gradually-tapered section 
(see Figure 33) 1s added to the rear of the rocket body, to 
guide the flow downstream to a reduced base area. If the 
boattail angle € is small enough (about 5 or 10 degrees) the 
flow will not separate from the boattail lateral surface, and 
the increase in base pressure due to pressure recovery along 
the boattail reduces the base drag. The technique is limited 
in usefulness to those models which, for some reason, must use 
& main body section significantly greater in diameter than the 
engine casing; there is, of course, no sense in enlarging the 
diameter of a rocket just to enable it to be built with a 
boattail! 
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Figure 34: Variation of the base drag coefficient of a body of 
revolution with forebody friction drag coefficient. The curve 
and semiempirical function shown represent a "best fit" to a large 


collection of experimental data. 
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An expression for the base drag of a boattailed config- 
uration can be developed from equation (125). If the body 
maximum frontal area is denoted &,, and its associated body 
diameter d,, then 

2 
_ =e | 
The friction drag coefficient of the forebody based on maximum 


body frontal area is 


(127) Cp, = Peasgiate 
Now 

Ds Décrebod oe 4..? 
oa) Cay = gine = (eS) = Cy 
Furthermore, 


) D De (de) [ 
(129) (Co.),.= 7" 4 St fin) = Colin, 
where (Cp,),, is the base drag coefficient based on maximum body 


frontal area. fhen 
a 
$s) 0.024 
soo) (Cn) « (44) goer 
(130) ( Dem hm Co, (dw /de ) 


or, simplifying algebraically, 


_ (de 7 0.029 
(131) (Cor), = (++) ce 
It is apparent that (Cpp), can be reduced, either by 
decreasing the ratio dp/d, or by increasing the skin-friction 
drag of the body. The first technique is limited by the diameter 
of the engine itself. The danger of separation from the boat- 
tail as the boattail angle € (as defined in Figure 33) is 
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increased also imposes a lower limit on dp/d, for a given 
boattail length. The maximum permissible value of € generally 
lies somewhere between 5° and 10°; if € is greater than this 
value separation will occur on the boattail and equation (131) 
will not apply. 

Increasing the skin-friction drag of the body can be accon- 
plished by lengthening the boattail, but it can be demonstrated 
from equation (131) that the boattail should not be longer than 
the section of cylindrical body tube it replaces; or more 
precisely, that the rocket with boattail should not be any 
longer than it would have been if designed without a boattail. 
Differentiation of (131) with respect to Op, gives 


A (Coo) _ _(42) ee 


Where care must be taken to distinguish the letter d as used to 
denote differentiation on the left-hand side from d as used to 
denote diameter on the right, and the assumption has been made 
that d,/d, is unrelated to Cpr. Since, for the increase in 


skin-friction drag to be less than the decrease in base drag, 


we require A(Cpp), < -A(Cpr); 
as) 0.029 2. _ 
giving 
Y 3 
(134) (C,) < ois (4) 
and finally, 


(135) ay < .054 (te) 
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The largest value of Op>¢ for which an increase in Opr will result 
in a decrease in overall drag occurs for the limiting case 
dp/dg = 1.0, and even then Cpr must be less than 0.059. Model 
rockets do not have body skin-friction drag coefficients this 
small. A typical value of Cpr for a well-designed model rocket 
is three or more times this value (see Section 6). This is because 
well-designed model rockets have a fineness (length-to-diameter) 
ratio sufficiently great so that the ratio of wetted area to 
frontal area is relatively large, and so, therefore, is Opp. 
Hence, insofar as equation (131) is valid, the contention that 
an increase in Cpr cannot result in a decrease in base drag 
sufficient to lower the overall drag of the rocket is proved. 
Note that the means by which Cpr is to be increased has not been 
specified in the derivation, and that equation (135) consequently 
refers to variations in Cpr effected by any means whatsoever; i.e., 
whether by altering the length of the body to change S, or by 
altering the surface finish of the body to change Of’. Equation 
(135) therefore indicates, not only that a rocket should not be 
lengthened to incorporate a boattail, but that it should not be 
roughened in the hope that increasing Opr will decrease Cpp 
enough to lower the overall drag coefficient of the model. 
Having determined to design a model with a boattail no longer 
than it would have been without one, the modeler may follow 
Stine (18) who suggests a boattail length of two or three body 
diameters for best results at moderate ratios dp/d,. 

A recent experimental investigation (5) indicates that 
recessing the base of a boattailed configuration may be an 


effective means of reducing base drag. Since the nozzle of a 
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model rocket engine provides a natural concavity at the base, 
this technique, although not regarded as such, has been in use 
for some time. By recessing the engine slightly into the tube, 
thereby creating a deeper concavity, it may be possible to 
reduce base drag still further. Oare must be taken not to 
recess the engine further than about half a body diameter, or 
the conditions of nozzle overexpansion responsible for the 
notorious Krushnic effect (named for Richard Krushnic, who 
discovered it in 1958) will be created, destroying most of the 
effective thrust (and probably the aft section of the model). 
Those readers desiring a further explanation of this interesting 


phenomenon may consult the article by Gordon Mandell in Model 


Rocketry magazine.for November, 1969. 


5. Other Contributions to Model Rocket Drag 


5el Introduction 

The two preceding sections examined the contributions to 
drag of the tangential (viscous) and normal (pressure) forces 
acting on a model rocket body. Several important assumptions 
were inherent in these presentations; namely that (a) the body 
was inclined at zero incidence (zero angle of attack) to the 
flow; (b) the body was not rotating about its longitudinal 
axis; and (c) surface roughness affected the drag only through 
inducement of premature transition. We are now interested in 
determining the effects on the drag of relaxing these assumptions. 

The determination of tail-body drag at angle of attack is 
extremely difficult, because little is known about tail-body 
interference effects at different flow inclinations. We will 
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restrict our attention to small angles of attack (less than 
about 10°), since at larger values of « the relationship between 
drag and angle of attack is far more complex and, in any case, 
flight at large angles of attack generally indicates a dynamic 
stability problem necessitating a redesign of the rocket. 
Purthermore, only very simple single-stage model rocket configur- 
ations will be examined. article 5.2 presents a practical 
method (from Reference 6) for calculating the drag coefficient 
at angles of attack, although (as with many methods discussed 

in this chapter) it still requires experimental data to confirm 
its applicability to model rockets. 

In Section 5.3 we examine the effects of rotation about 
the roll axis, which generally produces a drag increase. It 
will be found that the increase in drag coefficient due to spin 
in usually small compared to that due to the mechanism which 
induces the rotation (usually canted fins). 

Previously, in Section 3.5.2, it was seen that surface 
roughness due to single or distributed particles can lead to 
premature transition, and hence to an increase in the skin 
friction. In a purely turbulent region surface imperfections, 
since they represent obstacles to the flow, have a viscous 


drag of their own. This component of model rocket drag will be 


examined in Section 5.4. 


5.2 Drag at Snall angles of Attack 
Due to forces which may arise from causes such as wind 
gusts, off-center thrust, misaligned fins, or staging transients, 


@ model rocket may assume an angle of attack @ to the instantaneous 
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velocity vector, as seen in Figure 37. If the vehicle 1s 
aerodynamically stable the angle is usually quite small and 
quickly reduced by the restoring moment and damping moment 
characteristic of a stable model. During the time in which 
the response to the disturbance produces discernable angles 

of attack, however, the drag may be increased considerably. 

A knowledge of the extent to which the drag coefficient of a 
given rocket increases with angle of attack is therefore of 
considerable value. In Sections 5.2.1 and 5.2.2 expressions 
will be presented for estimating the increase in drag coefficient 
of the body and tailfin assembly alone, respectively, with 
angle of attack. The magnitude of the corrections required 
due to fin-body interference will be discussed in 5.2.3, 

and the overall variation of Cp with angle of attack, as found 
by experiment and through semiempirical formulae, is analyzed 


in 5.2.4. 


or2-l Body Drag at Angle of Attack 
The drag of a slender body (such as that of a model rocket) 
at an angle of attack is closely related to its side force (if 
coefficient 
any) and drag at zero angle of attack. The total drag,of a 
model rocket body (nosecone plus cylindrical body tube, but 
excluding fins, launch lugs, and any other protuberances) at 


&@ nonzero angle of attack can be expressed as 
(136) Cog = (Cr), + Cog (x) 
where 


coefficient 
(Cpoo)p is the body drag,at zero angle of attack. 
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A detailed method of estimating this quantity is 
presented in Section 6. A typical value for a 
slender model rocket is (Coo) p = 0.27 at a Reynolds 
number of 1 x 10°. This coefficient includes base 


drag. 


Op, (x) is the drag coefficient of the body due to angle of 
attack (the notation is read "Opp as a function 
ofx", or simply "Cyn of a"), which will be discussed 


herein. 


When a model rocket assumes a very small angle of attack 
(about 2 degrees or less), the external flow is not significantly 
disturbed from its behavior at zero incidence. Since it was 
shown in Section 4 that (for a streamlined nose) this external 
flow resembles closely that predicted for an inviscid fluid, it 
is reasonable to attempt the use of potential flow theory for 
the determination of aerodynamic forces at very small angles of 
attack -=- and, indeed, such analyses have been carried out. 

The forces produced are a side force, perpendicular to the 
free-stream flow direction, and a much smaller drag force, 
parallel to Ue. 

Potential theory predicts a side force (also referred to 
as "lift") coefficient which varies linearly with angle of 
attack. According to Van Dyke (6), the body lift-curve slope 


at zero incidence is given by 


ka-k, 
(137) ao " alee) So 


so that the lift coefficient Oy is given by 


—4O4- 


| 2 (k2-k,) So | 
— : 
(138) 2 
m 
Applying the approximation sin (x) Soc, valid for small angles, 


we then have 


, a 5 
(139) Cop (x) sacC, = ShkerkS: 


vw 


where 


(Ko-k,) 1s the "apparent mass factor" as determined 
by Munk, given in Figure 35 as a function of body 


fineness ratio. 


x is the distance from the nosecone tip measured 


along the longitudinal body axis. 


X, is the body station where the flow ceases to obey 
the predictions of potential theory. This location 


can be found from the expression 
(140) K, = 0.55 X, + 0.364, 


xX, is the body station where the rate of change of 
cross-sectional area with x (dS;/dx) first reaches 


its minimum value. 

S, is the body cross-sectional area at station x. 
So is the body cross-sectional area at x,. 

§, is the maximum body cross-sectional area. 


These terms will be clarified when a numerical example is 


computed shortly. It should be noted that equation (140) 
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Figure 35: Apparent mass factor (k,-k,) as a function of body 
fineness ratio (2,/a). 


Figure 36: Ratio of the drag coefficient of a circular cylinder 
of finite length to the drag coefficient of a circular cylinder 
of infinite length, tL, as a function of cylinder fineness ratio 


(£4 /d). 
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has been constructed by slope and intercept extrapolation from 
a graph contained in Reference 6, and that the validity of this 
extrapolation has not as yet been demonstrated. 

As the angle of attack increases beyond about two degrees, 
separation of the boundary layer from the leeward side of the 
body occurs and potential theory no longer yields an accurate 
result; the normal (i.e., perpendicular) forces, and hence the 
lift, increase nonlinearly with angle of attack. The flow in 
the boundary layer exhibits a component in the circumferential 
direction due to the increasing magnitude of viscous cross-flow 
forces. Theories have been developed which take account of 
these effects by adding to the potential-flow solution of 
equations (138) and (139) another, viscous term. The method 
we will present here assumes, as before, that the flow is potential 
over the forward part of the body and that there is no viscous 
contribution to drag due solely to the angle of attack. On 
the aft part of the body, where the flow is assumed entirely 
viscous, lift and drag arise solely from cross-flow forces. 


Then, according to Hopkins (6), 
b 


atk.) 35 a“? 
(141) C. = Ua =k xX + = Wry. AX 
Ry 
Bi a S. 3 Ry 
(142) Cp (x) = athe k.) a2 + age.| MN ryCpe ax 
Lia o 
where 


“is the ratio of the cross-flow drag on a cylinder 
of finite length to the cross-flow drag on a cylinder 
of infinite length, given in Mgure 36; 


= ——— ——— 
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Cp, is the experimental steady-state cross-flow 


oe 
drag coefficient of a circular cylinder of infinite 
length. Cn. is equal to 1.2 for all practical model 


rocket problems; and 
ry is the body radius at any station x. 


The reader is reminded here that equations (138), (139), 
(141), and (142) must be applied using « given in radians rather 
than degrees. In most cases, equation (142) is quite simple 
to apply to model rockets, as x, (the station where the external 
flow ceases to be potential) usually occurs downstream of the 
nosecone=-body joint. The quantity S_/ Sn thus usually equals 
1.0, and the integral, since, ry, and Cp, are all constant 
along the aft section of a rocket having no shoulder or boattail, 


involves only an exact differential dx. In such a case, 
Li 
(143) | Coe dx = (Le-x%0) UH Co, 


Ko 

In order to acquire some "feel" for the kind of numerical 
results one obtains from equation (142), we shall employ the 
simple, single-stage model rocket configuration shown in Megure 
37. Its length, 13 inches (33 cm.) and body diameter, 0.813 inch 
(2.06 om.), are identical to the corresponding dimensions of 
the Aerobee-Hi for which Stine (18) has reported the experimentally- 
determined variation of the total Cp with o&. We do not seek 
or expect good agreement with Stine's data, as the methods of 
this and the following sections are approximate, and as the 
trial rocket is somewhat different from the Aerobee-Hi. Specifically, 


the trial rocket has 4 fins as opposed to 3 for the Aerobee-Hi, 
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Figure 37: Trial rocket used to compute drag increase due to 


nonzero angle of attack. All dimensions are given in centimeters. 
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a different fin shape, no launch lug, and is without the Aerobee's 

longitudinal fairings. Comparing the experimental results with 

analytical predictions for a rocket of roughly similar configur- 

ation, however, will give us a “feel" for whether our results 

are, in the colloquialism of engineering, “in the right ball park". 
From Figure 37, Ry /a = 16, for which Figure 35 yields 

(Ko-k]) = 0.97. The quantity dS,/dx attains its minimum value, 

zero, at the body-nosecone junction, so x, = 8.9 cm. We determine 


x, from equation (140) as follows: 


x, = -55 (8.9) +.36(33) = 16.8 cm. 


Since x, is located on the cylindrical body, S)/S, = 1-0; the 


first term in equation (142) then becomes 
20 2 2 
2(k2-k,) S- *" = 114& 


From Mgure 36, H = 0.74. The body radius ry is a constant, 


1.03 cm., between xX, and Q,. Hence, 


3 
2x _ 3] 24-74 « 1-03 x 1.2% 16.2 
" Sias 1 Cy, (2, - xo) = & | 7 x (1.03) ] 
= 8.8607 


Finally, we obtain 
(144) Cg (&) = 1142+ 8.86 e° 


This coefficient is based on maximum body frontal area §&,. 
For x = 0.022 radian (about 1.259), the «* term is at least 
ten times greater than the x? term. This essentially defines 


the range of validity for the potential-flow solution. The 
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Figure 38: The origin of induced drag. The fin is held at an 
—— 
angle of attack, causing the force F to act through the center of 


pressure. Fis tilted back at the angle o&; and is resolved into 


lift L and induced drag D;. 


Ficure 39: Trailing vortices and effective aspect ratio. An 
airplane wing or a pair of diametrically opposed rocket fins sheds 
trailing vortices from its tips (a). As viewed from behind the wing 
the left vortex rotates clockwise; the right one counterclockwise 

as shown. The vortices descend after leaving the wing and also 
"tuck in" slightly, reducing the effective span of the wing and 
therefore reducing the effective aspect ratio, since the aspect 
ratio AR is defined as the span divided by the average chord. Panel 
(b) shows the change in effective aspect ratio and vortex core 
position (dotted line) measured for a2 number of different tip shapes 
on wings of AR = 3.0. Since wings of higher A can generate a given 
Lift at lower angle of attack and lower induced drag than wings of 


lower AR, zero or positive values of ARR are desirable. 
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two terms are of equal magnitude at @ -<12.5°. It should be 
noted here that Cpp(x) is independent of velocity, a result which 
agrees with the predictions of slender-body theory for incom- 


pressible flow. 


5:2.2 Fin Drag at angle of Attack 

A model rocket fin, which is here assumed to have a symmetrical, 
streamlined section profile, will behave like an aircraft wing 
when it is inclined at an angle to the flow. It will naturally 
produce a side force, or "lift", as shown in Figure 38 -- which, 
after all, is why rockets have fins in the first place. Due 
to the deflection of the flow in the vicinity of the fin, however, 
the total aerodynamic normal force N will not be perpendicular 
to the free-stream flow. Instead, it is turned backwards to 
some angle «ji to the line perpendicular to the free strean, 
so that it exhibits a drag component. This drag component is 
known as the induced drag of the fin, and its associated drag 
coefficient is denoted Cp;. 

As in the case of the body, the induced drag of a fin is 
related to the lift force it produces. Qne cannot, however, 
obtain an expression for Cp, unless he has specific knowledge 
of the distribution of lift on the fin. We shall assume for 
the purposes of our numerical example that the following values 
given by Hoerner (9) for a rectangular wing of aspect ratio 
A = span/chord = 3 with sharp chordwise edges are valid for 
the trial rocket: 


da? _ dCr _ r 
ic = 18.6 Ace 123 
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Then fora given in radians, 


da _ 
it, * 0.32 


so that 


2 
Cy; = 2266 = . 123 (35) = LJee* 


This coefficient, based on fin planform area, can be converted 

to a coefficient based on maximum body frontal area by multi- 
plying by the factor Sp/S,.- We shall assume the angle of attack 
to exist entirely about the x-axis (yaw) or y-axis (pitch) of the 
rocket, so that only two fins are producing lift. Then 


Se _ 7.14 x 2.54 


Sm 1 (1.03)2 <2 


(145) Cys = §.42ch2a* = 6.51 «* 


You should note here that the fin planform area used includes 

the imaginary extension of the fins within the body tube, and 
that "planform" refers to the fact that only the area of one side 
of the fins is used. 

The assumption of square chordwise edges (squared tips) in 
the above calculations is of some significance, as the shape of 
the fin tip can affect the value of the induced drag considerably. 
When a fin is producing lift, it has a lower pressure on its 
upper, or “suction” side, than on its lower side. This phenom- 
enon is associated with the formation of trailing vortices (see 
Figure 39a) near the fin tips as the air from below tries to 
"curl up" around the tips. Depending on the fin tip shape, the 


distance between the resulting vortex cores may be less than the 
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actual span of the fins, leading to a reduction in effective 

span -- and therefore, to a reduction in effective aspect ratio. 
Figure 39b depicts several possible fin-tip shapes, with their 
changes in effective aspect ratio 4A and the location of the 
vortex core in each case. Those shapes for which OAR is 

positive or zero are most desirable, since they produce low 

induced drag. Of the shapes shown, this category would include 
mumbers 1, 5, and 6. Qne shape not shown, but popular among 
designers of high-performance model rockets, is the elliptical 

fin. During the 1930's it was shown mathematically that, for 
airplane wings of moderate aspect ratio and without twist ("washin" 
or "washout" at the tips), an elliptical planform gives the 

least induced drag for a given lift. Elliptical or near-elliptical 
wing planforms were subsequently incorporated into several 

fighter planes of the World War II era, most famous among them 
being the Supermarine Spitfire of the English Royal Air Force. 

It is not known for certain whether the elliptical planform 
retains its advantage in the presence of a body tube of diameter 
commensurate with the fin span, and in fact the testing of model 
rocket fin planform shapes for induced drag is currently a 
pressing need which, it is hoped, advanced hobbyists will 

shortly fulfil. Nevertheless, the elliptical planform is currently 


preferred by a number of successful competition modelers. 


522.5 Fin-Body Interference Drag at Angle of Attack 
The subject of interference drag at angle of attack is 


prohibitively difficult to handle theoretically. Consequently, 


we shall rely entirely upon semiempirical determinations here. 


-415- 


The term “interference drag" refers to the increment in drag 
a complete configuration possesses over the sum of the drags 
of its separated, component parts. At the fin-body joints 
there is a joining and thickening of boundary layers, leading 
to increased drag in this region. Separation is a distinct 
possibility at such joints, and Stine (18) suggests the elimination 
of sharp corners by glue fillets to minimize this danger. Hoerner 
(9) has reported data indicating that interference drag is 
minimized when the fillet radius is between 4% and 8% of the 
fin chord at the root. 

Reference (6) gives the following semiempirical expression 


for interference drag coefficient at angle of attack: 


dCi Se S 
(146) AC; = [Kecey + Kecey - |] Te =. 
where 
Kr(p) = _fin lift in the presence of the body ; 
fin lift alone 
KR( PF) = body lift in the presence of the fins ; 
fin lift alone | 
d Cr — 
Te is the lift-curve slope of the fin at & = 0; and 


Se is the exposed fin planform area. 


The functions Kp(p) and Kp(p) are both given in Figure 40. 

We can now determine ACy; for our trial rocket. The total 
fin span b is 7.14 cm. and the body diameter d is 2.06 cm., s0 
d/b = .289. This gives, from Figure 40, Kp(F) = 0.44 and 


Kr(p) = 1-25. Since only two fins are assumed to be producing 
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Figure 40: Fin-body interference coefficients for flight at nonzero 
angle of attack. dis the diameter of the body tube, while b is 


the span of a diametrically opposed pair of fins. 
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Figure 41: Increase in drag coefficient with angle of attack for 

the trial rocket of Figure 37 (semiempirical) and for a gone model 
Aerobee-Hi tested by G. Harry Stine, assuming the same drag coefficient 
for both rockets at zero angle of attack. 
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lift, Sg 2 12.95 om.®, and 


C 
S.,= Wre = 3.33 cm.@ a = 35 = 3-12 
so that 
12.99: 32 te 
(1447) ACyg = (.44 +1-25~-1)3.12 — = 8. 38 of 


coefficient 


The interference drag, due to angle of attack is thus of considerable 


magnitude; in fact, it is larger than the sum of Op,(*) and Cp,', 
as given by equations (144) and (145). 


5-204 Total Drag Increase at Angle of Attack 
If we now combine the results of 5.2.1, 5.2.2, and 5.2.3, 


coefficient 
we obtain an expression for the total drag increment Cp(x) due 


to angle of attack: 
(148) Cy (ah) = Cog (a) + Cop! ACds 
For our trial rocket, the result is 


(149) Cy(«) = 16-93 A> B.9K7 


This function, along with its constituent functions, is tabulated 
in Table 4 and is plotted in Figure 41. In order to compare 
equation (149) with the experimental data for G. Harry Stine's 
Aerobee-Hi, the trial rocket has been assumed to have the same 
zero-lift drag coefficient as the Aerobee-Hi (about 0.75). The 
trial vehicle would probably have a much lower zero-lift drag 
coefficient in actuality (unless its surface were very rough), 
but the assumption of equal zero-lift drag for the two vehicles 
makes it more convenient to compare their drag increments due 


to angle of attack. The agreement between the curves for the 


TABLE 4 


Body drag 
coefficient 
due to e¢: 


« (rad) Cyn (*) 
1.94a2 + 8.8607 


Fin-body 
interference 
drag 
coefficient 
due to «3 


ACD 
8.3802 
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Fin drag 
coefficient 
due toe; 


! 


CD44 
6 510° 


Total drag 
coefficient 
due to 3 


Cp(x) 
16 .B30> + 8.9K- 


Table 4: Increase in drag coefficient with angle of attack for 


the trial rocket of Figure 37. 
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two vehicles is surprisingly close, considering the physical 
differences between the rockets and the simplifying assumptions 
made in the derivation of equation (149) -- a result which 
tends to confirm the validity of the semiempirical approach. 

It is, however, hoped that experiments will be performed in the 
near future on rockets similar to that of Mgure 37 (with and 
without launch lug), to determine with greater precision the 
accuracy of this computational method. 

One fact is clearly established in Figure 41: that the 
increase in drag at small angles of attack can be a sizeable 
portion of the zero-lift drag. For the Aerobee-Hi model, the 
drag coefficient is doubled at an incidence of ten degrees. 
Clearly, then, for maximum altitude performance, it is desirable 
to design a rocket such that all oscillations resulting from 
in-flight disturbances are damped out as quickly as possible. 

We observe that equation (149) is dominated by the x* term 
over the entire range of angles of attack of interest in model 
rocketry; up tox = 5°, the «° term may be neglected with less 
than 5% error in the final result. With respect to determining 
the coefficient € introduced in Chapter 1 and used in Chapter 4 
to compute the effect of dynamic oscillations on altitude 
Capability, however, the modeler will generally want to be 
conservative. A conservative determination of € may be made 
by finding the value of ®% at which Cp is doubled over its zero- 
lift value, according to equation (148), and then determining 


the value of € in the approximate function 


(150) Cp (x) Sex? 


such that the drag is again doubled at this same value of &. 

In the case of our trial rocket, the drag coefficient will be 
doubled over its zero lift value when Cp(<) = 0.75. This 

occurs for « = 0.201 radian, or about 11.5°. From equation 
(150) we find that the value of rc_required to produce a Cyp(*) 

of 0.75 ate = 0.201 radian is 18.52, and this would determine the 
value of € used in determining oscillation effects on altitude 
performance by the methods presented in Chapter 4. Equation 
(150) is conservative (that is, it slightly overestimates the 
drag) over the range of angles of attack between zero and that 
at which the drag is doubled -- and for the average model rocket, 
the ~& at which Cp is doubled marks the upper limit of the range 


of angles of attack of interest. 


5e> Drag Due to Rotation 

A model rocket, rotating about its longitudinal -- or roll -- 
axis in flight, will experience an increase in drag due to the 
thickening of the boundary layer resulting from the circumferential 
velocity of the body tube surface. We shall denote this circun- 
ferential velocity component by u. This thickening of the 
boundary layer could conceivably cause separation on the forebody 
and fins, and an increased dead-air volume aft of the base, if 
u is sufficiently large. 

The drag increase due to rotation may be estimated by examining 


Figure 42. The circumferential velocity is given by 
(151) U=Tdin 


where d is the diameter of the body and n is the number of 


Cp 


Figure 42: Increase in the drag coefficient of a finless projectile 
due to rotation (spinning) about the longitudinal axis. u is the 
tangential velocity of the projectile's surface due to the spin; U 


is the longitudinal free-stream velocity. 


revolutions per second. If we assume that the trial rocket 

of our numerical example (diameter = 2.06 cm.) has been given 

a roll rate of 100 radians per second (15.9 revolutions/second) 

at an airspeed of 60 meters (6000 om.) per second, we obtain 
= 
U 


The effect of such small ratios of body tube circumferential 


= 0.0172 


velocity to vehicle airspeed -=- ratios typical of model rockets -- 
is too small to be read from the curve of Figure 42. One may 
therefore conclude that, as far as the finless body is concerned, 
rotation does not exert a significant influence on model rocket 
drag. 

The mechanism for inducing rotation in a model rocket 
purposefully is usually fin geometry -- that is, by canting 
the fins, giving them an asymmetrical section profile, or 
adding spinnerons. Of these three techniques, fin canting is 
the most commonly used. Since canting merely creates a permanent, 
artificially-induced angle of attack for the fins, the drag due 
to fin cant can be estimated using the methods of Chapter 2 
and the results of Section 5.2.2 of the present chapter. According 
to equations (90), (115), (116), and (117) of Chapter 2, canting 
the fins of our trial rocket will give it a roll rate determined 
by 
(152) W, = .1672 U6 


For Wz = 100 radians/second at U = 6000 om./sec., a fin cant 
angle @ almost exactly 0.1 radian is required (0.1 radian = 5.73°). 
Now the effective angle of attack of the fins is always less 


than the cant angle, since the airflow itself is "canted" as 
seen by the rotating fins. To be more precise, the angle of 
attack varies with radius from the rocket's centerline according 
to 

Ws, | 

v) 


For the simple, rectangular fins of our trial rocket, the average 


(153) x (br) =~ 6- 


effective angle of attack can be used to determine the induced 
drag due to fin cant. The value of ec(r) at the fin root is 
0.0828, while the value at the tip is 0.0405. Since &(r) 
varies linearly with radial distance from the centerline, the 
average effective angle of attack ~ is just 

x = eee tee = .0617 
In equation (145) the induced drag of two of the trial rocket's 
fins was found to be 6.24«%, In the case of canted fins, all 
four fins are at the angle of attack « ; equation (145) must 


therefore be doubled to give 


(154) (Cp) = 12.5%? 


For the computed « of 0.0617, (Cp,’} = .0475. If the rocket's 
zero-incidence drag coefficient is .75 without fin cant, this 
means a 6.34% increase in Cp,. If a spin rate double that used 
in the above calculations were desired, it would be necessary 
to incur four times this drag penalty, or an increase of 25.4% 
in Cp,- These figures, together with the realization that they 
probably represent minimum values for the drag increase due to 


fin cant -=- they do not account for increased fin-body interference -- 
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indicate that, while the effects of rotation themselves may not 
be significant, the effects of the mechanism by which rotation 

is induced are considerable. Furthermore, there is an increasing 
danger of separation in the vicinity of the fin leading edges 

as the angle of cant is increased. Such separation could result 
in a gross magnification of pressure drag. While the angle of 
cant at which such phenomena become significant has not as yet 
been established with precision, it has been generally accepted 
for a number of years that cant angles greater than 15° produce 


reductions in performance so severe as to be detectable with 


the naked eye. 


5-4 Drag Due to Surface Roughness in Turbulent Flow 

In Section 3.5 we examined the critical height of roughness 
elements necessary to induce premature transition in the boundary 
layer from laminar to turbulent flow. Within the turbulent 
boundary layer which is prevalent over most of a model rocket 
at higher Reynolds numbers, roughness can affect the drag in 
another manner: if the individual roughness particles protrude 
above the thin laminar sublayer, they will have a viscous drag 
of their own. The turbulent skin-friction coefficient derived 
in Section 3 (equation 86) applies only to “hydraulically smooth" 
surfaces; that is, surfaces on which the grain size k of roughness 
particles is less than the thickness of the laminar sublayer. 


The admissible height Kaam f°r roughness particles is defined 


as the maximum height of the particles which gives no increase 
in the drag compared with a smooth wall. A simple, conservative 


formula for determining k,,, for a flat plate is (15): 
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(155) ksdm & 100 
Uso 
This relationship is accurate for Reynolds numbers below about 


iz 10°. It does not take into account the fact that the 


boundary-layer thickness increases with distance from the 
leading edge, and hence that Kodm is smaller upstream than 
downstream. Its use is justified, however, because it provides 
values of Kagm which are generally smaller than those obtained 


from the more precise expression (15) 


(156) kk . it 
adm VooVCe, 
2 


where Ce, is the local skin-friction coefficient, given by Fp: 
Uss 
Equation (155) may thus be used for the entire range of model 
rocket Reynolds numbers without fear of obtaining values of Kazgm 
which are too large. 
If we let U = 60 meters/second, for instance, and 


yp 2-_1.495 x z07> meter°/second, equation (155) yields 


ai 
kadm < 2-48xlo meter = 2.42x1073cm. 


This result applies specifically to sand grains, for which 
equation (155) was empirically determined, but it can be used 

as an approximate guide for other forms of roughness. Hence, 

at a velocity typical of model rocket flight, the surface of 

the model downstream of the transition point may be regarded as 
hydraulically smooth if the size of distributed roughness grains 
does not exceed about 0.0025 cm. If this condition is satisfied, 
the smooth turbulent skin-friction coefficient of Section 3 may 
be used in calculations. It should be noted that the calculated 


value of Kggp 18 considerably less than the roughness height 
required to induce premature transition as determined in Section 
3.5. If the criterion of this section is satisfied, therefore, 
transition will not be induced prematurely. 

Table 5 provides information on grain sizes in microns 
(1 micron = 1 x 107© meter - 1x 1074 em.) for various surfaces. 
It indicates that the finish on a model rocket should be about 
as smooth as that of paint on mass-produced aircraft, or better. 
Note that poorly-sprayed paint has a grain size of about 200 
microns == eight times our calculated Kaqn- <A rocket with such 
a poor finish will have a considerably higher skin-friction 
coefficient than one that is sufficiently well painted to be 
hydraulically smooth. The skin-friction coefficient of a surface 
having roughness elements sufficiently large that it cannot be 
considered hydraulically smooth may be found from the semi- 


empirical formula (15) 
Oy ~2-5 
(157) Ce = (1.89 + 1.62 log —) 


which is valid for values of ae between 10° and 10°, where 
Q, denotes the length of the body (or fin, as the case may be), 
and the notation "log" denotes the logarithm to the base 10. 
According to equation (157), a body 30 cm. in length having 
roughness particles of k = 0.02 cm. will exhibit a friction 


drag coefficient of 


Co = 7.638007" 


The corresponding value for a hydraulically smooth body in 
turbulent flow is 4.5 x 107, so in this instance roughness 


TABLE 5 


Type of surface Approximate grain size k 
____in microns 

surfaces like that of a "mirror" @) 
surface of average glass O.1 
finished and polished surfaces 0.5 
aircraft-type sheet-metal surfaces 2 
optimum paint-sprayed surfaces 5 
planed wooden boards £5 

paint in aircraft-mass production 20 

bare steel plating 50 
smooth cement surface 50 
surface with asphalt-type coating 100 
dip-galvanized metal surface 150 
incorrectly sprayed aircraft paint 200 
natural surface of cast iron 250 

raw wooden boards 500 
average concrete surface 1000 


Table 5: Size of surface roughness elements for various surfaces. 


increases the friction drag by about 70%. 

Equation (157) applies only to surfaces which are completely 
rough; i.e., those for which the height of the roughness elements 
is everywhere greater than the thickness of the laminar sublayer. 
The degree of roughness of a given surface thus depends upon 
k/§ , the ratio of grain size to boundary-layer thickness. 

Since § varies with Reynolds number, a given surface may appear 
rough or smooth, depending on the value of the free-stream 
velocity. If, for example, we examine a turbulent boundary 
layer over a surface at relatively low Reynolds numbers (around 
5 x 10°), the roughness elements may be completely submerged 

in the laminar sublayer, making the surface appear hydraulically 
smooth. As the velocity (and therefore the Reynolds number) 
increases, the boundary layer becomes thinner, and the roughness 
@lements begin to protrude from the sublayer. This process 

is initiated near the nose, or leading edge, where the boundary 
layer is thinnest, and progresses downstream with increasing 

R. When a surface is in this "transition" state between a 
completely smooth and a completely rough appearance, its skin- 
friction coefficient will have a value intermediate between 
those determined from equations (86) and (157). Note that 

this process proceeds along a body in a direction opposite to 
that of laminar-to-turbulent boundary-layer transition, as 
described in Section 3.5.l. 

Two final observations can be made regarding drag due to 
roughness. First, since equation (157) is independent of 
velocity, Cr is a constant for any given ratio te » In 


accordance with equation (18), it may then be concluded that 
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hydraulically rough surfaces obey the quadratic drag law exactly. 
Furthermore, equation (155) for k,4, 1s independent of body 
length; hence any two rockets travelling at the same velocity 
under identical atmospheric conditions have identical values 

of Kaagm- The maximum velocity attained by a rocket determines 
the minimum value of Kam °* If this minimum grain size is not 
exceeded anywhere on the surface, the rocket may be regarded as 
hydraulically smooth throughout its flight, and the friction 
drag equations of Section 3 are applicable to the calculation 


of its drag coefficient. 


6. Calculation of the Zero-Lift Drag of Simple Model Rockets 


6.1 The United States Air Force Stability and Control 
Datcom Method 

In the previous sections we have analyzed in detail the 
origin of drag forces on model rockets. Information of this 
nature is of interest in the design stage, when it is desired 
to minimize the drag on a vehicle whose size and shape are 
known to be subject to certain constraints arising from the 
purpose for which it is built, but whose precise, final form 
is yet tobe determined. After the construction of the rocket 


is complete and it stands ready to launch, however, the modeler 


invariably finds himself asking, "Just how high will it go?". 


To answer this question one requires a knowledge of the overall 
drag coefficient of the model, which can generally be obtained 
in actual cases only through accurate wind-tunnel or drop tests. 
Since the facilities required for such tests are not available 


to the majority of model rocketeers, most of us must be content 
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with calculating fairly accurate Cp values from available 
semiempirical expressions. 

This section presents and discusses one such semiempirical 
method, derived from the United States Air Force Stability and 
Control Datcom ("Datcom" standing for Data QGompendium). The 
existence of this method was first brought to the author's 
attention through a short paper entitled "A Critical Examination 
of Model Rocket Drag for Use with Maximum Altitude Performance 
Charts", a work prepared by Dr. Gerald M. Gregorek of Ohio 
State University for presentation at the Eighth National Model 
Rocket Championships in 1966, and which subsequently received 
limited distribution to certain interested parties and local 
sections of the National Association of Rocketry. Through 
his compilation of this work, Dr. Gregorek deserves full credit 
for being the first to apply the Datcom method to model rockets. 

The USAF Stability and Control Datcom is a large compilation 


of semiempirical expressions for evaluating the aerodynamic 
forces acting on aircraft and missiles in subsonic, supersonic, 
and hypersonic flight regimes. It is updated periodically 
to include new developments in the literature of aerodynamics. 
The formulae presented here are taken from the most recent 
edition available to the author at the time of writing (6). 
According to the Datcom, the zero-lift drag coefficient of 


a fin-body combination may be represented as 


, S 
(158) (Co. = Cs). = ™ (Cr,), 


where 
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Sp is the total planform area of all the fins; 
Sn is the maximum body cross-sectional area; 


(Cpo)p is the zero-lift drag coefficient of the 


fins as derived in Section 3.6, equation (108): 
. t 
(159) (Co,), = 2(Ce), (142) an 


(Cpo)p is the zero-lift drag coefficient of the 
body, which is further subdivided into the forebody 


drag and the base drag: 
(160) (CJ, = (Co, ), + Coy 


where 
! 60 | (hs Se 
casi) (Copy = (Cede [1+ Gedzap * 0-025 (8) | SE 
: 3 
(162) Ce = 282) (dt /dmn) 
; V (Cog de 


(Cy 9)pp is based on the maximum body frontal area S,. Figure 
43 explains most of the notation pertaining to rocket geometry 
used in equations (159) through (162). Additional explanatory 
discussion may be found in Sections 6.1.1 and 6.1.2, where we 
shall examine in detail the calculation of (0p,.)p and (Cp,)R, 


respectively. 


6.1.1 Zero-Lift Drag Coefficient of the Pins 
The Datcom expression for the drag coefficient of the 
fins at zero angle of attack is equation (159), which we repeat 


here for convenience; 


Figure 43: Notation used in the Datcom method for computing the 
drag of simple model rockets at zero angle of attack. Note that 

the variable b as used here refers to the span of a single fin, from 
root to tip; elsewhere in this chapter it usually refers to the 


span of a diametrically opposed pair of fins, tip to tip. 


Figure 44: Obtaining the gross planform area of various fin 
shapes (shapes after G. Harry Stine). 


~¥33- 


(Cry )e = 2 (42 tS 


where 
t/c is the average streamwise thickness ratio of the fins; 


(Cp)p is the flat-plate skin-friction coefficient of 


the fins; 
Sp is the total fin planform area; and 
S, is the maximum body frontal, or cross-sectional, area. 


In the interest of clarity, certain of these terms are explained 
in greater detail below: 

For the purpose of these calculations, the planform area 
of a fin is considered to be the sum of its actual, exposed 
planform area and the planform area of its imaginary extension 
into the body tube. Figure 44 illustrates the procedure for 
obtaining this "gross area", denoted by dz; , for a number of 
possible fin planforms. For most fins, 0; can be obtained by 
simply extending the leading and trailing edges until they 
intersect the body longitudinal axis. For shapes like that 
of the Python-2 (18), where the trailing edge intersects the 
body tube at a very shallow angle, it is better to extend 
straight lines from the leading and trailing edges of the 
root chord, parallel to the base, until they intersect the 
body centerline as shown. For a rocket with n identical fins, 
the total fin planform area Sp is equal to NOE. 

Because Sp is greater than the exposed fin area Sp, we 


expect (Coo) as given by equation (159) to be an overestimate 
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of the true skin-friction drag. The difference between the 
overestimated and true values represents an approximation to 
the interference drag resulting from the juncture of the body 
and fins. Op;, the interference drag coefficient, is then 


given by 
(163) Cp, = 2(Ce)e (142 ¥) a e 
In the Datcom method, therefore, the skin-friction drag of the 
imaginary fin area within the body tube is taken to be the 
interference drag at zero angle of attack. It is apparent from 
our rather arbitrary means of determining the "hidden" fin area 
that we cannot expect any great precision in such a determination 
of Cpy- This is the best practical method currently available, 
however, since Cp; is an extremely difficult quantity to evaluate, 
whether theoretically or experimentally. 

The thickness t of the fin can be represented for most 
purposes by the thickness of the original material from which 
the fin was constructed. Painstaking micrometer readings may 
look scientific, but they cannot improve the accuracy of an 
approximate method. The chord c used in these calculations 
is the average chord of the fin. For simple planforms, the 


expression 


(164) — ee Crip 


can be used, while for more complicated shapes the determination 


can be made according to 


(165) C.= = on 
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where g; denotes the exposed planform area of one fin and b 
is the fin span, or radial distance from root to tip. 

The skin-friction coefficient of the fins, (Cr), can be 
determined from the results of the preceding sections. Equation 
(63) may be used if the flow 1s completely laminar, while 
equation (101) applies in cases where transition occurs. 
Alternatively, the designer may choose to read the skin-friction 
coefficient from Figure 22 to save the work of making a calculation. 
The Reynolds number used in the determination of (Cr)p is based 
on the average fin chord: Range. Since the local chord 
may be considerably larger than this average value at certain 
locations on the fin, it is possible that transition will occur 
at lower velocities than predicted on the basis of R,, and that 
the skin-friction coefficient will be underestimated when using 
equations (63) or (101), or Figure 22. Fortunately, the danger 
of this is not very great, as the flow over the fins is almost 
entirely laminar throughout the flight for all but a few model 
rockets, owing to the extremely high airspeeds and large chords 
necessary to effect transition on a model rocket fin. The 
implications of this problem will be further explored later on. 

Equation (159) is valid for fins without separated flow 
at the leading or trailing edges; hence it is valid only for 
streamlined fins. At the time of writing there is no convenient, 
analytical method for estimating the effects of blunt leading 
and trailing edges on fin drag. This, however, is not a serious 
handicap, since no designer careful enough to apply analytical 
methods to his work will be inclined to permit a threefold drag 


increase on his rocket by neglecting the small job of sanding 


= ng = 


x = = 7 F r 
a oS Wage EE - 
i a — i — — — ct —- = — 
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its fins to the proper shape. 


6.1.2 Zero-Lift Drag Coefficient of the Body 
The Datcom expression for the drag coefficient of the 


body at zero angle of attack is 


_ Oe et), 0025 c_ 
(166) (Cy, = (C,), | 1+ Cy ™ 0 0 é it) Sm (Coe), 


where 


(Cpr), is given by equation (161), and 1s also the 


first term in equation (166); 
yy is the total length of the rocket body; 


S, is the total wetted surface area of the body, 


excluding the base; 


Sn is the maximum frontal cross-sectional area of 


the body; 
d, is the diameter of the base; and 


(Cp)p is the applicable skin-friction coefficient 


for the body. 


Again, a more detailed explanation of these terms may prove 
useful in cases of practical application. 

Strictly speaking, equation (166) is valid for bodies of 
revolution, a class of geometrical shapes to which most model 
rockets belong. The fineness ratio Ly/d,for several body 
configurations is defined in Figure 45. An excellent approxima- 


tion to the drag coefficient of an object which is not a body 


Ss Po 0249 (isfy 


Blunt base (dm = d,) Blunt base I (dm # d,) ii 


Figure 45: Definition of fineness ratio for various bodies of 


revolution. The fineness ratio of the nose is given by a ; 
for the other three shapes the fineness ratio is defined as A» ‘ 
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Figure 46; Ratio of surface area to maximum frontal area S/S, 

as a functioh of fineness ratio 4/d, for various component shapes. 

The functions for ellipsoids, cones, and ogives are approximate and 
are terminated at the lower limit of fineness ratio for which they 


give acceptable accuracy. 
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of revolution can, however, be computed by utilizing the equivalent 


diameter given by 


(167) dequiv. = V— 0.7884 


Such a procedure might be used, for instance, to determine the 
drag coefficient of a model rocket with an elliptical cross- 
section. 

The wetted area of the body S, is defined as the total 
surface area of the body in contact with the surrounding fluid, 
excluding in the case of a model rocket the area of the blunt 
base. Mathematically speaking, if P(x) is the cross-section 
perimeter of the body at any station x (for this calculation 
x may be reckoned either forward from the base or aft from the 
nose), 

(we) = ) P(x) dx 


For a circular, cylindrical body tube P(x) is a constant 
P= Taw, » and 


(169) (Ss). = Thin Ly 
2 
Since (Sn en* Tr? = TS » we then have 


: wp - 4 4 
(170) Bodo, * ey De 


In Figure 46 S,/S, is plotted as a function of component fineness 
ratio for the cylinder, as well as for ellipsoidal, conical, 
and tangent-ogive nose and afterbody shapes. The following 
equations may also be used to determine §,/S, for a variety 


of nosecone shapes: 


: R/ dm =—% a dn? 
(171a) ($) = |+ 2h/ 5 sin 1 oye 
| Sm /euuip, i dm 
42% 
: } Q 4 
(171d) es) = ( | + 1 x) for i. >? | 
S¢ 7 | 
(171¢) 2) = 2é.6./ - for i> 5 


(171d) = ie, oft+(2/An) 
(17le) (25). = ¢ é tee >> | 

The above shapes, or combinations thereof, may be taken 
@s good approximations to most model rocket nosecone shapes. 
The geometrical definitions of these shapes are illustrated 
in Pigure 47. The ellipsoidal nose is constructed by first 
forming an ellipse (which is done by passing a plane through 
@ cone at some angle less than a right angle to the cone axis, 
but greater than the half-angle of the cone itself), then 
dividing the ellipse about its minor axis, and finally revolving 
the remaining half-ellipse about its semimajor axis. As geometers 
know, parabolae and hyperbolae can also be constructed from 
the intersections of cones and planes; & parabola is formed by 
passing the plane through the cone at an angle to its axis 
equal to the cone half-angle, while a hyperbola results if the 
intersection occurs at a lesser angle. Paraboloidal and hyper- 
boloidal nosecones can, of course, also be constructed, but 
they are not as good as ellipsoids because they do not become 
tangent to the body tube at their bases. Half the lateral 
section of a tangent-ogive nosecone is formed by the area 


bounded by a circle, a diameter of that circle, and a half-chord 


Figure 47: Geometrical definitions of common nose shapes. (a): An 
ellipse is formed by passing a plane through a cone at an angle to 
the cone axis greater than the cone's half-angle. The ellipse is 
divided along its minor axis and spun about its semimajor axis to 
form an ellipsoidal nose. (b): A parabola is formed by passing a 
plane through a cone at an angle equal to the half-angle of the 

cone and is then rotated to produce a paraboloidal nose. (c): A 
hyperbola is formed by passing a plane through a cone at an angle 
less than the cone half-angle and is rotated to produce a hyper- 
boloidal nose. (d): <A chord line is passed through a circle; the 


smaller segment thus formed is bisected by a radial line and the 
shaded half-segment is revolved about the chord line, forming a 


tangent ogive nose. (e): A right triangle is revolved about its 


altitude to form a conical nose. 
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of the circle perpendicular to the diameter. The familiar 
tangent ogive nose shape is generated by revolving this section 
about the chord line. The cone, simplest of the shapes, is 
generated by revolving a right triangle about its altitude. 

The cone suffers from the same shortcoming as the parabola 

and hyperbola in that the intersection of the nose with the 
body tube is not smooth. Its sharp point, however, gives it 
favorable drag characteristics in supersonic flight, as we 
Shall see in Section 7. 

When computing the ratio (S,/S,) for a boattail, account 
must be taken of the fact that the geometrical solid in whose 
Shape the boattail has been made is truncated by the presence 
of the blunt base. For a conical boattail of maximum diameter 
d, and base diameter d,, the ratio of surface area to maximum 


cross-sectional area is given by 


tan dibe | din de \? 
ctT2al (Se) = S We : | I+ <= 


(avap) (ee) x2 of) fe <p >> | 


Equations (172a) and (172b) may also be used to approximate 
(S./S,) for boattails made in the shape of truncated ellipsoids 
Or ogives, as the exact formulae for these shapes are too 
Complicated to be worth the gain in accuracy over (172a) and 
(172b) resulting from their use in practice. 

If the body, nose, and boattail (if any) have the same 
Maximum diameter, the overall ratio of surface area to maximum 


Cross-sectional area can be expressed as 


= 
et : 7 7 , | 
(173) Sy, Sm /Nose © Sm deve om BoAT TAIL 
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The original Datcom method employs the turbulent skin- 
friction coefficient of the body for (Cr), and the turbulent 
skin-friction coefficient of the fins for (Cr)p in all its 
calculations. This, presumably, is because the Datcom was 
devised for the purpose of providing drag coefficient predictions 
for full-scale aircraft and rockets. The Reynolds numbers of 
such vehicles are much higher than those commonly encountered 
in model rocketry. In the numerical example treated in Section 
6.2, we shall begin the calculations by assuming completely 
turbulent flow over the rocket body and see how the estimate 
of the drag coefficient thus obtained compares with experimental 
values. 

The body friction drag coefficient given in equation (161), 
which is also the first term on the right of equation (166), 


is of the form 


S 
(174) (Cy) = (Cg), C148) SS 


The quantity a, which typically has a value of about 0.05, may 

be thought of as a three-dimensional correction to Cp as 

discussed in Section 3.6. fThe term 0.0025 5! , according to 

the Datcom, is the pressure-drag contribution of the body due 

to the effect of its "thickness", or cross-sectional area. _ 

In the Datcom method, therefore, the pressure drag of a streamlined 
body is reckoned for the purposes of practical calculation as 

part of its friction drag. The second -- i.e., base-drag -- 

term in equation (166) requires no further discussion here, 


as it was presented previously in Section 4.4. 
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6.2 The Datcom Method Applied to the Javelin Rocket 

To illustrate the application of the equations presented 
in the preceding section, I shall perform the zero-lift drag 
coefficient calculation for a specific model rocket: the 
Javelin, a kit produced by the Centuri Engineering Company, 
and the same model for which Mercer has published experimentally- 
determined information on drag obtained through wind-tunnel 
tests. The availability of published data gives us a standard 
by which to measure the accuracy of the Datcom results. The 
Javelin, a simple, single-staged vehicle with a tangent-ogive 
nose, is shown in Figure 48. 

I shall begin the calculation by making the following 


assumptions: 


(a) the angle of attack is zero; 

(b) the model has no launch lug; 

(c) the airspeed is 60 meters/second and y= 1.495 x 1072 
meter“/second; 

(d) the finish is hydraulically smooth at the given velocity; 

(e) the flow over the fins is completely laminar; 

(f) the flow over the body is completely turbulent; and 

(g) the flow does not separate from fins or body, 


except at the base. 
The determination then proceeds as follows: 


Step 1: forebody drag coefficient (Cox), 


60 f,) s 
(Co, ), = (Cy), | + GA.) + 0.0025 i |= 


r —— 31.75 
he —__— 94 — 330 

é a a 08) 

© 
193 = 's 
Tt a 
1.91 
: 20/ 

Figure 48: 


The Javelin rocket, produced in kit form by the Centuri 


Sngineering Company of Phoenix, Arizona, shown with its stock 


BC-74 nosecone. All dimensions are given in centimeters. 
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Assume (Cr)p given by equation (86): 


. -074 
[Ce = (Ce), wet - (Ry) 


Since Ry e 31.75 cm. = 0.3175 meter, the Reynolds number based 
on body length is given by 


_ en B1TR _ 16 
Ry = caatctark 1.27% !0 


Then the skin-friction coefficient of the body is 


(Cy), = 00445 


mR . Sizs .. 
Since ‘des ~ 1.43) = 16.45 we obtain 
_60 > E St] = | 0135 041) = 1.085 
+ +.0025 4 +. | 
Li+ eas dm 
The ratio of wetted area to cross-sectional area is 
S< _ ( 2 ¥. ( Ss ) 
"Shae ~ Sm CYL Sm OGIVE 


For the cylindrical body we find from (170) 


(Ss ahs a sae 


and for the ogival nose Figure 46 or equation (17lc) gives 


(9 = 2.7% = 2.775 sae 


1.43 


Ds 
= £6.71 *12.98 = 54.7 


The forebody drag coefficient is thus 


(Coz), = .00445 x 1.05S x 54.7 0.274 


~46— 


Step 2: base drag coefficient Cop 


—— 9.024 (di/dm 
ia VCCog), 


From Step 1, 


Vico), = V.279 = -528 


and hence the base drag coefficient is 


029 _ 
Cy, = sae = O55 


Step 3: fin drag coefficient (Cp)), 
| + Se 
(Cy, ), = 2 (C,),. (\+2=) ‘Sm 
Assume (Cs), given by equation (63): 


1.328 


(Cy), = CA “= VRe 


The average fin chord is simply 


Cc = SA e0t = 3.02 cm. = .0302 meter 


Hence the Reynolds number for the fins is 


60x.030 
Ro = Soest 


= 5 
eisxtons ats 10 


which gives 


[- = 1.328 = . | 3 
(C,), Vizixio® OO 82. 


Fins made of 3/32" balsa give t = 0.238 om., go 
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The gross area U- of a single fin can be determined by resolving 
the Javelin fin into rectangles and right triangles, as shown 

in Figure 49b; this method simplifies the calculation of Gf 

and, although it results in a slightly larger value than that 
obtained by the standard method (shown in Mgure 49a), the 
difference is not very significant. Following Figure 49b, then, 


Area of region I = 4 x1.90 x 4.19 = 3.98 em.© 
Area of region II = 2.07 x 4.19 = 8.68 cm. 
Area of region III = 3.21 x 0.965 = 3.10 cm.¢ 


Te. = (3.98+ 8.68 + 3.10) om.* = 15.76 om.* 
Since the Javelin has four fins, 


Se = +o = 63 cm.* 


The body frontal area is 


2 2 
S = a . jet ~ 38S coll 


and hence the fin drag coefficient is 
(C ) = 2x.00382 x 1.158 a2 = 190 
DoJF 2X» xf. x Dao 190 


Summing the results of steps 1, 2, and 3, we obtain the 


total zero-lift drag coefficient of the rocket: 


(Coodeg = 279 4.0554 .190 = 524 


This value is about 25% greater than the drag coefficient 
measured by Mercer for the Javelin rocket with a Centuri BO-74 


nosecone (see Figure 31). 


Figure 49: Standard and approximate methods of determining the 
gross fin planform area of the Javelin rocket. The approximate 
method (b) is preferred to the standard method (a) because it is 


more conservative; that is, it results in a larger value of Op - 


~~ hy. 


Now suppose we see what happens if I rescind assumption 
(f) above and replace it with the more accurate assumption 
that the flow over the body is partly laminar and partly turbulent, 
with transition occurring at the critical Reynolds number 


Rarit = 5x 10°. 


Step 1: forebody drag coefficient (Cpr), 
The body skin-friction coefficient will now be given by equation 


(101): 
| B 
(C,), = 074 — BL 
Edy (Rp )% Ry 


From equation (100) we find B = 1735; since Rg = ls2? =x 10°, 


(Ce), = .00445 —.00137 = .00308 


The forebody drag coefficient then becomes 


(Cy, ), = .,00308 x 1.055 x $4.7 =... £94 


which is a reduction of 30.5% from its previous value of 0.279, 

or a reduction in the contribution to the overall drag coefficient 
by 0.085. This is due to the fact that, at these Reynolds numbers, 
the skin-friction coefficient for a laminar boundary layer is 


considerably lower than that for a turbulent boundary layer. 


Step 2: base drag coefficient Cp, 
Using the new value of (Cpr),, we find the base drag coefficient 
to be 


Cy, = 221 = oes 
Pb V.194" 


The base drag coefficient is thus increased by 20%, but since 
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it was a relatively small quantity to begin with the actual 
increase in drag coefficient due to this percentage increase 


is only 0.Oll. 


Step 3: fin drag coefficient (Cho) p 
Since Rp, is less than the critical Reynolds number, laminar 
flow will be maintained on the fins. The fin drag coefficient 


thus remains unchanged from its previous value of 0.190. 


Summing the contributions from Steps 1, 2, and 3 we obtain 


& new value for the total drag coefficient: 


(Coe, = -194 +.066 +.190 = .450 


This result is only about 7% greater than Mercer's measured 
value of 0.42 for the Javelin rocket. Actually, we have no 
right to expect any closer agreement with Mercer's data, both 
because a 7% error is within the measurement uncertainty of 
the type of equipment used in the wind-tunnel experiments and 
because the wind-tunnel tests were conducted at a much lower 
velocity than 60 meters/second, and hence a much lower Reynolds 
number than that on which the above calculations were based. 

An airspeed of 15 meters/second is representative of the test 
velocities produced by the type of wind tunnel used in the 
Mercer experiments. Suppose we then rescind assumption (c) 
above and replace it with the assumption that the airspeed 

is 15 meters/second. This gives Ry - 3.175 x 10° and 

Re = 3-02 x 10+. Both Reynolds numbers are subcritical, so 


the flow will remain entirely laminar over both body and fins. 


~45)- 


Step 1: forebody drag coefficient (Cor), 
The body skin-friction coefficient is given by 
|.322 


Le), = (i = Sore ree = .00154 


so the forebody drag coefficient is 


(Cop), = .00154x 1.055 x5%7 = .097 


This represents a decrease of 0.097, or 50%, from the transition- 


flow value of (Cp¢),- 


Step 2: base drag coefficient Cp, 
2029 _ | 
Cho = = = .033 
-017 
This is an increase of 0.028, or 41% over the transition-flow 


calculated value. 


Step 3: fin drag coefficient (Cp,)p 
The fin skin-friction coefficient is 


1.328 


— = = OOTG6S5S 
2.02«10% . 


(Ce), s 


Then (Cp. )p = 2.00765 % 158% er =.380 


This is an increase of .190, or double the value calculated for 


60 meters/second. 


From these calculations we obtain an overall drag coefficient 


of 


Cues = .097 +.093 +.380 =.570 


Pe 6) aS eS O_o —_ 
= ae — 
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This is a substantial disagreement with the experimental 
result -- almost 36%. And yet the Mercer data should be closer 
to this value than to the other two values calculated, according 
to theory. Discrepancies of this kind can and often do arise, 
however, due to the airflow characteristics present in the 
test sections of many small, subsonic wind tunnels. Test 
facilities of this type are prone to have much more free-stream 
turbulence in the air moving through their test sections than 
is present in the open atmosphere. The effect of free-stream 
turbulence in wind-tunnel testing is to raise the effective 
Reynolds number of the test; i.e., to make the data look as 
if the Reynolds number were much higher than it actually is. 
One may thus conjecture that, although the Mercer tests may 
have been conducted at an airspeed closer to 15 than to 60 
meters/second, free=-stream turbulence in the wind tunnel made 
the drag coefficient appear as if the Reynolds number of the 
test had been closer to that produced by a 60 meter/second 
airspeed. If this were the case it would present model rocketeers 
with a rather paradoxical advantage, for it would mean that a 
turbulent, low-speed wind tunnel could produce drag coefficient 
data applicable to higher-speed model rocket flight in the open 
air. The difficulty with such an approach, of course, is that 
one cannot tell precisely what the effective Reynolds number 
of a test in a turbulent wind tunnel is, except by comparing 
the data with the semiempirical predictions of Datcom theory. 

At a given Reynolds number, there are two major parameters 
which can be used to adjust the Datcom prediction of the drag 


coefficient of a given rockets the critical Reynolds number 
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(and hence, the quantity B) and the decrease in base drag 
coefficient due to the presence of the fins. Since there are 
no data available to relate these effects quantitatively to 
either rocket geometry or flow conditions, such a process of 
adjustment must at present be considered pure guesswork. 
Variations in critical Reynolds number and base-drag reduction 
due to the fins could certainly be considered to account for 
the discrepancy between the prediction of our last calculation 
above and Mercer's experimental determination, but even if 
numerical estimates of these quantities are derived which, when 
used with the Datcom method, give an accurate value of (Coo) rp 
for the Javelin rocket, there is no assurance that their use 
can be extended to other rocket configurations. The constant 
B, for example, almost certainly depends upon the individual 
rocket, so there will always be some error inherent in a general 
technique like the Datcom method. It can only be hoped that 
the variation of B from model to model is small enough so that 
the error is maintained within acceptable limits for model rocketry 
work -- say, about 10%. 

In conclusion, it would appear that full adaptation of 
the Datcom method to the practical calculation of model rocket 
drag coefficients requires research to establish reasonably 
representative values of B for model rockets of different shapes, 
and to establish a semiempirical relationship between base drag 


and fin geometry and location, if this effect 1s indeed significant. 


6.3 General Analysis of the Datcom Method 


6.3.1 The General Configuration Rocket (GCR) 

The preceding section was intended to familiarize the 
reader with the application of the Datcom method to a particular 
problem. In this section the drag coefficient equations will 
be cast into special forms, particularly applicable to model 
rockets, which will clarify the relationships between rocket 
geometry and drag. This general, nondimensional approach will 
be utilized to discover the behavior of the drag coefficient 
and the drag force with respect to changing Reynolds number 
in Sections 6.3.2 and 6.3.3. 

We begin by listing in general form the functional dependence 
of the drag coefficients upon the variables of the Datcom 


equations (equations (158) through (162)): 


(175) (Cre), = 6, (B, Re, = =) 

(176) Cop = Ga (B, Re, a, gs ot) 

(a7) (Coody = Ga(B, Re, $2, E55 2) 

(178) (Cy,)- = G,(B, Rey, = 

(179) Cai iw = Gs (8, Re, oa ) =, oe ) oe, 2) 


where the right-hand sides of the equations are read as "G, 
of B, Rg, fe , ee", and so on. They are simply a form of 
Ww) 
iw, pee eee to indicate that the drag coefficients 
depend on the quantities in parentheses on the right in some 
(as yet unspecified) fashion. 
Theoretically, we could obtain a graphical relationship 


between any one of the above drag coefficients and one of its 


~55- 


variables by assigning constant values to all the other variables 
in the function. As a practical matter, however, this would 
not be very illuminating, as variables like S/S, and Sp/Sy 
do not convey any concept of shape and are difficult to visualize. 
They can be converted to expressions involving only linear 
dimensions, though, if we assume specific shapes for the nosecone, 
fins, main body and boattail (if any) of the rocket. 

For this reason, we adopt as the basis for the remainder 
of the analysis in this section the configuration shown in 
Figure 50: a rocket consisting of an ogive nosecone, a circular 
cylindrical body, rectangular fins, and a conical boattail. MThis 
class of vehicles will henceforth be referred to as the General 
Configuration Rocket (GCR), since by varying its proportions 
one can obtain reasonable approximations to the shape of many 
Single-staged model rockets. It should be noted that the fins 
enter the Datcom equations only through their surface area Sp 
and the thickness ratio t/c; hence no generality is lost by 
assuming rectangular fins for the GCR. The shape of the fins 
is important only in determining the drag and side force due 
to a nonzero angle of attack, whereas the Datcom equations 
presented here involve only the determination of the zero-lift 
drag coefficient. Furthermore, the GCR has no specific size 
until a numerical value for one of its linear dimensions is 
specified; the variations depicted in Figure 50 could be ten 
centimeters or one meter in length. This "nondimensionality" 
is the most valuable property of the GCR concept. 


We can now write for the GOR, 


Figure 50: The General Configuration Rocket (GCR), shown with its 


nomenclature and three of its possible variations. 


= a 
ee ae 


. (SB) 3s) + (2 
(180) (2 i Sm OGIVE ba Sim CYL om BOATTAIL 


The approximate expression for the ogive nose is 
=: ) Qn (Zz ) 
-* = =" > 1.5 
(181) ( Sm Jocive é. / dia dn 


and the exact equation for the cylindrical body is 
= | £. 
(182) \ Su). = 4 i. 


For the conical boattail, 


Ss _ 2 (dm-d) L | dm-dt é 
(1938) (2). 7 . | + duos) 


inn” 2Xr 


which, for any practical boattail, can be accurately approximated as 


Se ~ | Ab Ly 
(1838) (A) oecean t al-2)z 


Hence, 


{Ss a dv\ &r 
(184) (Ge) - 2.7 ale ae +2(I-Z) 


Equations (175), (176), and (177) can also be aa 


Hy (8, Re, ot aa x = + }) 
) 


Q L ds Qr 
(186) CoL Ho (8, Re, de oe At tn de “alk | 


(187) (Cy,), H3 (8, Rg, Tos ke gh i =}) 


Where the letters H again just refer to the fact that the value 


(185) (Cor), 


i! 


of the quantity on the left-hand side of each equation depends 

upon the values of the quantities in parentheses on the right- 
a 4 | : | | ¢ Qe Qn 4s tt} 

hand side. The bracketed expression Peer a re means 


that only three of the four length-to-diameter ratios may be 
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chosen to specify the problem, since choosing values for any 
three determines the value of the fourth. This follows from 


the fact that 
: x] =— Oo t+ OUD omen 
ey a 


In a similar manner, S,/S, may be transformed: 


(189) Se = 4. = 4 (c+) = 2cb 
| Se _ 2ch_ _ (8\/¢ \f/_b 
(190) co Tit (a a) -) 
4 
Furthermore, 
-= Uo 
(191) Ry = Ue As and Ree 


and R, can therefore be eliminated by substituting 


| ee, es _ (c/dm)- 
(192) R. _ ) Rg = Gos R 


Consequently, equation (178) becomes 


a | 
(193) (Cy, )- = H, (8B, RL a — bs om 


The fin-body interference drag coefficient, which is one component 
of the fin drag coefficient, is given by 


) Se-Se 


t 
(194) Cp = 2 (Cs), (le 2~ San 


For the GCR, it is found that 


ao Sekt = $[lE)(8) + GE) (2) (1- 2) 


50 


aw 


| Cc 
(196) Cyr = Hg (8B, Ry , ‘dim +roe,2¢,z 


(201) (Cy, ), — 
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The total drag coefficient is then seen to exhibit the functional 
dependence 
do ot ¢ b (de Bw ks Ar } 

(197) (Coodep = Hy Ce, Sh, Tye yd 3 de 3 dm 3 a ly 

Nine independent, dimensionless variables completely 
determine the overall drag coefficient and its various con- 
stituents, as seen in equations (185), (186), (187), (193), 
(196), and (197). Seven of these are strictly geometrical 
factors; the remaining two (B and Rp) are related to the inter- 
action of the rocket and the fluid through which it moves. 


This set of variables is not unique; for example, since 


assy (E)E)= = 


any two of these three quantities may be used to replace t/ec 
and c/d,. Although each drag coefficient is a function of 
more variables than before (equations (175) through (179)), 
problem has been simplified because there is a direct and 
visible relationship between (Cp ))pp and the pertinent factors 
of rocket geometry and vehicle-fluid interaction. The Datcom 
equations, expressed in terms of these 9 variables for the 


GOR, are as follows: 
(i99) (C,), = [+ @ or Qin 0025 4 ||2 Ee ae it +2(I- 2) |G), 
(200) Cop = 029%) ANC, ), 

+ (Ce). (z.,) (2) (1+ ue) 

(202) Cor = © (cy) (iezt)[(E)#B)+(E) (G2V(I- 2) 
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where 


1.328 


(203a) (Cr )p = VRE 


(203b) (Ce), = “RA = — (Re = R ert ) 


(204a) (Ce). = y 4b —— (Re = Rerit ) 


(204b) ei, = (= BY Bite (2+) : ( Re 2 Rerit) 


and the overall zero-lift drag coefficient is given by 


( Re < Rerit ) 


(205) (ae = (Coedy T Cp, Tr (Cp, ) 


It is now a relatively straightforward matter to produce 
graphs depicting the behavior of any of the above drag coefficients 
as one of its parameters is varied. Some of these relationships 
will be more useful than others; it does not seem productive, 
for example, to determine the effect of the nose fineness ratio 
on the base drag coefficient. To illustrate such an analysis, 
we instead consider the far more important relationship between 
drag coefficient and Reynolds number -- which, for a rocket of 
given length, translates directly into a relationship between 


drag coefficient and airspeed. 


6.3.2 Dependence of the Drag Coefficient on Reynolds 
Number for the General Configuration Rocket 
The Reynolds number Rpg is itself a function of three 
variables, Ue, Q. », and Y. If the relationship between drag 
coefficient and Rg is known, therefore, this relationship can 
be used to determine Cp as a function of velocity by assuming 


numerical values for the 8 other quantities in the Datcom 
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equations: 
(206) Cp = $C Use) ( St = constant) 


A knowledge of this function is essential for accurate performance 
calculations. In particular, an assurance that Cp does not 

vary greatly over the expected velocity range encountered by 

a given model in flight is required before a constant Cp can 

be used in the performance calculations for that model with 

a high degree of confidence. To determine the variation of Cp 
with Rg for a particular example of the GCR (denoted GCR-x) the 


following values were assigned to the 8 variables: 


dk = 8 at 3 fu = 3.5 Fe = [1.5 

™ m mm 

t - =) 7 $ - . ie on x : 
< =.02 4, 1:75 ng 5 B=1735 ( Rerit = § x10 ) 


The overall fineness ratio lb/d,is thus 18, making the GCR-x 
a fairly slender model. Substituting these values into equations 


(199) through (204), we obtain 


(Cy, ), = 82.9(Cy). 
C 0149 (Cop), + Coy = (Coodg 
een on) 

C br = 4.25 (Cede 


(Coo), > 46.4 [Cee 


where 
| 1.329 Uoo 4 
(COe® FE (Ry = 2b < Sxi05) 
0-074 _ 1735 ai6 
Cer) = ae oe (Ree Sx ito®) 


(Ce = Be (Re < 5.14x toe ) 
VRx 


SE — i ee ee) ee ad ee =“a+7—= 
i — ‘i — _ 


- = — 
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C1. = Ott... Juaoo (Rp > 5.1¢4%10°) 


and the overall zero-lift drag coefficient is therefore 


_ r .014-4 re 
(Cowes rs 2.9 (Ce), + 82-8 (Cr Jo + 6 + (Ce de 


The results obtained for Reynolds numbers between 1 x 10+ 
and 1 x 10 are summarized in Table 6 and presented graphically 
in Figure 51. The total drag coefficient (Coo) pp has a very 
interesting shape which exhibits three main phases. 

At Reynolds numbers less than 5 x 10° the flow over the 
entire rocket is laminar and Phase I behavior of the total 
drag coefficient is observed. At small Reynolds numbers, (Cp)) pp 
is extremely large, achieving a value of 3.08 for Ry =1 x 10+. 
This behavior is expected, as the boundary layer thickens with 
decreasing Reynolds number and viscous forces play a much greater 
role in the flow behavior than is the case at higher Reynolds 
numbers. For a model rocket of 30 centimeters length, a Reynolds 
number of 10+ corresponds to an airspeed of only about 0.6 
meter/second. A well-designed model rocket does not leave its 
launcher with a velocity much less than 9 meters/second, so the 
behavior of the drag coefficient at such low Reynolds numbers 
is not of much interest in model rocket flight calculations. 

At Reynolds numbers between 5 x 10° and 5 x 10 the rocket 
is operating in Phase ? flight. When the critical Reynolds 
number Rp = 5x 10° is attained, a region of turbulence begins 
to grow from the model's base forward. This is reflected in 
an increase in the body drag coefficient (Cp), with increasing 


Reynolds number. Simultaneously, however, there is pure laminar 


TABLE 6 
Rp Cop (Cy) p (Coo) p (Choo) PB 

1 x 10% 014 1.114 1.970 3.080 

5 x 107 021 513 .883 1.396 

7 x 10% .023 438 748 1.186 

: 1 x 10° 025 373 627 1.000 
1.5 x 10° .028 312 .510 .822 

2x 10° 030 . 276 AL 137 

3 x 10°? .033 -233 359 592 

4 x 10° 036 .210 312 522 

5 x 10° .038 194 279 473 

6 x 10° 034 223 £255 .478 

7 x 10 033 240 236 478 

8 x 10 O31 257 221 478 

| 9 x 10° 031 . 266 .208 474 
: 1 x 10° 030 ~272 197 469 
1.25 x 10° .030 284 .176 460 

1.5 x 10° .029 . 289 161 450 

2x 10° 029 293 139 432 

3 x 10° .029 292 12 404 

4 x 106 .029 - 287 +098 +385 

5 x 100 -030 » 281 »089 ~370 

6 x 10° .030 .276 102 .378 

8 x 10° 031 .268 122 .390 

1 x lof 031 261 135 .396 


Table 6: Drag coefficient of the GCR-x rocket at various Reynolds 


numbers. 
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Figure 51: Variation of (Cp))pp with Reynolds number for the GCR-x 
rocket. Also shown are the constituent drag functions (Cpg)p and 
(Cp )p and the base drag coefficient Cpp- At Reynolds numbers 
below 5 x 10°? the flow over the entire rocxet is laminar. Between 
5 x 102 and 5 x 10° (region (2) on the graph) transition to turbulent 
flow occurs partway down the body but the flow over the fins is 
laminar. Above a Reynolds number of 5 x 10° transition to turbulent 
flow occurs partway back on the fins as well (region (3) on the graph). 
Region (2) is referred to as the body transition zone; region (3) 


4s called the fin transition zone. 
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flow over the fins, and from equation (204a) it is seen that 

(Cho) F will decrease with increasing Reynolds number. The net 
effect of these two opposing trends is to hold (Cp) ppg virtually 
constant in this phase, denoted the body transition Zone on 

the graph of Figure 51. (Cp ))p does not increase indefinitely, 
however, as it too is subject to opposing phenomena. From 

Rp = 5 x 10° to Rp = 2 x 10°, the increase in skin-friction 

drag due to the growing turbulent region on the body is greater 
than the decrease experienced in both the laminar and turbulent 
regions due to the inverse variation of (Cr)p with Rg (see 
equations (2035a) and (203b)); thus (Cp 9)p increases. At 

Ro = 2.5 =z 10°, however, the body is mostly turbulent and the 
important effect becomes the reduction in (Cr) sp with increasing 
Reynolds number. Hence, in the upper range of the body transition 
zone, both (Cp,)p and (Cpo)p are decreasing, and (Cp.)pp decreases 
with them. Phase 2 is the flight regime of greatest interest 

to the model rocketeer, as most model rocket flight occurs in 

this range of Reynolds numbers. A 30-centimeter=-long rocket 

is in Phase 2 flight whenever its velocity is between about 

30 and 300 meters/second. 

At a Reynolds number of 5.14 x 10°, the fins of the GCR-x 
experience the development of a turbulent boundary layer beginning 
near the trailing edge and the rocket enters Phase 3 flight. 

In this phase the behavior of (Cp))m, is completely analogous 
to that of (Cp,.)p in Phase 2. If Figure 51 were extended to 
higher Reynolds numbers, (Cp,)p would be seen to attain a peak 
and then decrease again. In essence, the roles of (Op 9), and 


(Cpo)p are reversed in Phases 2 and 3 with respect to their 
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effects on (Cp,)pp- Phase 3, labeled the fin transition zone 
in Meure 51, is rarely attained in model rocket flight. due to 
limitations on engine power and the rapidly increasing magnitude 
of the drag force at the velocities required to produce these 
high Reynolds numbers. Of course, rockets with very large 
fin chords, comparable to the rocket length 4, will attain 
phase 3 at comparatively low Reynolds numbers -=- but this is 
an uncommon occurrence. The effects of compressibility generally 
become noticeable in Phase 3, or even in the upper range of 
Phase 2, so our analysis is not completely valid for these 
high-velocity regimes. 
The base drag coefficient is essentially constant over 
the entire spectrum of Reynolds numbers, attaining its maximum 
value when (Cp,)p, attains its minimum value -- which occurs 
at Rep = 5 x 109. Itisa relatively insignificant contribution 
to (Cp,)pp at low Reynolds numbers, but in Phase 2 or Phase 3 
flight it represents about 7% of the total drag coefficient. 
Although the curves of Figure 51 were determined from 
specific values for the Datcom variables, their general behavior 
will not be altered by changes in the values of these variables. 
For example, an increase in Fu , , or 7 or any combination 
of these three, while the original values of all the other 
variables are maintained, will widen the body transition zone, 
as transition on the fins will now occur at a higher value of 
Rp (although R,.44 remains unchanged). Furthermore, (Coo) z 
and (Cp, ) rp will be shifted slightly upwards, while Cp, will 
be decreased everywhere. Figure 51 thus presents the correct 


shape of the drag coefficient vs. Reynolds number curves for 
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any model rocket which can be represented (even approximately) 
by some variation of the GCR. This category includes a great 
many slender (4*> 5) single-staged model rockets. 

To determine the drag coefficient as a function of velocity 
U. » it is required to know only the values of Y and Fis 
While ¥Y does vary somewhat with altitude as discussed in Section 
2.1, one may reasonably assume a constant value of Y =1.495 x 1079 
meter°/second, giving 
Un = ttsx10"* p 

ky 

Multiplying the abscissa Ry of Figure 51 by 


(207) Q 


Pe 
J01Sx10” converts 
Xt 
the Reynolds number axis to a velocity axis, measured in meters/ 


second. For a rocket of 30 centimeters length, 


Us = 4.975 xto75S Rg 


The body transition zone will then begin at an airspeed of 
24.9 meters/second, and if the rocket has the same geometric 
proportions as the GCR-x, fin transition begins at 256 meters/ 
second. 

In general, obtaining a plot of drag coefficient versus 
Reynolds number, as in Mgure 51, requires a considerable 
amount of calculation. This work cannot be avoided if maximum 
accuracy is desired, as for theoretical predictions of altitude. 
As the following section will show, however, it is possible to 
Choose a single value of the drag coefficient (Cp,)pp which, 
if used in performance calculations, yields a good approximation 


to the "exact" behavior predicted by the Datcom method. 
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6.3.3 Dependence of the Drag Force on Reynolds 
Number for the General Configuration Rocket 


The drag force D is expressed in terms of the drag coefficient 


as 
(208) D=o 6 Un Cp Sm 


To eliminate §&, and U, , we write 


2 
S,= = 
and 
i? Rey" 
b 
Then 


Be Ret p2 Thm” | 
p= 55 (SEP) o He) 
and finally 


(r/e) § »* 
con) D = [aa JO Re 


Since Cp is known as a function of Rg from a plot like 
that of Figure 51, compiled from Datcom calculations, it is 
possible to determine the behavior of the drag force as a function 
of Rp using equation (209). Assuming y = 1.495 x 107° 
meter“/second and 9 = 1.225 kilograms/meter° (sea-level atmos- 


phere), and te - 18 as for the GCR-x, we have 
~ Wr) 
(210) be B59. 10°" Cy Ro° 


for the drag force in newtons. 


The column headed D., in Table 7 summarizes the results 


TABLE 7 


R D,. (N) D, (N) Percent 
ee: .! sD eee 
1 x 104 1.03 x 1074 1.57 x 1075 -84.6 
5 x 10° 1.16 x 107 3.94 x 1074 -66.2 
7 x 104 1.94 x 107 7-70 x 1074 -60.1 
1 x 10° 3.33 x 1079 1.57 x 1079 -52.6 
1.5 x 109 6.18 x 107 3.53 x 107) -42.7 
2 x 10° 9.55 x 107) 6.31 x 1072 -33.9 
3 x 10° 1.77 x 107= 1.42 x 107° -20.0 
4 x 10° 2.77 x 1072 2.51 x 107° ~9.4 
5 x 10° 3.94 x 1072 3.94 x 1072 0.0 
6 x 10° 5.74 x 1072 5.65 x 1072 “1.5 
7 x 10° 7.80 x 107 7.70 x 1072 “33 
8 x 10° 1.02 x 1071 1.01 x 1072 es 
9 x 10° 1.28 x 1071 1.27 x 107 “0.2 
1 x 10° 1.56 x 107+ 1.57 x 1072 0.9 
1.25 x 10° 2.39 x 1074 2.46 x 107+ 2.9 
1.5 x 10° 3.39 x 107+ 3.53 x 107+ 4.2 
1.75 x 10° 4.50 x 1072 4.82 x 1072 7.0 
2x 10° 5.82 x 107+ 6.31 x 1074 8.4 
2.2 x 10° 6.89 x 1072 7.63 x 1074 10.8 
2.4 x 10° 8.05 x 107+ 9.09 x 1071 12.4 
3 x 10° 1.21 1.42 17.3 
4 x 106 2.05 2.51 22.8 
5 x 10° 3.07 3.94 28 .0 
6 x 10° 445 5.65 27.1 
8 x 10° 8.31 10.1 21.0 
1x10? 13.2 15.7 19.6 


Table 7: Comparison of the “exact" drag force in newtons on the 
GCR-x rocket, calculated using tne variable drag coefficient 
obtained from the Datcom eauations, with the approximate drag 
force calculated on the assumption of (0p,)pp = 0.473 at various 


Reynolds numbers. 
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obtained from equation (210) over the Reynolds number range 
 & 10+ through i x 10. For Reynolds numbers up to about 

1 x 10°, the drag force is very small compared with either 

the rocket weight (very few model rockets weigh less than 

0.25 newton at liftoff) or the thrust levels commonly encountered 
in model rocket engines. The drag force is so minute in this 
flight regime that in the graphical representation of the data 
Shown in Figure 52, no distinction between values of the drag 
force predicted by equation (210) and by the assumption of a 
constant Cp can be seen. 

The reason for this behavior is that, although (Cp,)pp is 
very large for values of RQ less than 10°, the quadratic 
dependence of the drag force on the Reynolds number drives 
D downwards as Rg decreases. Since the laminar skin-friction 
coefficient is inversely proportional to the square root of 
Ro » (Coo) pp cannot increase rapidly enough to offset this 
effect. 

As the Reynolds number increases into the body transition 
zone, the drag force climbs rapidly, experiencing a tenfold 
increase between Rg = 6 x 102 and Rp sex 10°. Plotted along 
with the "exact" function D, in Figure 52 is an approximating 
function for the drag D,, derived from equation (210) by 
assuming the drag coefficient to be constant over the entire 
Reynolds number range. The value I have elected to choose for 
this constant is the value of (Cp >)pp at the initiation of 
Phase 2 flight, or Rg = 5 x 102. From Table 6 we read this 
as (Cpo)pp = 0-473, so 


{ 


D (N) 


Figure 52: Variation of drag force in newtons with Reynolds number 
for the GCR-x rocket. Dg is the "exact" drag obtained using the 
variable drag coefficient computed by the Datcom method; Dg is the 


approximate drag obtained by taking (Cp,)pp as 0.473. 
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(211) Db = 1.58 « on" Rp 


gives the approximate drag force in newtons. 

From inspection of Table 7, it may be seen that this 
function approximates D, quite closely over the range of 
Reynolds numbers of interest in model rocket flight, deviating 
less than 10% from the exact function for Reynolds numbers 
between 4 x 10° and 22 x 10°, Furthermore, although the 
percentage error is large below Rp = 4 x 10? (as Cp attains 
large values in the exact calculation), the absolute magnitude 
of the drag force is so small that these deviations are insig- 
nificant in the calculation of model rocket performance. It 
is not necessary to know whether the drag force is 1/1000 of 
a newton or 2/1000 of a newton when the thrust and weight of 
the vehicle are both three or four orders of magnitude greater 
than these values. 

At higher Reynolds numbers -- that is, Rp greater than 
5 x 10? -- D, represents a good approximation to the actual 
drag force because, as we saw in Figure 51, the drag coefficient 
is very nearly constant in the body transition zone. The 
value of (Cpoo)pp at Rg = 5 x 102 was chosen as the approximate, 
constant Cp for the calculations on which Table 7 and Figure 52 
are based for two major reasons: first, because Rp = 5 x 10° 
may be considered to represent the onset of body transition 
for all model rockets, regardless of configuration; and second, 
because the exact magnitude of the drag is obtainable from this 
value of Cp to within 10% up to Reynolds numbers in the neighbor- 
hood of 2.2 x 109, very nearly the practical limit of Ry 
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encountered during the flight of small- to moderate-sized model 
rockets. 

This result can be stated in the form of a semiempirical 
rule: for single=-staged model rockets not expected to exceed 
a Reynolds number of about 3 x 10° in flight, the assumption 
of a constant Cp with a value equal to that attained at Rp = 5x10 
yields acceptable estimates of performance when used in closed- 
form altitude calculations requiring the assumption of a 
constant Cp. 

The Reynolds number axis of Pigure 52, like that of Figure 
51, can be converted to a velocity axis by applying the coordinate 


transformation given in equation (207). 
~{. Model Rocket Drag at Transonic and Supersonic Speeds 


Tel Limits on the Applicability of Incompressible Analysis 
As stated in Section 2.1.1, the results of the analyses 

and semiempirical treatments contained in the first six sections 

of this chapter can be assumed accurate on an a priori basis 

only if the compression of the atmosphere due to the airspeed 

of the model is relatively slight. The reader may also recall 

from this discussion that the analytical criterion of "sufficiently 

slight" compression corresponds to a Mach number M of less than 


0.316, where 


(212) M= 


and c is the speed with which sound waves travel through the 
air; the so-called “speed of sound". 


Strictly speaking, the Mach number associated with a given 
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airspeed varies with atmospheric conditions, since c itself 
varies with atmospheric composition and temperature. In this 
connection you may again wish to consult Figure 4, which shows 
the variation of sound speed with altitude for the United States 
standard atmosphere. The dependence of c upon local temperature 


is given by 


| x 
(213) C= Coey a 


where Totqg is the standard atmospheric temperature at the altitude 

in question and T is the actual temperature at that altitude 

at the time in question, and where the temperatures must be 

measured on one of the absolute scales, Rankine or Kelvin. 

It is found from Figure 4 and equation (213), however, that 

the speed of sound varies only slightly -- a few percent at 

most -= over the range of temperatures for which it is practical 

to launch model rockets and over the range of altitudes present- 

day models can achieve. It is therefore reasonable to assume 

that c remains constant at its sea-level standard value of 

about 340 meters/second for all calculations of interest to 

model rocketeers. The maximum airspeed at which the results 

obtained from incompressible-flow theory can be considered 

analytically valid is therefore approximately 107 meters/second. 
Above this speed the influence of compressibility on the 

flow about the rocket makes its presence known through a number 

of phenomena. The air in the vicinity of the stagnation points 

at the tip of the nose and the leading edges of the fins, as 

well as the air within the boundary layer, increases noticeably 


in density. The boundary layer thickens and its velocity 
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profile becomes ea ibs The fins behave as if their aspect 
ratio were lower Sit gato is geometrically the case. A 
precise, analytical description of the effects of each of these 
phenomena upon the overall drag of the model would fill a 

book by itself. It is not our purpose to present such a treatment 
here, as the mathematics involved are quite a bit more complex 
than those by which we have been able to treat incompressible 
flow. Furthermore, only a small portion of the vast literature 
that has grown up around the study of compressible fluid flow 

is of appreciable interest to model rocketeers. What is of 
interest to us as designers of high-performance model rockets 

is the experimentally-observed fact that the overall drag 

rocket, does not exhibit any appreciable deviation from the value 
predicted by incompressible flow theory at Mach numbers below 
0.9. It is Nature's gift to the designer that the various 
compressibility phenomena interact in such a manner as to make 
this true. Although the results of incompressible flow theory 
are not analytically valid above M = 0.316, therefore, they 


are numerically accurate up to M = 0.9 and may thus be used 


without modification in closed-form performance calculations. 
In short, the effects of compressibility on the drag coefficient 
of a model rocket are negligible at airspeeds up to approximately 


306 meters/second. 


(1-2 Drag Divergence 


As a model rocket approaches "Mach one" -=-{ the speed of 


sound -- regions form near the nose tip and the fin leading 


Pe a ee —— er eee ee ae So .) aa es Se ee SS = > 


-476- 


edges in which the air is highly compressed over a relatively 
short distance. In a similar manner, regions form near the 
fin trailing edges and the body tube base in which the air 
expands again to fill the partial void left by the rocket's 


passage. This behavior is associated with the fact that the 


——— me 
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through the fluid approaches the sonic velocity the fluid directly 
in front of it cannot “inform™ the fluid further upstream that 
the body is approaching in time for the upstream fluid elements 
to move smoothly aside to let the body pass (as they do in subsonic 
flight). The upstream elements therefore "pile up" on one 
another and become crushed, or compressed, against the nose 
tip and the fin leading edges of a model rocket entering the 
transonic flight regime. Once the model has passed by, the 
compressed fluid elements endeavor to return to their original 
volume, thus undergoing a rapid expansion. 

At a Mach number of 1.0 the region of compression at the 
nose becomes a thin surface normal to the longitudinal axis 
of the rocket, called a normal shock. As M increases above 1.0 
the compression region becomes conical, with the cone half-angle 
decreasing as the Mach number increases: a three-dimensional | 
obligue shock. The surface bounded by the oblique shock trailing 
from the nose of a supersonically-flying body of revolution is 
called the Mach cone; in cases of horizontally-flying airplanes 
this cone may intersect the ground, causing observers to hear 
the so-called sonic boom. In addition, any sound produced by 


the body itself can only be heard within the Mach cone; to an 
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observer outside the cone the vehicle appears to be flying in 
perfect silence. For this reason a supersonic airplane can 
only be heard after it has already passed overhead, and an 
observer on the ground must "lead" the sound (1.e., look ahead 
of it) in order to see the aircraft. The expansion of the 
atmosphere into the region behind a model rocket in supersonic 
flight occurs with a very rapid decrease in density, exhibiting 
a characteristic flow pattern known as the Prandtl-Meyer expansion 
fan. 

Now the importance of these phenomena to model rocket drag 
is that the air which passes through the shock and expansion 
pattern surrounding the model is not returned completely to 
its original state once the rocket has gone by. The shock/expansion 
system causes a certain amount of momentum to be transferred 
from the model to the airstream over and above the quantity 
that would be transferred under subsonic conditions. fThe drag 
coefficient of a model rocket in transonic and supersonic flight 
is therefore greater than its subsonic drag coefficient. 
Typically, Op increases rapidly as Mach 1.0 is approached, 
reaches a peak at slightly above the sonic velocity, and declines 
again toward a value that is somewhat greater than the subsonic 
drag coefficient as the Mach number increases toward 2.0. The 
rapid increase experienced in the transonic regime, between 
M = 0.9 and the Mach number at which the peak Cp occurs, is 
called drag divergence. The existence of drag divergence is 
one reason that it was common to call Mach one "the sound barrier" 
before the rocket-powered Bell X-l airplane first exceeded it 


in 1947, and for some years thereafter. Drag divergence also 
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means that it is extremely difficult for small vehicles of 
limited total impulse, such as model rockets, to exceed Mach 
one. Only our very highest-performance designs can accomplish 
this feat, and then only when powered by the highest-thrust 
model rocket engines available -- types Bl4, F67, F100, and 

so on -= and even then resort must often be had to multiple 


staging. 


7-3 Semiempirical Determination of Transonic and 
supersonic Drag Coefficients 

The mathematical complexity associated with the analysis 
of compressible fluid flow about a finned body of revolution 
is too great to permit the practical calculation of transonic 
and supersonic drag coefficients directly from first principles. 
As was the case for subsonic flight, we must have recourse to 
semiempirical formulae based on experimental data in order to 
obtain values of Cp for use in model rocket performance calculations. 
Hoerner (9) presents drag coefficient data for a number of 
small fin-body combinations tested at transonic and supersonic 
velocities. As shown in Figure 53a, the test results fall into 
two distinct categories: one containing rockets having sharp 
(ogival or conical) noses, and one comprised of models having 
rounded nose shapes. For the sharp-nosed rockets the drag 
coefficient Cp rises to 1.7 times its subsonic value (denoted 
Cyp,) at M = 1.05 and then declines again to about 1.27 Op, 
as M approaches 2.0. The round-nosed configuration is more 
severely affected by compressibility: its Cp peaks at 2.17Cp,g 
at M = 1.2 and falls back only as far as 2.00p, for M approaching 
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Figure 53: Variation of drag coefficient with Mach number for 
finned bodies of revolution. (a): Experimentally determined 
behavior of the drag coefficient of the rocket pictured, using 
both ogive and half-round noses. (b): Analytical functions 
described in equations (214) and (215) that approximate the 


experimental behavior to within 10%. 
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2.0. The difference in behavior between the two configuration 
classes is due to a fundamental difference in nature between 
the shock associated with a sharp nose and the shock generated 
by a rounded nose. The oblique shock produced by a sharp nose 
in supersonic flight is an attached shock; i.e., the shock 
appears to be shed directly from the point of the nose like a 
cone suspended on a pencil point. The shock due to a rounded 
nose, on the other hand, it itself rounded at its forward 
extremity and is detached: it "stands off" slightly ahead of 
the front surface of the nose itself. Figure 54 illustrates 
the difference in structure between the two shock patterns, 
and also the shock/expansion pattern observed in the neighborhood 
of the base of a blunt-based body of revolution. As there is 
appreciably greater momentum transfer associated with the 
detached than with the attached shock, the rounded-nose config- 
urations have higher drag coefficients at transonic and super- 
sonic velocities. 

It is mathematically possible to construct formulae for 
the drag coefficients which will represent the curves of Figure 
53a to a very high order of precision. Such a procedure is 
not really worth the trouble, though, since the data presented 
in Figure 53a are only approximate (in fact, the curves above. 
Mach 1.5 are based on extrapolation) and their applicability to 
a wide range of model rocket configurations has not been established. 
If one takes the liberty of initially assuming a high-performance 
rocket configuration (which in itself is justified by the fact 
that only the highest-performance model rockets are in fact 


capable of exceeding Mach one), however, it should prove possible 


Figure 54: Shock and expansion patterns about sharp-nosed and 
blunt-nosed bodies of revolution. Solid lines indicate shocks 
and compression waves; dotted lines indicate expansion waves or 
fans; wavy lines delineate the wakes of the bodies. The conical 
nose produces an attached shock (a) which results in a lower drag 


than the detached shock (b) formed in front of the rounded nose. 
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to construct approximating functions that are relatively simple, 
yet will represent Cp with reasonable accuracy over the Mach 
number range of interest to the hobbyist. 

One possible choice for such a function assumes a rise in 
Cp given by a power function in Mach number, followed by a 
decline given by an exponential in Mach number. Such 4 represen- 
tation is referred to as piecewise smooth, since the graph 
obtained from such a set of formulae is a smooth curve everywhere 
except at the point at which the first formula leaves off and 
the second begins -- where there is a sharp "peak". It will 
be found that a reasonably accurate set of approximating functions 


of this type for sharp-nosed vehicles is given by 


(2142) e = 1.0+35.5 (M-0.4)° (0.4<M<1.05) 
| = 520M ~-1.05) | et 
(214) 2 = 1.27+0.53e (1.05 <M 2.0) 


and that a similar set for round-nosed rockets may be written 


J. 
(25a) Gh = 1.0 + 4.88 (M-0.9) (0.4<M<E 1.2) 
~ 5.75 (M-1.2) | | 
(2isp) 2 = 2.0+0.3e ii (1.2 €M£€2.0) 


Cy. 

These approximating functions are displayed in Figure 53b and 
compared with the experimental data curves in Table 8. Inspection 
of Table 8 reveals that even these relatively simple functions 
predict Cp values within 10% of those determined by experiment 
over the Mach number range 0.9 through 2.0. 

I cannot emphasize strongly enough, however, that you 
should not regard equations (214) and (215) as having any valid 


basis in mathematical physics, or as having a precision anywhere 


TABLE 8 


Ogive Nose 


Percent 
error 


Percent 
error 


Table 8: Comparison of the analytical drag divergence functions 
(Cp/Cps)_, given in equations (214) and (215) with the exnerimentally 
observed drag divergence functions (Cp/Cyg)e for rockets with 


ogive and nalf-round noses at Mach numbers between 0.9 and 2.0. 
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near that of the Datcom equations for subsonic flight. fhe 
tenuous nature of the connection between the experimental data 
and the actual flight of model rockets, and the extent to which 
I have extrapolated the data curves, is such that the best that 
can be said of equations (214) and (215) is that they represent 
reasonable suggestions of the behavior of model rocket drag 
coefficients at transonic and supersonic speeds. They are to 
be used with the understanding that they are tentative and 
with the provision that they are acceptable for use only until 
better approximations are available. At present, however, 

they may be considered accurate enough for design study and 
altitude prediction work. 

Finally, the reader should realize that the behavior of 
the drag coefficient at these high velocities presents us with 
a fundamental analytical difficulty in carrying out performance 
calculations. Since Cp in this flight regime is a strongly- 
varying function of Mach number, and hence of velocity, a 
constant, average value of Cp cannot be used in computing 
altitude performance. This precludes the use of any of the 
closed-form, analytical altitude-performance equations presented 
in Chapter 4 and makes the use of computerized interval methods 
essential in calculating the performance of any model rocket 
that is expected to enter the transonic and/or supersonic 


range of velocities at any time during its flight. 


8. Experimental Determination of Drag Coefficients 
All the material presented thus far in this chapter has 


dealt with the theoretical or semiempirical prediction of 
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model rocket drag coefficients. In order to determine the 
accuracy of the drag coefficient values obtained from such 
predictive calculations it is necessary to compare them to 

results obtained by experimental measurement. In addition, 

there exist designs whose shape is too complicated to permit 

the use of any of the analytical methods discussed in the preceding 
sections (the reader will recall, for instance, that even the 
presence of a mere launch lug forced us to use a tentative and 
highly speculative semiempirical rule to account for its effect). 
We thereltore conclude this chapter with a brief discussion of 
three basic experimental techniques which may be used to determine 


the drag coefficient of any model rocket. 


The most common experimental technique presently in use 
for determining drag coefficients, whether of model rockets or 
any other objects, is the wind-tunnel test. I will assume that 
readers of this volume already have some knowledge of wind tunnels, 
balances, and testing procedure; for the topic of wind-tunnel 
testing itself is a very broad one and would require far too 
lengthy a discussion for us to include it here. Those interested 
may find explanations of the various types of tunnels and balance 
systems, as well as information of use in designing and building 
wind tunnels, in an excellent book on the subject called Wind 
Tunnel Testing, by Alan Pope, published by John Wiley and Sons 
of New York in several editions over the last twenty years. 

Plate 6 shows a small wind tunnel and balance system 


capable of testing model rockets at airspeeds up to about 19 


eS a ETH 24 


120 ie aE 


Plate 6: A small wind tunnel that can be used to measure the 


drag coefficient of a model rocket. 
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meters/second. The particular version illustrated is a return- 
flow tunnel of the "single-return" variety, in which the air 
clreulates clockwise through the Closed, doughnut-like duct 
System. It can be constructed, complete with variable-speed 
drive, for several hundred dollars and represents a type that 
can be afforded by some of the larger model rocket clubs and 
NAR Sections. A somewhat similar (but larger) design was used 
by Mark Mercer for his drag experiments. One can also construct 
much simpler, “open-circuit” tunnels in which the air is drawn 
through an intake, passes through the test section, and is 
expelled through a "diffuser", or exhaust. In designing any 
wind tunnel the greatest care must be exercised to prevent, 
insofar as is possible, turbulence in the airstream which passes 
through the test section. If too much turbulence is present 

the tunnel airflow will not accurately duplicate the conditions 
existing in free flight and the experimental results may not 

be accurate. Most wind tunnels thus far constructed by model 
rocketeers are in fact known to suffer from this problem. Another 
difficulty encountered by hobbyists attempting to design home- 
built wind tunnels involves velocity: the test-section airspeed 
must be high enough to provide reasonably good dynamic similarity 
(a Reynolds number not too different from those encountered in 
flight); yet, for a given test section cross-sectional area, the 
motor power required increases approximately as the cube of the 
desired airspeed: In short, the design and construction of a 
Wind tunnel that can provide high-quality drag data is not a 
project to be taken lightly: it will make considerable demands 


On a modeler's time, skill, and finances. 
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Assuming that one has a wind tunnel and balance system 
(or access to one, as in a university), however, the drag coef- 
ficient of any model mounted on the balance can be determined 
by reading the drag directly from the balance indicator. The 
drag reading obtained must be corrected for tare (the drag of 
the balance support arm itself), aerodynamic interference 
between the model and the balance arm, and the effect of the 
test section walls on the airflow pattern about the model. 
Pope's text outlines the techniques for accomplishing these 
corrections with a high degree of precision (this is, however, 
a rather tedious task and many hobbyists prefer simply to 
Subtract the tare drag from the total drag reading, a procedure 
which still permits determinations of Cp to within 5% in most 
cases). The drag coefficient is then found from the corrected 
drag using the eauation 
(216) Cp = — 

-<'S,.,.0* 

where the test-section velocity U is that which has been measured 
on the velocity-indicating manometer. In a good wind tunnel 
the airspeed can be varied from zero to the maximum of which 
the tunnel is capable at will, by using an electrical or hydraulic 
control. | 

The performance calculations of Chapter 4 use a drag parameter 
k, given by 


(217) k= ZS SmCp 


rather than the drag coefficient Cy explicitly, in determining 


velocity and altitude. This drag parameter can be determined 
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from the corrected drag as just 


(218) k= TE 


8.2 Vertical Wind Tunnel 

A number of prominent modelers have suggested the construction 
airstream travels directly upward. Such a design has the 
advantage of not requiring a balance system, since the airspeed 
can be adjusted until the model is suspended motionless in the 
center of the test section. The drag is then just equal in 


magnitude to the model's weight: 


(219) D=kU* = mq 
= 18) 
(220) k = ae 


where m is the mass of the model and g is the acceleration of 
gravity. In MKS (meter-kilogram-second) units, m is given in 
kilograms and g is 9.8 meters/secondé. The drag coefficient, 
if desired, can be extracted from the drag parameter using the 
relation 
(221) Cy = —— 

25 Sm 
The vertical tunnel concept does have some drawbacks. For one 
thing, fairly high velocities -- 50 to 75 meters/second or even 
more -- will be required to make the drag of a high-performance 


model rocket equal its weight. The required velocity can be 
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reduced by constructing a light test model and leaving out the 
engine, but the vertical wind tunnel will still need quite a 
lot more power than a standard, horizontal design using a 
balance. There may also be problems in maintaining the model's 
position within the test section, and the testing technique 


can only determine drag at a zero angle of attack. 


8.3 Vertical Drop Test 


It has also been noted that the drag parameter of a model 
can be determined without a wind tunnel, by measuring the time 
taken by the model to fall a specified distance when released 
from rest in a nose-down attitude. The relationship between 
the time of fall and the drag parameter can be determined by 
solving the differential equation of the rocket's motion, which 


is just Newton's second law for an object of constant mass: 


wn anki um be 
(222) F=oma=m 7. 


= 
Where F is the vector sum of the forces acting on the object and 


a@ is its acceleration. If we adopt the convention that force, 
acceleration, velocity, and displacement are all to be considered 


positive downward we have for the falling rocket 


(223) m 2U = mq -~kU* 
dt 
This equation can be solved for time as a function of velocity: ! 
YAU 
(224) = ows 
The integral on the right-hand side of (224) is known to have 
the form 
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(225) t= Vee tanh. [uve | 


from which, by algebraic manipulation and the use of inverse 


functions, we obtain 
(076) U= ¥ tanh foes ] 


Since the hyperbolic tangent function approaches 1.0 for time 
approaching infinity, the terminal velocity of the falling 
model is seen to be 4 mo -- the same velocity required to 


suspend the model motionless in the vertical wind tunnel. 


Letting the displacement, or distance fallen, be denoted 


by xX, and recognizing that U = dx/dt, we have 


dU _ aU dx _ yy AU 
dt dx dt ~ dx 


Then equation (223) can be written 
AV _ 2 
(227) w= mg - kU 


and solved for x as follows: 


UdU 
J- = y* 


performing the integration, we have 


(228) y= (" 


= _ = f,. kk J 

(229) x= - 2 In|! m4 U 

Note that the argument of the natural logarithm function is 
always less than one; hence the logarithm itself is a negative 
number and x is a positive quantity, as it should be, indicating 
By substituting the right-hand side of 


downward displacement. 
equation (226) for U we obtain the desired functional relationship 
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between displacement and time: 


(230) xx = =o dn [1 - tanh? (tf ) | 


Again, x will be found positive for all positive values of t. 
Equation (230) can be used in conjunction with computerized 
calculation methods to compile graphs which display time as a 
function of the variable (k/m) for various values of the "drop 
distance” x. One such "drop chart" is shown in Figure 55. 


Inspection of the chart reveals that a fairly sizeable drop 


— hs 


distance is required to enable the determination of (k/m), and 


hence k, to a reasonable accuracy, since the velocity must be 


a i ee = 


allowed to increase to the point at which drag has a significant 
influence on the model's behavior. The minimum distance needed 
for an accurate determination decreases as (k/m) increases, 

but something on the order of 10 meters seems to be the limit 
for any reasonable test model -=- even if it-is of lightweight 
construction and dropped without its engine. This means that 

a tower or building of some sort must be used for drop testing, 
and that the model must be cushioned at the end of its fall to 
avoid damage. Not all models can be tested in this manner; no 
amount of cushioning, for instance, can protect a model of | 
the Saturn-V. The drop test, like the vertical wind tunnel,: | 
is suitable only for determining the drag parameter at a zero 

angle of attack -=- but it also eliminates the need for a balance 

system and has the added advantage that the test takes place in 


the open air, so that there are no tunnel wall effects. 
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Figure 55: A "drop chart" of the type that might be used in 
determining the drag parameter k of a model rocket from vertical 
drop tests. Curves are presented for drop distances of 10, 25, 
50, and 100 meters. The curves flatten at the top because k/m 
becomes great enough for the rocket to attain its terminal velocity 
within the specified drop distance, after which the drop time becomes 
roughly proportional tof. For the smaller drop distances accurate 


determinations of k cannot be made without extremely accurate timing 


devices. 
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8.4 Conclusion 

The relative merits of the three experimental techniques 
described above can only be properly judged at such time as 
all three have been tried in practice and developed to the 
highest level of effectiveness of which it is reasonable to 
believe they are capable. It is our hope that, in the near 
future, each of them will be tried and that an extensive exper- 
imental literature will be generated within the hobby as a 
result, for only a large body of reliable experimental data 
can permit us to verify or improve upon the techniques herein 


described for the analytical prediction of model rocket drag. 


Ll. 
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SYMBOLS 


Meanin 
dummy variables used in trigonometric identities 
amplitude of sinusoidal forcing 
reference area 
value of Ap at an airspeed of 1 meter/second 
coefficients used in Riccati solution 
coefficient of drag 
corrective moment coefficient 
damping moment coefficient 
drag 
vector sum of all externally applied forces 
average thrust 
force 
thrust as a function of time 
maximum thrust 
average thrust of nth stage motor 
component of thrust perpendicular to trajectory 
sustainer thrust 
component of thrust tangent to trajectory 
average thrust of second stage motor 


function of thrust, mass, and drag parameter 
used in writing Riccati solution 


strength of yaw impulse 
strength of pitch impulse 


longitudinal moment of inertia 

radial moment of inertia 

specific impulse 

total impulse 

strength of step moment in yaw 
strength of step moment in pitch 
acceleration 

magnitude of exhaust velocity 

exhaust velocity 

derivative of ( ) with respect to time 


base of the Napierian logarithm systen, 
numerically equal to approximately 2.718 


function of angle of attack 

yaw forcing function 

pitch forcing function 

acceleration of gravity 

parameter of drag at zero angle of attack 


drag parameter of nth stage carrying all 
subsequent stages atop it 


drag parameter of second stage 
mass; also average mass 

mass as a function of time 
burnout mass 

mass of propellant charge 


mass of nth stage carrying all subsequent 
stages atop it 


initial mass 


average mass of first stage carrying all 
subsequent stages atop it 


Symbol 


ot wb 4 


< 
b 
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Meaning 
average mass of second stage 
mass flow rate (alternate notation) 
differential of exvelled mass 
mass flow rate 
momentum 
differential change in momentum 


differential change in momentum due to the 
action of externally applied forces 


differential quantity of momentum added to 
the exhaust stream by the rocket motor 


time 

burning time 

coasting time 

time at which maximum thrust occurs 
burning time of nth stage rocket motor 


time at which in-flight disturbance begins 
to act 


time at which sustainer thrust begins 
first stage burning time 

second stage burning time 
differential of time 

time increment 


variable of transformation used in Riccati 
analysis 


magnitude of velocity 
velocity 
burnout velocity 


burnout velocity of nth stage 
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Meaning 


horizontal component of velocity 
vertical component of velocity 
burnout velocity of first stage 
burnout velocity of second stage 
differential change in velocity 
change in velocity 

actual velocity increment 
drag-free velocity increment 
horizontal coordinate, range 
range at burnout 

increment of range 


horizontal component of velocity (alternate 
notation) 


actual increment in horizontal velocity component 


drag-free increment in horizontal velocity 
component 


vertical coordinate, altitude 

burnout altitude 

coasted altitude increment 

altitude increment gained during nth stage burn 
first stage burnout altitude 


altitude increment gained during second stage 
burn 


increment in altitude 

vertical velocity component (alternate notation) 
actual vertical velocity increment 

drag-free vertical velocity increment 


angle of attack 
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Meaning 
angle of attack as a function of time 


yaw angle 

yaw angle as a function of time 
yaw angle at time by 

increment in yaw angle 

pitch angle 

piteh angle as a function of time 
pitch angle at time t, 

increment in pitch angle 

average rate of mass expulsion 
parameter of drag due to angle of attack 
damping ratio 


angle between tangent to trajectory and local 
vertical 


angle between direction of launch and local 
vertical 


density of the atmosphere 

angular frequency in radians per second 
coupled resonant angular frequency 
angular frequency of sinusoidal forcing 
natural frequency 

yaw rate 

yaw rate at time t, 

increment in yaw rate 

pitch rate 

pitch rate at time to 


increment in pitch rate 
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Meaning 
roll rate 
roll rate at an airspeed of 1 meter/second 
value of wy at an airspeed of 1 meter/second 


derivative of ( ) with respect to time 
(alternate notation) 


second derivative of ( ) with respect to 
time (alternate notation) 


integral of [| ] with respect to ( ) 
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KLEMWYNTS OF TRAJECTORY AWALYSIS 


Introduction 

The interest of model rocketeers in determining the flight 
paths that their models will follow, once luunched, dates back 
to the earliest days of the hobby itself. Questions of trajectory 
analysis, and varticularly the question of altitude capability 
determination, antedate all other topics in the literature of 
model rocketry. 

The first technical report issued by the then-infant 
National Association of Rocketry (#TR-1, first printed in 1958), 
entitled "Basic Model Rocket Flight Calculations" and written by 
former WAR President G. Harry Stine, described a simple technique 
for computing tne burnout velocity, burnout altitude, and maximun 
altitude of a model rocket under the assumptions of zero drag 
and a perfectly vertical flight path. The effect of drag in this 
treatment was allowed for by observing that a typical model 
rocket attains only 40 to 60 percent of the altitude calculated 
under the drag-free assumption. The report ulso contained drag 
data obtained from testing a model Aerobee=Hi in the subsonic 
wind tunnel of the United Stutes Air Force Acsudemy, as well as 
a brief discussion of the effects of nonvertical luunch on a 
model's trajectory. 

Stine observed that, to take the effects of drag into 


account more accurately, it would be necessury either to apvly 
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the techniques of integral calculus or to divide the time of 
flight into small intervals (a tenth of a second or less each) 
during which the velocity of the model, and hence the drag on 
it, could be assumed constant. With the mass of the model 
approximated by a constunt in each interval computable from 
the rate of mass expulsion, the simplified form of Newton's 
second law (? - ma) could then be applied to determine the 
acceleration, velocity, and altitude of the rocket at any time 
during the flight. The interval method was discussed in greater 
detail in Stine's Handbook of Model Rocketry, whose first 
edition appeared in 1965. 

During the period 1958 through 1964 the interval method 
was virtually the only analytical tool available to model rocketeers 
who wished to take the effects of drag and mass variation accurately 
into account in computing model rocket flight paths. This 
technique can be quite accurate if the intervals used are sufficiently 
small; it provides, in fact, an exact solution “in the limit" 
as the intervals become vanishingly small. Unfortunately, as 
the size of the intervals decreases the number of intervals 
required to describe the entire flight increases, so that a 
modeler desiring a really high order of accuracy in his trajectory 
calculations would find himself faced with the task of performing 


hundreds == or even thousands -- of calculations. Such a 


procedure involves a prohibitive amount of drudgery for a human 
being, but it is well suited to automatic computing machines 
that can perform the thousands of relatively simple calculations 


required in a matter of only a few seconds for any given rocket. 
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The step-by-step results obtained for the vertical upward 
flight of a typical model rocket as determined by an IBM 
1620 computing system appeared in the first edition of the 
Handbook of Model Rocketry and served well to illustrate the 


accuracy attainable with the interval method. 

Still, the user of the interval technique must either 
perform many hours of calculations himself or have accegs to 
and the ability to use an electronic computer for each case he 
desires to analyze. Since most model rocketeers do not have 
free access to computers or a knowledge of how to use then, 
this constitutes an essential practical shortcoming of the 
technique. 

Efforts on the part of advanced model rocketeers to overcome 
this difficulty by using tae techniques of integral calculus 
to derive closed-form analytical solutions (i.e., single algebraic 
formulae) for the burnout velocity, burnout altitude, maximum 
altitude, and flight path of a model rocket began about 1964, 
and during the period 1964-1965 Leonard G. Fehskens and Douglas 
J. Malewicki, working independently, succeeded in obtaining 
such solutions for vertical flight. Malewicki subsequently 
prepared his results for publication in graphical form, and 
they appeard as technical reports published by two of the 
large model rocket manufacturers: Estes Industries, Inc., of 
Penrose, Oolorado, and the Oenturi Engineering Company of 
Phoenix, Arizona. 

The present author began investigating the problems of 


model rocket trajectory analysis in the fall of 1965. A 
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number of different solutions to the equations of vertical motion 
were obtained between 1965 and 1968, some of the earlier work 
in this period being done in collaboration with Fehskens and 
with William P. Bengen. In this chapter I have taken the liberty 
of presenting all the most important results obtained during the 
1965-1968 period, as well as those derived during the actual 
preparation of this book, both for historical completeness and 
because I believe the multiplicity of approaches will enhance 
the reader's physical insight into the problems involved. Most 
of the material contained in the present chapter was formally 
prepared for publication during 1968 and 1969, and it was during 
this period that the investigations into the behavior of model 
rockets in nonvertical flight and into the importance of altitude 
reduction due to dynamic oscillations were begun. 

The equations describing the point-mass motion of a model 
rocket along its flight path, like many of the equations in this 


book, are differential equations and as such require either 


calculus or numerical techniques for their solution. As in the 
previous chapters, it is possible to facilitate the solutions to 
some extent through the use of linearization approximations, and 
such approximations have been used wherever they are consistent 
with the desired accuracy. It will be found, however, that the 
equations of motion contain an essential nonlinearity due to the 
quadratic dependence of aerodynamic drag upon velocity. The 
presence of this nonlinearity increases the difficulty and mathe- 
matical complexity of the solutions, necessitating the use of such 


techniques as the change of variable and estimation 
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and truncation of integrals. All approximations and other 
techniaues used during the derivation of solutions will be 
identified in the text as they are used, for the information 
of those advanced rocketeers who have a special interest in 
the mathematics involved. As has been our policy throughout 
the book, however, special emphasis will also be placed on 
the alrebraic results obtained from the calculus derivations, 


for the nractical use of modelers who are not so mathematically 


inclined. 


1. The General Differential Equations of Motion 

The general differential equations of motion for a free, 
ballistic rocket follow directly from the fundamental principle 
of classical mechanics: Newton's second law of motion. Itis 
well to acquire a good intuitive, physical understanding of 
this principle before launching into the mathematical complexities 
involved in obtaining narticular solutions to the equations of 
motion. I have therefore taken the liberty of presenting the 
following detailed derivation of Newton's second law as applied 
to rocket-propelled bodies: 

Consider a rocket as shown in Figure la, at some instant 
of time which we shall denote as t. At this time the rocket 
has a mass m(t) (read "m as a function of t" or simply "m of t", 
meaning that the mass of the rocket varies with time) and a 
(vector) velocity V with respect to an observer stationary on 


the ground -= and therefore a vector momentum given by 


(1) p = m(t)v 
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The rocket will, in general, also be acted upon by a number of 
externally-applied forces, whose vector sum we shall denote 
by E. 

Now suppose we wait for some very short interval of time 
dt (which mathematicians call a differential of time; an 
interval of "infinitesimal" or "vanishingly small" duration) 
and observe our rocket again at time t + dt, when the rocket 
appears as in Migure lb. We shall find that a number of 
changes have occurred during the interval despite its extreme 
brevity. For one thing, the rocket's velocity has changed by 
a differential increment av, so its velocity is now V+ dv. 
Por another, a differential quantity of mass dm, has been : 
expelled from the motor nozzle during dt, decreasing the vehicle | 
mass to m(t) - dm. The rocket's vector momentum at time 


t t+ dt is therefore 


[m(t) -dme] (V+dV) 


(2) ptdp 


m(t)V¥ - Vdg + m(t)dvt —dmedv 


Subtracting equation (1) from (2), we find that the rocket 


has acquired a differential increment of momentum given by 


dé = m(t)dlv -Vde -dmedi’ 


The term dm,dv involves a product of two differential quantities 
and is of negligible magnitude compared to the other terms; it 
may therefore be discarded without loss of accuracy, resulting 


in 


(3) dp = m(t)dv -ydme 


Time =t 

Rocket mass= m(t) 
Rocket velocity = V 
Rocket momentum=b5B 


©) 
Time = t+adt 
Rocket mass=m(t) - dm, 
Rocket velocity = V+dv 
Rocket momentum =5-+dp 
© 


Figure 1: Model rocket in flight, with its engine thrusting and 
under the influence of externally-avplied forces. Panel (a) 
shows the rocket at time t; (b) shows it a short time later at 
time t + dt. 
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Now according to classical mechanics, momentum is conserved; 
that is, the total momentum of the system consisting of the 
rocket and all its surroundings must remain constant. This 
being the case, the momentum increment dp must have had some 
quantitatively identifiable sources outside the rocket airframe 
itself -- and the sum total of the momentum increments contributed 
by these sources must precisely equal dp. There are in fact 
two such sources in the case of the rocket: the momentum flux 
due to the exhaust and the action of the externally-applied 
forces. 

As we have already noted, the rocket motor has expelled a 
mass increment dm, during the interval dt. It has, moreover, 
expelied this mass at a high velocity -- the exhaust velocity 
© with respect to the rocket, which is a velocity (@+¥) with 
respect to our hynothetical observer standine stationary on 


the ground. An increment of momentum 
—lis 
(4) dpe = (T+V7) dme 


has therefore been transferred from the rocket to the exhaust 
stream by the expulsion of mass from the rocket nozzle: Ane 
as given by (4) has been added to the exhaust stream and 
subtracted from the rocket. 

The vector sum of all the externally applied forces, E, 
acting over the interval dt, produces an impulse Bat. This 
impulse is equal to the momentum increment imparted bv the 


externallv spnlied forces to the rocket. We may then write 


(5) dpe = Edt 
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Now dDp has been added to the rocket during dt, while 
dP, has been subtracted from it, and the sum total of the two 
effects is precisely equal to the total momentum change experienced 


by the rocket during the interval. That is, 
dp = dp. -dPpe 

or 

(6) m(t)dv¥ -Vdme = Edt —- (t+Vv)dme 


Collecting terms and dividing by dt, we obtain the general, 
vector differential equation of motion for a rocket under thrust 


and subject to externally-applied forces as 


(7) m(t) 22 = -¢ ome iE 


The term -c(dm,/dt) is just the thrust of the rocket motor as it 
would be measured in a static test stand. Since the exhaust 
velocity @ is directed backward along the longitudinal axis of 
the rocket it is vectorially negative with respect to V. And 
since the rate of mass expulsion has been expressed as the 
positive mass-flow rate dm,/dt, eauivalent to m as used by 
vrofessional rocket engineers, the thrust is a positive force 
tending to inerease V -- which, as practical rocketeers, we 


already know from experience. The thrust can be denoted by the 


Single symbol F(t), so we can write 


wll « Fajsk 
(8) m (t) TF = F(t) +E 


Both the engine thrust and the externally-applied forces will 


be referred to as flight forces, 4s per the notation of Chapter l, 
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in the following discussion. The externally-applied flight 
forces whose vector sum is here represented by E will be 


resolved into two components: weight and aerodynamic resistance, 


or drag. 


1.1 Mathematical Representation of the Flight Forces 


The various forces acting on a model rocket in flight were 


described in Chanter 1. We now proceed to represent these forces 
as explicit functions of time, angle of attack, mass, and so 
on. OQOnmce these representations have been constructed the 
general, componentized differential equations of motion can be 
formed explicitly according to the general law expressed in 
equation (8). 

The first of the flight forces to be considered will be 
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the thrust of the engine. The thrust is usually a rather compli- 
cated function of time, whose general form may be exvressed by 
the functional notation F(t), and in a properly designed model 
whose engine is functioning normally is directed along the 
longitudinal principal axis (centerline) of the rocket. Dis- 
turbances due to winds, misaligned fins, asymmetries, and other 
factors as discussed in Chapter 2 will cause the longitudinal 
axis of the vehicle to deviate from the tangent to the trajectcry 
at the point of interest -- that is, such disturbances will 

cause tne model to develop an angle of attack. Such a rigid- 
body rotation will thus produce components of thrust in other 
than the intended direction of flight, and in particular will 
reduce the effective thrust in the direction of the trajectory 


according to 


(9) Py F(t)cosx 


F(t) sins 


(10) F, 


where the subscripts t and p denote thrust components tangential 
and perpendicular to the trajectory at the point of interest, 
respectively, « is a generalized angle of pitch or yaw (or both), 
and F(t) is the thrust of tne engine expressed explicitly as a 
function of time. 

Also of importance in determining the trajectory is the 
weight of the vehicle. The weight of a model rocket is always 
a function of time, as the quantity of propellant expended during 
the engine burning phase continuously decreases the rocket's 


weight. The weight vector always points in the negative vertical 
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(downward) direction, and may be denoted simply by m(t)g, where 
m(t) is tne model's mass as a function of time and g is the 
acceleration of the Eartn's gravity field. 

Perhaps the most interesting of the flight forces, and also 
the most difficult to handle analytically, is aerodynamic drag. 
As described in Chapter 3, it is a function of the model's 
velocity, its shape and size, the smoothness of its finish, 
and so on. For purposes of analytical. convenience the net 
effect of all these various influences will be accounted for 
by expressing the drag force as kv, as was done in Chapter l, 
where tue lumped parameter k is a function of Reynolds number, 
atmospheric density, shape, etc. The drag force is subject to 
the same perturbing influences as the thrust, namely the rigid- 
body rotations which change the cross-sectional frontal area 
and effective shape of the model, resulting in an increase in 
drag with angle of attack. The total drag force on a model 


flying at an angle of attack can thus be characterized as 
(11) D= (kK +€f(«))v* 


where € is some constant and f(«) is some function of the angle 
of attack. 

The flight forces just considered are referred to as 
external forces; that is, they represent net forces acting on 
the rocket's center of mass (for all practical purposes the 
center of mass is identical to the center of gravity, or C.G.). 
These forces interact with, and are thus said to be coupled to, 


the detailed dynamic moments which cause the rigid-body motions 
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discussed in Ghapter 2. The rigid-body rotations, nowever, 

do not affect the motion of the C.G. directly; they can only 
influence it through their interaction with the external forces. 
This interaction, as discussed in Chapter 1, occurs through the 
increase in drag and the side force associated with changes in 
the angle of attack. Hence, it is sufficient to consider the 
forces already discussed in order to obtain a suitable repre- 
sentation of the rocket's point=-mass motion, as we have already 
accounted for the interaction of the rigid-body rotations with 
the external forces in the terms previously considered. The 
increase in drag with angle of attack has already been expressed 
in equation (ll). Side force, as can be deduced from the treataents 
in Chapter 2, is an oscillatory phenomenon of extremely short 
duration in any one transverse direction for any reasonably 
well-designed model rocket. It can therefore be disregarded 
under the same rationale by which the effects of lateral 


translation were neglected in Chapter 2. 


1.2 Selection of tne Coordinate System and Formation of 
the General Differential Equations of Motion 

In order to write down the differential equations of motion, 
one must first select a suitable coordinate system with respect 
to which the different components of the model's motion will be 
taken. An exact description of tne trajectory of any flying 
body would require taking into account the curvature and rotation 
rate of the Barth; spherical polar coordinates would thus seeuw 


a likely choice. 4 model rocket, however, never attains altitudes 


sufficiently great to warrant considerations of planetary 
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curvature and rotation in the computation of its flight path, so 

we might just as well select a rectilinear, Cartesian coordinate 

system as our reference frame. Such a coordinate frame will 

be used for all subsequent analvsis in this chapter. In 

addition, the horizontal Cartesian axis will be taken to lie 

in the plane of the rocket's trajectory, so only one horizontal 

coordinate need be used. The horizontal axis will be referred 

to as the x-axis; the vertical axis will be called the y-axis. 
The differential equations of motion can then be formed 

along the two mutually perpendicular axes, yielding a horizontal, 


or x=comnonent of motion and a vertical, or y-component of motion: 


(12) w(t) 22 = F, cos 0 ~ m(t)g - [k+ EF Ca) | V*cos@ 


Fy sin® -[k+€f(«)] V2 sin @ 


(13) m(t) a 


where @ is the value of the angle between the tangent to the 


trajectory and the y-axis at the instant of time under consideration. 


Figure 2 illustrates this componentization of the rocket's motion. 
The cosine and sine in terms of the velocity v along the trajectory 
and the vertical and horizontal components of v, which may be 


written as y and x, respectively, are 


(14) cos 9 


<|x- << 


(15) sin 8 


The placing of a dot over a variable is one of the standard calculus 


notations for denoting the variable's time derivative; the notation 
x is thus a shorthand way of writing dx/dt, and so on. Similarly, 


multiple dots are used 


Trajectory 


Launcn point 
x=VYe= O 


Resolution of a model rocket's flight path, or trajectory, 


The aorizontal distance 


Figure 23 
along rectangular Cartesian coordinates. 


x travelled from the launch point is the range; the vertical distance 


y travelled from the launch point is the altitude of the model. 
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to denote multiple differentiations with respect to time; hence 
‘is equivalent to d°x/dt2, etc. The dot shorthand for time 
differentiation will be used extensively tnroughout the treatments 
of this chapter, as it saves considerable writing when the 
formulae being discussed become longer and more complicated 
than those for which the conventional notation for the derivatives 
would be convenient. 

Substituting (9), QO), @4) and (15) into (12) and (13) results 


in general differential equations of motion in the form 
(16) m(tyS% SF (4) cos a (¥/v) - mCtg = Lew eFC] VY 


(17) m(t) SE =F (4) cos (x/v) - [k + ef (a)] vk 


It must be noted here that the generalized angle of attack 

®& is assumed to be decoupled from the rest of the terms in 

the equations. That is, any rigid=body rotational oscillations 
of the model are assumed to be rapid in comparison to the 


rate at which the model's velocity is changing and the effects 


of pitch or yaw on the rocket's velocity are, to a first-order 
aporoximation, decoupled from the actual determination of the 


pitching and yawing angles. 


2. The Non-Oscillating Rocket: Solutions for Vehicles 
Launched Vertically 
2-l The Specialized Differential Equation for the 
Vertical Case 
In attempting to solve equations (16) and (17) we will 


introduce certain physical and mathematical approximations 
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that will enable the modeler to obtain solutions for a number 
of specific, idealized cases. Once these solutions are obtained, 
they will be modified to account for the varying angle of attack 
produced by rigid=-body motion (that is, pitching and yvawing 
oscillations). For most of the cases under consideration, it 
will be found possible to obtain closed-form solutions to (16) 
and (17) while maintaining a high order of accuracy. 

The simplest idealizations of (16) and (17) that are 
consistent with the accurate representation of an actual model 


rocket flight involve the assumptions that 


(a) The rocket is launched vertically and maintains 
a purely vertical direction throughout the course 
of its flight; 

(b) The angle of attack is zero; that is, the rocket 
does not oscillate; and 

(c) The mass of the rocket remains constant at the 


average of the initial mass and the burnout mass. 


With these approximations, equation (17) becomes identically 


zero and equation (16) may be written in the form 
(18) mY = F(t) -ma-kv? 
) it (t) g 


where it is to be understood that v is identical to Vy in all 
cases of purely vertical flight. Even this greatly simplified 
€quation cannot be solved exactly in closed form. One can, 
however, obtain excellent approximations by any of the procedures 


described in the following sections. 


-522- 


2.1.1 Fehskens-Malewicki Solution 
This method consists of replacing F(t) by the average 
value of the thrust over the burn time and solving the resulting 
equation by a method known to mathematicians as separation of 
variables. This technique involves rearranging the differential 
equation algebraically so that the dependent variable -=- velocity 
in this case -=- appears on one side of the eauation and the 
independent variable -- time -=- appears on the other: 
(19a) MEV __ = 
F—-mg-kvy+ 
Equation (19a) can then be integrated to yield the value of 


the burnout velocity as follows: 


Ve 


(19) { 


t 
m dv _ 
F-mg-ky2 | dt 


Upon performing the integrations one obtains 


(20) Vu = —ae tanh | te 4/ k (F-mg) 


where F denotes the average thrust, v}, is the burnout velocity, 
and t, is the engine burn time. Equation (20) was first obtained 
by Leonard G. Fehskens and later, independently, by Douglas J. 
Malewicki. Both researchers also performed an additional 
integration with resnect to time to obtain the burnout altitude, 


Yp> in the form 


28 i ae Jn [cosh (ty k (F=mg) )] 


in eauations (20) and (21) the notations tanh( ), 1n( ), and 
cosh( ) refer to the hyperbolic tangent, natural logarithm. 


and hyperbolic cosine functions of the parenthesized quantity, 


-523- 


respectively. These functions, like the natural trigonometric 
functions, have been tabulated and may be found in any good 

book of mathematical tables and formulae. In order to use 

such tables, as with the natural trigonometric functions, it 

is necessary to compute the numerical value of the parenthesized 
quantity, or argument, of the function beforehand. The numerical 
value of the argument is then located in the table and matched 


with the corresponding value of the desired function. 


21.2 Caporaso-Bengen Solution 
A second approximate procedure for calculating the burnout 
velocity and burnout altitude consists in trying to integrate 


(18) directly with respect to time. In this method the actual, 


time-varying value of F(t) can be used but the integral of v- 


with respect to time must be approximated: 
Te as th 
(22) mer dt = ( F(t)dt - \ 


o o 


} Ce 

mgdt - | kv2dt 

The left-hand side of (22) becomes the burnout velocity times 
the average mass. The thrust integral just yields the total 
impulse of the engine, irrespective of the particular functional 
form of F(t), and the weight term is just the product of the 
average weight mg and the burn time t,. The drag integral, 


2 


however, must be computed by considering v“ as its equivalent 


form v(dy/dt) and applying the following rule of integral 


calculus: 
th Yb, Vb th 
d _ d 
Vk Bhat = kyl kl rae at 


The first term on the right of (23) 1s just the product kyv taken 


52H. 


at ve Vy and y = yp, minus the product kyv taken at v = O and 
y = O =~ or simply ky,Vp- The second term, however, cannot in 
general be integrated. The integral on the left side of (23) is 
therefore truncated by disregarding the second term on the right 
to obtain a first approximation. The approximate solution of 


(22) then becomes 


(24) mv = Ip - math - kyeve 


where I, denotes the total impulse of the motor. Equation (24) 
can then be integrated again if one replaces the velocities, 
times, and altitudes by "dummy" running variables to avoid 
confusing their running values with their end-point values. 


Upon completion of the integration one obtains 
t 


t b : 2 
(25) my = | "| \ F(t)dt | dt -— mg oe ~ ap 


where you should note that, once the drag integral (23) has 

been truncated to obtain (24), no further truncation is required 
to obtain (25). It can be seen that, while the burnout velocity 
does not depend on the exact functional form of the thrust, 

the burnout altitude does. In particular, if we approximate 
F(t) by a constant, average value F as in equations (19), (25) 


becomes 
= 


soe ty ik 
(26) my, = Fab mg st - Se 


which, when solved algebraically for yp, yields 


(27) Yb ™ -m+¥ mee kts (ema) 
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Upon substituting (27) into (24) and solving for vp) one obtains 
(28) vy = — ate 

me+kt,*(F- mg) 
This alternative approximate approach was first used by William 
>. Bengen and the present author shortly after Fehskens had 
derived equations (20) and (21). 


2.1.5 Caporaso-Riccati Solution 
A third solution to equation (18) can be obtained by 
recognizing (18) as a form of what mathematicians call the 
Riccati equation. The method of Riccati can then be applied 
to solve (18) as follows: 


Suppose we introduce the transformation of variables 


| m U 
v= —-— 
k wu 


and substitute a or for v everywhere in (18). The result 


will be a second-order linear differential equation for the 


unknown function u: 


i] 


cy eh _-(AY]+ (EY = Fete 


Combining terms, we have 


= 


mw Y= F(t) —™g 
m 


(30)  U 


Upon multiplication of both sides by u and a little rearrangement, 
a linear, second-order differential equation for u with one 
time-varying coefficient is obtained: 


(31) =i _ [zee ams lu = 0O 


wv) 
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Thus far, it has not been necessary to make any approximations; 
one can obtain equation (31) using the full, general functional 
form of F(t). In fact, the Riccati technique would even have 
permitted the use of the time-varying mass m(t) instead of the 
average value m. 

Eouation (31), however, is impossible to solve in closed 
form unless it is simplified in some manner. It will possess 
a relatively simple and rather well-known solution if all the 
coefficients of the various derivatives of u are constants. 
In order to obtain and investigate this solution we shall, 
in addition to approximating m(t) by the average mass m, consider 
F(t) to be F, the average value of the thrust over the burn 
time. Under these assumptions (31) has a solution familiar 
to students of methematics and the sciences, namely the exponential 
solution 
(32) im Ae +g 
where e is the base of the natural, or Napierian, system of 


logarithms and H has the following form: 


(33) He — 4] k ( F—mg) 


The constants Aj and A» must be determined from the initial 
conditions that both the velocity and the altitude of the 


model are Zero at t = O. Oonstructing v from u according to 


the variable transformation ver < results in 


(34) ve— Eat ent AsH eT Mt 
k AeM® 4 A. a 
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Imposing the initial condition that the velocity is zero at 


t = O forces the numerator of (34) to vanish for this value of 


time: 

A,H-AzH =0 
so that 
(35) A, =A, 


When A; is substituted for A, everywhere in (34) it cancels 
in division, leaving us with 


= elt go 
(36 ) V= Ht | SS 
= +s 
Now it is known that 
Ht -Ht 
e -~-£ _ 
for this is just the exponential definition of the hyperbolic 
tangent. The burnout velocity can then be obtained by setting 
t = t, and substituting the right-hand side of equation (33) 


for H: 
(38) “we Vor tanh [2 Vk (F-ms) | 


The altitude is determined by integrating the expression for 
the velocity with respect to time. When this is done it is 
found that the resulting equation identically satisfies the 
condition that the altitude be zero at t = QO, and that the 


burnout altitude is given by 


(39) Y, = _ 2 cosh ex k (F-mq) )| 
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Equations (38) and (39) are seen to be identical to equations 
(20) and (21). The Riccati technique is thus an alternative 
procedure by which one can obtain the Fehskens-Malewicki 
solution. 

Equation (39) concludes this section's treatment of model 
rocket traiectoryv analvsis, which has been restricted to the 
determination of the burnout velocity and burnout altitude of 
non-oscillating, single-staged model rockets flying straight 
upward. For the benefit of those readers who have found the 
mathematical derivations burdensome or impossible to follow, 

I shall complete the section with a summary of the important 
results and explicit instructions on how to apply then. 

To use the Fehskens-Malewicki method, compute the burnout 
velocity using equation (20) and the burnout altitude using 
eauation (21). 

To use the Caporaso-Bengen method, compute the burnout 
velocity by using equation (28) and the burnout altitude 
according to enuation (27). 

To use the Caporaso-Riccati method, compute the burnout 
velocity and burnout altitude according to equations (38) and 
(39), respectively -- although, since these equations are 
identical to those of the Fehskens-Malewicki method, there is 
no real reason to consider them distinct from the results 


obtained by Fehskens and Malewicki. 


2.2 Extension of the Solutions to Multistaged Vehicles 
The problem of computing the burnout velocity and altitude 


of the unper stages of a multistaged model rocket is somewhat 
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more difficult than that of computing the burnout velocity and 
altitude of a single-staged model. In sn ane the differential 
equations of motion have precisely the same form; in fact, the 
general forms of the solutions are also identical. The crucial 
difference between the single-stage and multistage solutions 
lies in the choice of initial conditions and limits of integration. 
The problem essentially reduces to one of choosing the correct 
limits in the indefinite integral solutions thus far derived. 

As will be shown in Section 2.5, the approximations derived 
in Section 2.] are auite accurate and compare very wel! with 
each other, as well] as with computer solutions obtained by 
interval methods (which are, in the limit of vanishingly small 
intervals, exact). Since extending the methods of Section 2.1 
to multistaged vehicles is algebraically laborious, we shall 
first want to choose the easiest approximation to handle analytically. 
Such a choice is perfectly justified, as all the approximations 


are more than sufficiently accurate for model rocketry purposes. 


2.201 Extended Caporaso-Bengen Solution 
The most logical choice in this respect would seem to 


be the Caporaso-Bengen method used in deriving equations (27) 

and (28), since it not only is analytically simple, but also 
affords the greatest physical. insight into the problem of choosing 
the limits of integration. In extending this method we shall 
first apply equation (22) to a two-staged model, modifying the 
limits of integration for the calculation of the second-stage 


burnout velocity and burnout altitude. The following notation 


Will be used? 
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¥, 2 Yp = burnout altitude of first stace 

Vv, = % = burnout velocity of first stage 

Vo = burnout velocity of second stage 

Yo = altitude gained during the burning time of the 
second-stage engine (not the total second-stage 
burnout altitude) 

m, = average mass of first and second stages together 

Mm, = average mass of second stage alone 

k, = second-stage drag parameter 

> = burning time of s@€cond-stare engine 


t, = t, = burning time of first-stage engine 


To better conceptualize the reasons for the choice of limits 
to be made in the following derivation, suppose we consider the, 
rocket just after the burnout of the first stage, in the 
infinitesimal time interval before the second stage ignites. 

The second stage has already jettisoned the first through the 
action of the propellant-wall blow-through function of the first- 
stage engine (which also ignites the second-stage engine), but 
the second-stage engine has not been lit long enough to have 
developed any measurable thrust. The upper stage will have 
aerodynamic drag on it equal to the square of the first-stage 
burnout velocity times the second-stage drag parameter; i.e., 

the drag will equal kyv,*. The weipht of the second stage is 

the only other force acting on the model and, if the second-stage 
engine did not ignite, would (in conjunction with the drag) begin 
to decrease its upward momentun. 

The second stage now fires and contributes to the vehicle 
a quantity of momentum equal to its total impulse. Thus, after 


the burnout of the first stage, the momentum of the rocket is 
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changed only by the forces actine on it during the second-stare 


purning time and we may write | 
t.+t2 t,+t, t,+ tz +* 


dV ie — _ 14 
(40) ) meat = | r(eat -\ ma gat - ) kavedt 


The value of the integral on the left taken between the indicated 
limits is just mo(vo-v,). It is now necessary to make the same 
truncation approximation as was made in equation (23), and to 
supply the proper limits of integration for making such an 
approximation. Here we are integrating the drag from a nonzero 
quantity un through its second-stage burnout value; we are 
attempting to find the drag integral only over the second-stage 
burning time. Now it is a well-known property of integrals that 
they obey the following additive relationshin with resnect to 


their limits of integration: 


“A E * 
(41) ( ft(x)dx = | ftx) Ax + | FOr dx 


9 
where x, in this case, represents any indenendent variable (not 
the horizontal coordinate to be used in our later investigation 
of nonvertical traiectories), and f(x) represents any function 
of that variable. In the present case, we desire the solution 
for the component integral over the last interval: 

ot ot i 
(42) tiknidx = ( Tix) dx - f (x) dx 

p © 0 
Replacing the dummy function f(x) by v* and the dummy variable 


x by t, we have 
t, +t2 t,+ta t, 


(43) ) vedt = ) VE dt ~ ) vedt 
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and using the same truncation procedure as in (23), 
t, Ca 

(as) «So v2dt = (ny tye)ve- iM 
1 


It is essential to note here that we are integrating the drag 
as it would have been if the drag parameter k had been Ko throughout 


SSS ————— SS IE 2 3 ces: 


the flight. The reason for this is that, at the instant after 


first-stage burnout and jettison, the drag is Kev, ° and k, should 
have nothing at all to do with the integral of the drag during 
the second-stage burn, except insofar as it has played a role 

in determining v, (which is already known). 

The drag integral must be evaluated in this manner, since 
there is considerable analytical difficulty involved in matching 
the drag of the rocket just before and just after burnout and 
jettison of the first stage without assuming that the drag 
parameter has been k, up to that point. Substituting the 
approximation (44) into (40) and evaluating the other integrals 
subject to the approximations of constant average thrust and 


mass. we obtain 
(45) M2V2 -mov, = Fat, - Me qta - ka Icy, +Y¥2)V2-Y, vi J 
which can be solved to give vy in the form 
(46) Vp = t,(F2-m2g) +MaVvi + ka Yi 
Mo +k, Cy, + y2) 


Proceeding as in the single-stage case, we integrate (45) to 


obtain a solution for Voi 


2 Yo" | 
(47) m2y2—- Mavjt2 = 42 (F,- meg) - kay yo- ka + kay be 
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You should note at this pnoint that all quantities relating 

to the first-stage burnout values Vi and y) are to be treated 

as constants and not to be integrated as their respective functions. 
The first-stage burnout velocity and altitude are assumed to be 
already Known, having been computed by treating the model as if 

it were single-staged and applying the methods of Section 2.1. 
Equation (47) can then be solved for Yoo yielding 


3 (Fe - mq) + ( 


ko¥Vi m2 Vv) 


+ | (Mo+koy,) t2kete 
ko 


Substituting (48) into (46) gives the second-stage burnout 


(48) yy, = 


velocity as 


(49) V> = | tz (F2-m2g) + mov + k2¥ivi | | 
a/ (ms +kzy,)*+2k.t2 | 2 (F2-m.g)+(ke%™ - m2V,)] 

As a check on (48) and (49), suppose we let y, and v, both be 
zero; We should then get back equations (27) and (28) fora 
single-staged rocket with k = Kos F = PF, ty = to, and m = M5- 
It is readily seen that setting y, and Vv) to zero does indeed 
reduce the above equations to a form identical to (27) and (28). 

The generalization of the burnout velocity and altitude 
increment equations to rockets of three or more stages is now 
fairly simple. In the case of a three-staged rocket, for 
example, the first-stage burnout velocity and altitude are 
calculated using the methods of Section 2.1; the second-stage 
burnout velocity and the altitude increment gained during the 
second-stage burn are then calculated by (48) and (49), and 
the third-stage altitude increment and burnout velocity are 


found using the same method by which (48) and (49) were derived. 
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In more general terms, the burnout velocity of the nth stage of 


a multistaged rocket is given by 


(50) Vn= _tn (Fn-ng9) + ™MnVn-) + kn Yn=t Vn 


} 


3 or 


stage and the nthestage burnout is 


Yn = -[mn + ka (vit... t Yani) 


+ - [rn + kn (tit. %) + 2keytind (Fn ~ng) tL hn +... Y= Noe Mn 
; : 


where F, and t, are the average thrust and burning time of the 


(51) 


nth-stage engine, k, is the drag parameter of the nth stage 
plus all subsequent stages, and m, is the average mass of the 
nth stage with all subsequent stages carried atop it. 

I have presented equations (50) and (51), which are applicable 
to a model rocket of any number of stages, in the interest of 
analytical completeness and generality. The reader should 
bear in mind, however, that the construction of rockets having 
more than three stages is a risky and ill-advised undertaking. 

The probability that all stages will fire successfully decreases 
alarmingly as the number of stares increases. Multistaged 

model rockets, moreover, have been observed to suffer more 

from "weathercocking" -- the tendency of the model, when launched, 
to fiv directly into the wind -- than sinele-stared vehicles. 
Weathercocking, nlus transient disturbances due to the atarping 
process itself, has even been known to cause the upper stages of 
multistared model rockets to fire ir a nose-down attitude! For 


these reasons, the United States Model Rocket Sportins Code 
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of the National Association of Rocketry prohibits the launching 
of any model rocket having more than three onerable stares in 


NAR-sanctioned comnetition. 


2.2.2 Extended Fehskens-Malewicki Solution 


The Fehskens-Malewicki technioue can be extended to muiti- 
staged model rockets by appropriately altering the limits between 
which the integral (19b) is evaluated. Using the same notation 
as in Section 2.2.1 for a two-staged model, one obtains the 


intepral in the form 
| V> U,+to2 


, F, - m2g ~kav2 , 


Performing the indicated interration, we have 


V2 
(53) ea tanh [va 
y ko (Fa-m2g) wall 'y rastag 


which, when expanded, yields 


Solving eauation (54) for Vo, we obtain 


65) vex YBa tanh [BB Yhstiomaa) + tanh” (Wye )] 


Now the upper limit of integration on the left of (52) 
could have been taken as v, the velocity of the second stage 
at any time t durine its burn, while the upper limit on the 
right of (52) could accordinglv have been taken as t, where it 
is understood that t is a value of time that is greater than or equal 
to t; and less than or eaoual to t; + ty. The resulting expression 


for v is entirely analogous to (55), but gives the second-stage 


-536- 


velocity as a function of time: 


(56) v= [Facnad tan h [t= kp (F,- mag) +tanh ‘(wien DI 


The altitude increment eained during the second-stage burn can 


then be determined by integratine (56) from t = t7 to t = ty + to: 
tz / “it a] K2 )] 

7 M2 p cosh [ k> (Fo-m2g) +tanh if F2-m2g 

| cosh tanh” (v, 4/ __ Ke 
F2-M2g 


and through the use of the well-known identity 


cosh (A+ B ) = cosh (A) cosh(B) v sihh (A) sinh (BJ) 


where A and B represent any two ouantities, (57) may be cast 


into the simpler form 


2 = = hn [cosh (42 ics (Fa- ag) 
(58) _ =< sinh 42 wks (Fe m2q) ) 


The burnout velocity and altitude increment equations can 


be generalized to any number of stages, as was done in the case 
of the Caporaso-Bengen solution. It wil) be found that the 
burnout velocity of the nth stage of a multistaged model rocket. 


(carrying all subsequent stages atop it) is given by 


(50) Vp = [eR tanh | te ha (Fn-mng) + tanh (om ea 


while the altitude increment gained between the burnout of the 


(n=-1)th stage and the burnout of the nth stage is 


KE 


Yn = Fe hen Jcosh ( te kn (Fn-ng) 


ie +V,.,ye—2> sinh ($8. inFanrmg) ) 


F,-mng 


The envatione obtained throurh the application of the 
Gaporano-Riccat! method are. an in the case of einrle-stared 
rookete, identical] to thore derived hv the FPehakens-Malewick) 
method. Conrenouentiy, I shall not nrerent their sten-ov-sten 
development here. 

The oualitative features of the multistare solutions 
developed in this section are all] similar to those of the 
corresponding single-stage solutions. For instance, it can 
be seen from equations (49) and (55) that, as the burn time 
becomes very long, the burnout velocity tends toward the terminal 
velocity of the stage; i.e., toward that velocity at which drar 
and weight exactly counterbalance thrust and no further increase 
in velocity is possible. At the same time, the a7 term dominates 
the radicand in eouation (48) and the argument of the natural 
logarithm function in (58) approaches a pure exronential. so 
that the resulting burnout altitude increment becomes almost 
directly proportional to burn time -- corresponding to the model's 
having reached a constant (terminal) velocity. Upon inspection, 
both the single-stace solutions and the multistare solutions 
for rockets of three or more stages wil] also be found to exhibit 
this property. As in the case of a sinrle-staged rocket, the 
terminal velocity of an unver stage with all subsenuent stages 
atop it depends upon the relative magnitudes of the thrust, 


weight, and drag parameter. A curious consequence of this fact 
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is that the burnout velocity of an upper stage can be less than 
the first-stage burnout velocity. This can happen, for instance, 
in a two-staged rocket where a high-thrust engine is used for 

the first stage and a low-thrust engine for the second. Under 
these conditions the burnout velocity of the upper stage approaches 
the terminal velocity from above rather than from below. In the 
mid-1960's a number of model rockets were constructed for the 
purnvose of "breaking the sound barrier"; that is, exceeding 

the 340-meter-per-second velocity of sound in sea-level air. 
Since most of these vehicles relied on low-thrust sustainer 
stages atop high-thrust boosters, almost all of them failed in 
their objective: the sustainer stage actually slowed down 

after burnout of the booster stages! 

Equation (60) completes the analysis of this section, 
which has been directed toward the determination of the burnout 
velocity and burning-phase altitude increment of the upper 
stages of multistaged model rockets in non-oscillating, purely 
vertical flight. Again, for the benefit of readers not mathe- 
matically inclined, I shall conclude with a summary of explicit 
instructions for applying the results obtained. 

To use the extended Caporaso-Bengen method for a two-staged 
model, calculate v, using equation (49) and Y. using equation (48). 
For the nth stage of a multistaged rocket use equation (50) for 
¥,9 (51) for y,. 

To use the extended Fehskens-Malewicki method for a two-staged 
rocket, compute v, by equation (55) and Yo by equation (58). In 
analyzing the nth stage of a multistaged rocket, use equation 


(59) for v, and equation (60) for y,. 
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2-3 Solutions for a Non-Oscillating Rocket in the 


—S—S——————— Sc 


Coasting Phase 
The analyses of Sections 2.1 and 2.2 have been directed 


toward the determination of the burnout altitude and burnout 
velocity of a vertically-launched model rocket that does not 
experience any changes in angle of attack due to rigid-body 
rotations. The burning phase, however, tells only half the story 
of a rocket's flight. After expending its propellant charge 
the model continues to coast upward for a considerable distance 
until the momentum associated with its burnout velocity is 
reduced to zero by the action of gravity and aerodynamic drag, 
at which time the apex, or highest point in the flight, occurs. 
In fact, as those who have seen model rockets in flight doubtless 
know, the coasted altitude increment is usually considerably 
greater than the burnout altitude. In this section the differential 
equation of point-mass motion will be solved to yield the two 
quantities of primary importance to a knowledge of the coasting 
phase of a rocket's flight: the coasted altitude increment and 
the time interval between the burnout of the uppermost stage 
and the flight apex. 

After the burnout of the last stage, the vertical differential 


eauation of motion becomes 
: ~. adv 4" 
(61) m (t) it (t) q Vv 


As we did for the burning-phase analyses, we shall make the 
approximation that the mass of the rocket remains constant 
throughout the coasting phase of flight. The only change in 


Mass that does in fact occur after burnout is the slight mass 
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loss due to the burning of the delay train, or time delay 
charge, in the engine. For all nractical purposes this mass 
loss is negligible, so that m(t) can be approximated by the 


burnout mass m, and equation (61) becomes 


dv 
dt 


This relation may be rearranged to solve for t as a function of 


(62) m— =o -myg —-kv2 


v. Using the fact that the model's velocity is reduced to zero 
at flight apex, one can then obtain the coasting time between 


burnout and apex by solving 


3 t. 
(63) \ id —— = ( dt 


4 Mg mkv 


which yields 


(64) t. ae tan~ ‘lve Vay | 


Equation (62) can also be solved for the coasted altitude 
increment by introducing the following transformation of variables: 
(65) - dv SY ey t 

= dy dt 
When (65) is substituted into (62) and the resulting enustion 


is solved for vy as a function of v we obtain 


° r Ve | 
a _ dy 
(66) \ meg + ky2 dd 5 


When integrated, (66) vields the coasted altitude increment Y, 28 


(67) y= Se Don | Fee 1] 


The total altitude at apex is then just the sum of y, and 


the burnout altitude increments of all the stages, while the 


wihis 


total time elapsed from liftoff to apex is the sum of t, and 
the burning times of all the stages. When using eauation (64) 
to calculate the coasting time and equation (67) to calculate 
the coasted altitude increment of the uppermost stage of a 
multistaged rocket, it is important to note that the burnout 
mass, burnout velocity, and drag parameter of that stage must 
be used for mp, Vp, and k, respectively. Figure 3 illustrates 
by example the synthesis of burning-phase and coasting-phase 
solutions to obtain the overall performance and flight-time 


Characteristics of a three-staged model rocket. 


2.4 Numerical Methods for the Digital Computation of 
Altitude Performance 

The preceding sections have described methods which can 
be used by the model rocketeer to give accurate predictions of 
his vehicle's altitude capability with relatively little actual 
calculation. By this I certainly do not mean to imply that the 
reader should find the solutions trivial to work; indeed, until 
you have had some practice with them it is to be expected that 
you may find them somewhat difficult to handle. But a human 
being who applies himself with a reasonable amount of diligence 
can work them out in fairly short order -- and this fact alone 
indicates that there is little actual calculation involved, 
considering the difficulty of the problem. The methods developed 
in Sections 2.1 through 2.3 are, moreover, excellent anproximations 
to the exact solution of the differential equation of vertical 
motion, equation (12), with « and © both equal to zero. If 


@ more precise determination of the flight performance than that 


——— -—_———-Flight apex: 
t =t,+t,+t3+ te, v=O, 
Y = Yo* Ve = Vmax 


Ye 
3rd stage burnout: 
tet,+terts, V=V3 * Vp, 
Y *Y¥1*Va* Vs * Ye 
Vmax Y3 


2nd stage burnout: 
t=t,+te, V=Va, es ae 


-ist stage burnout: 
t=t, VEV, Y=¥s 


Launch: t=0, v=0O, y=0 
Figure 3: Assembly of burning-phase and coasting=phase solutions 
to obtain the total altitude and time to flight apex of a three- 


staged model rocket. 
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possible using the preceding methods is desired, (12) can be 
solved to any desired accuracy -- but, since such a solution 
requires the use of numerical methods involving a far greater 
amount of calculation than the closed-form approximations, it 
becomes necessary to program the problem for solution on an 
automatic, digital computer. This section will present two such 
methods, as well as some supplementary material on engine thrust 
and mass functions. 

Before we can obtain an accurate solution to the differential 
equation of motion, we require an accurate knowledge of the 
thrust-vs.-time and mass-vs.-time curves for the rocket in 
question. This usually means closed-form, analytic expressions 
for these curves, for although such curves can be represented 
by tables which are read by the machine at any desired value 
of time most modelers who have used computers find the tabular 
representation awkward and inconvenient in practice. Fora 
rocket engine, as was shown in Chapter 1, we have the following 
relationship between thrust and mass loss: 

} dim 

(68) Fit)= ¢ oe 

where c is the exhaust velocity of the combustion products 

and dm,/dat is the mass flow rate at which the combustion products 
are being expelled from the nozzle. For the great maiority 

of model rocket engines, the exhaust velocity does not vary 
greatly during the burn time and can be approximated bv its 
average value, which in turn can be calculated from the motor's 


specific impulse according to 
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(69) G=9 Isp 


so that it is a simple matter to obtain dm,/dt from (68) once 
the analvtic function representing the variation of thrust 
with time is known. This, in turn, is fairly easily determined 
since all manufacturers of model rocket engines give rather 
accurate data on the total imnulse, maximum thrust, average 
thrust, burn time, and eeneral shane of the thrust=-time curve 
of each tvne they produce. The rate at which the mass of the 
rocket chanres durine the burning phase of flight is just 
equal to -dm./dt, since the loss of combustion products through 
the nozzle is the only source of mass variation in virtually 
all model rockets. 

It will be recalled that tvnical thrust-time curves for 
model rocket engines were discussed in detail in Chapter 1, and 


that these curves fall into three basic categories: 


(a) The curves of end-burning engines (most engines 
in NAR classes 4A through C), which are char- 
acterized by relatively long burning times and 
relatively low, constant thrust excent for a 
"starting peak" at ignition; 

(b) The curve of the NAR type Bl4 engine, char- 
acterized by a rapid rise in thrust, an equally 
rapid decay in thrust, and a short burning time; 
and 

(c) The curves of many engines in NAR classes D 
through F, whose ennical-port grain geometries 


result in a thrust peak just before burnout, a 
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relatively high average thrust, and a burn 
time intermediate between categories (a) and 


(b) above. 


The overwhelming majority of model rocket engines in common 
use are of the end-burning type where the approximation of 
constant thrust is usually acceptable, and the mass expulsion 
rate may be regarded as nearly constant throughout the burning 
time. The mass of a rocket using such an engine, as a function 


of time, can then be written as 


(70) m(t) = mo-xt 
where m. is the rocket's mass at the instant of ignition and 
(71) ¥ = at 

th 


where mp is the mass of the propellant charge and t, is the 
burning time. 

The thrust-time and mass-time curves of any engine type, 
end-burning or not, may be represented by approximating the thrust- 
time curve by 2 closed-form, analytic function which satisfies 


the following basic criteria: 


(a) The total impulse of the mathematical representation 
chosen must equal the actual total impulse of the 
engine; i.e., if F(t) is the mathematical representation, 

te 
o 
(b) The burning time of the mathematical representation 


must equal the actual burning time of the engine; 
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(c) The maximum thrust of the mathematical repre- 
sentation must equal the actual peak thrust of 
the engine; and 

(d) The mathematical representation must equal the 
actual thrust of the engine at several points on 
the thrust-time curve or must be of the same 
general shape as the actual thrust-time curve, 


depending on the degree of accuracy desired. 


To approximate the actual thrust function, one may use 
@ Fourier sine or cosine series, a polynomial fit, or a combination 
of the two. Model rocket engines of any given type do exhibit a 
certain amount of variation from one production article to the 
next, however, and it is not generally worthwhile to insist on 
too high a degree of precision when constructing mathematical 
models of thrust-time curves -- at least from the standpoint of 
practical design. In fact, it turns out that the thrust-time 
curve of almost any model rocket engine can be adequately approx- 


imated by a piecewise-linear representation of the form 


(73a) Fit)= Fm Co<t = tm) 
(73d) F(t) = Fm - Fa (Fn - Fs) (tmet ¢ ts) 
(73c) F(t) = Fe (ts ets ty) 
whe re F, = maximum thrust 

F, = sustainer thrust 


y 


time of occurrence of maximum thrust, and 


ct 
9) 
i 


time of onset of sustainer thrust 
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The corresponding functions for representing the model's mass as 


a function of time are 


(74a) m(t) = mo- Fm SSeS (ozt etm) 


a 
(7a) mt) = mo SE (t- EB) + (FFE (tmet sts) 


(74c) mit) = M) - ee ~ Felts-tm) _ 58 (t-ts) (t,et<t,) 


and the total impulse of the engine is given by 
ro ts tm ts 
(75) It = rm SF F(t. - $=" -> 


The reader will recognize the notation used in equations (73) 
through (75) as referring specifically to the end=-burning engine 
with its characteristic initial thrust spike and clearly identi- 
fiable sustainer thrust level; I repeat, however, that virtually 

any existing engine's characteristics can be fairly well represented 
by this scheme. To approximate the thrust-time curve of a core- 
burning motor like the Bl4, for instance, one would set t, equal 

to t, and F, equal to zero. With t, and FP, thus fixed it is no 
longer possible to satisfy our condition (c) above, but the error 
in F, is insufficient to significantly affect performance calculations. 
In the case of the Bl4, for instance, F, turns out to be 28.6 
newtons, just over 10% less than the nominal test value of 32 
newtons -= a representation that is certainly accurate enough 

for any calculations likely to be of interest to the practical 
rocketeer. Figure 4 illustrates by example the application of the 
Piecewise-linear method in approximating the thrust-time curve of 


& typical model rocket engine. 


——Actual curve 
--+-- Approximation 


I,=5.0 N-sec 


F (N) 


oe es == Ss tS tt TS Sn SS SS SS SS SS SS SS SS ST LS SL SE LS eS 


0 02 04 O68 O8 10° 12 
t (sec) 


Figure 4; Approximating the thrust-time curve of a typical model 
rocket engine by a piecewise-linear fit. The parameters used 

in constructing an approximation to the thrust-time curve of the 
NAR Type B4 engine are shown along with the actual and approximate 


thrust-time curves. 
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We now proceed to the discussion of actual iteration schemes 
for solving the differential equation of vertical motion. 
At this stage in the development We can assume that all the 
functions and parameters of the model and its rocket engine 
are Known. The first iteration procedure consists of 


determining the 
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theoretical yelocity increment without drag over a small interval 
of time, adding this theoretical increment to the velocity in 

the last interval, and determining the drag from the sum thus 
obtained. The drag is then substituted back into the original 
force equation and the actual velocity increment is computed from 
the equation thus generated. The method works well for 0.l-second 
intervals, but intervals of 0.01 second are easily used on a 
digital computer and will yield greater accuracy. This method 


of computation is outlined below: 
(76) AVe = Ot F(t) - m (t)g) /rm ct) 
(77) Drag = k(v+avy)* 


At LF(t)- m(t)g - k (v+av, )? ]/met) 


(78) QV~a 


at [v+ dVa/2] 


(79) Ay 
(80) V = Vt+A4Va 
(81) y =y +ay 
(82) t =t+At 


where AV, 


drag-free velocity increment, 


Av, = actual velocity increment, and 


At = time interval between calculations 


The procedure is repeated in a "loop", or iterative fashion, 
with the time incremented according to (82) used to determine 
F(t) and m(t) for the subsequent calculations (76) through (81), 
until the running time t in (82) is equal to the burning time; 


the program must then enter the next-stage burning phase or the 


ee en 
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coasting phase. If you are not used to working with computers 
the calculations (81) and (82) may not seem like very reasonable 
equations; after all, how can a quantity be equal to itself plus 
another quantity, unless the other quantity is itself zero? The 
answer is that "equations" (81) and (82) are not equations at 
all; they are what computer programmers call arithmetic assignment 
statements: instructions to the computer to replace the value 
on the left with the value on the right of the "equals" sign. 
The effect of such a notation, when used with an electronic 
computer, is that at the end of the nth iteration the machine 
calculates "new" or "present" values of v, y, and t for use in 
the first part of the (n + 1)th iteration and then "forgets" 

the "old" or "former" values used in the first part of the nth 
iteration. 


If one assumes that the mass remains 


constant during the coasting phase of flight, then equations 
(64) and (67) are the exact solution to the differential equation 
of motion and no improvement in accuracy can be obtained through 
the use of computer interval solution methods; in fact, the 
computer solution will be an approximation to (64) and (67). 

If it is desired to take the extremely slight mass loss due 

to the burning of the delay train into account through the use 
of a mass-time curve, the iterations are basically the same as 
those used during the burning phase. The only change that 
occurs is the disappvearance of F(t) from the formulae, unless 

it is also desired to account for the small fraction of a newton 
of thrust produced by the burning of the time delay charge. In 
the latter case there is no difference whatsoever in the form 

of the computational formulae. 

A second method, more easily set up on a digital computer, 
is one which also requires an extremely small time interval 
between iterations for good accuracy. The basic difference 
between this method and the previous one is that it relies 
upon the calculation of the drag in the nth interval of time 
from the velocity during the (n-l)th interval. The operation 


of the method is as follows: 
(83) AV= OtLFlt)-m(tg ~kv2] /mit) 


(84) Ay = Ot (v+4v/2) 


(85) V V+AV 


i 


(86) y =yrthy 
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(87) t=t+at 


Although this techniaue reguires the use of verv small intervals 
for convergence, it will converge in the limit as At-»0O since 
the iteration formulae then approach the original differential 
equation. This can be seen by observing that, as the time 
interval approaches zero, the A's go over to their infinitesimal 


counterparts; that is, differentials, or d's, and (83) becomes 
(88) dv= dt[F(t)-m(t)g - kv2]/m(t) 
which, upon rearranging terms, yields 
dv — | ley 2 
(89) m(t)— = F(t) - m(t)g - kv 


which in turn is just the original differential equation of 
vertical motion (12) for the case in which ~ and 9 are both 
uniformly zero. Intervals of 0.001 second, when used with this 
method, will generate results which are, for all practical 
purposes, exact solutions. The generalization of the method 

to the coasting phase or a second burning nhase is entirely 


analogous to the generalization of the first method. 


2-5 Validity of the Approximate Methods Compared to 
Numerical Solutions by the Interval Method 
The latter computational method discussed in Section 2.4 
has been used to determine the accuracy of the closed=fcrm 
approximate solutions derived in Section 2.1. Mve engine 
types were considered: the Bl4, B4, D4, FlLOO, and F7. These 
engines, together with the selection of masses and drag narameters 


used in the calculations, represent every extreme and all rarces 
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of mass, drag parameter, thrust, and burning time of interest 

in the field of model rocketry. For each engine, the minimum 

and maximum values of the drag parameter k that can reasonably 

be exvected of a rocket powered by that particular engine 

type were ascertained. Twenty values of liftoff mass, spanning 
the practical range of mass to be expected of rockets powered 

by each type of engine, were then selected and values of Vj, 

Ypr 2nd Yuay computed by the second iterative method discussed 

in the previous section for each of the forty combinations of 
mass and drag parameter associated with each engine. These 
computations were carried out on an IBM 360/65 computing system 
using variable mass-time and thrust-time functions and time 
intervals of 0.001 second. Corresponding results were then 
obtained using the Fehskens-Malewicki and Caporaso-Bengen 

methods and compared to the interval=-method values. The percentage 
errors incurred by the use of the approximate. methods, as 
determined by this comparison, are shown in the accompanying 
graphs, Figures 5 through 9. It can be seen that the approximate 
techniques are well within the limits of accuracy required for 
model rocketry purposes for all ranges of input data. The 
accuracy of the approximations is, in fact, well within the 
operational scatter range associated with normal variations 

in thrust-time characteristics among model rocket engines of 

the same type. The total impulse of any one model rocket engine 
of a given type may vary as much as 10% from the nominal total 
impulse of that engine type. Since the maximum error incurred 
through the use of either of the approximate methods is lesg than 


the variation in performance produced by this total-impulse 


Figures 5.5 - 5.9: 


Figures 5 through 9 show the percentage errors incurred in burnout 

velocity, burnout altitude, and total maximum altitude through 

the use of the approximate Fehskens-Malewicki and Caporaso-Bengen 

solutions for vertical model rocket flight. Error analyses for 

each of the five engine types considered were performed using two 

values of the drag parameter k: the minimum value considered 

possible for a rocket powered by the engine under consideration | 
and the maximum value considered feasible for a successful rocket | 
flight with the engine under consideration. The former value is | 
referred to as Kain in the figures and corresponds to a drag | 
coefficient of roughly 0.3 in a rocket whose body tube is glove-fit 
to the engine under consideration. The latter value is referred | 
to as Ky, in the figures and is approximately 40 times k,,,- 
Knay may be thought of as corresponding to a drag coefficient of 
roughly 2.5 in a rocket whose body is approximately 2.2 times the 

diameter of the engine casing. Both values of K are computed on 

the assumption of standard sea-level atmospheric density. Values 

of the drag parameter and other pertinent data useful in interpreting 


Pigures 5 through 9 are listed below: 


Figure number Engine type Perec A Knin a 
man Ke/m) (kg/m 
5 B14 18 -00005 -002 
6 B4 18 ~00005 002 | 
7 D4 21 -00007 -0027 
§ F100 27 -00012 0045 
9 F7 27 .00012 0045 
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Figure 5(a): Burnout velocity error of approximate methods for 


vertical flight; models using Type Bl4 engine. 
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Figure 5(b): Burnout altitude error of approximate methods for 


vertical flight; models using Type Bl4 engine. 
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Figure 5(c): Maximum altitude error of approximate methods for 


vertical flight; models using Type B14 engine. 
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Figure 6(a): Burnout velocity error of approximate methods for 


vertical flight; models using Type B4 engine. 
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vertical flight; models using Type B4 engine. 
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Figure 6(c): Maximum altitude error of approximate methods for 


vertical flight; models using Type B4 engine. 
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Figure 7(a): Burnout velocity error of approximate methods for 


vertical flight; models using Type D4 engine. 
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Figure 7(b): Burnout altitude error of approximate methods for 


vertical flight; models using Type D4 engine. 
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Figure 7(c): Maximum altitude error of approximate methods for 


vertical flight; models using Type D4 engine. 
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Figure 8(a): Burnout velocity error of approximate methods for 
vertical flight; models using Type FlOO engine. 4n additional 
error is incurred for values of Ml, below 0.17 Kg due to transonic 


drag divergence, in the kyjjy, Cases. 
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Figure 8(b): Burnout altitude error of approximate methods for 
vertical flight; models using Type Fl0O engine. An additional 
error is incurred for values of m, below 0.17 kg due to transonic 


drag divergence, in the Knin cases. 
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Figure 8(c): Maximum altitude error of approximate methods for 
vertical flight; models using Type FlLOO engine. An additional 
error is incurred for values of m, below 0.17 kg due to transonic 


drag divergence, in the kyjj;n Cases. 
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Figure 9(a): Burnout velocity error of approximate methods for 


vertical flight; models using Type F7 engine. 
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Figure 9(b): Burnout altitude error of approximate methods for 


vertical flight; models using Type F/ engine. 
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Figure 9(c): Maximum altitude error of approximate methods for 


vertical flight; models using Type F7 engine. 


-~564- 


scatter, we may conclude that the closed=-fom, analytical 
solutions developed in Section 2.1 produce results that are as 
accurate as we shall ever need for the purpose of designing 


model rockets. 


3. The Non-Oscillating Rocket: Solutions for Vehicles Launched 


at Any Angle from the Vertical 


S-l The Differential Equations of Motion 
As stated in Section 1, the general differential equations of 
motion for the vertical and horizontal components of a model 


rocket's motion in flight are, respectively, 


(16) mt) 2% = Fut) D cosa —mit)g -[keefed]vy ana 


(a7) m(t) S% = Fit) Scose ~[k+ef(x)] vi 


Under the assumption that the model does not oscillate, or 
experience rigid-body rotations, during its flight (16) and (17) 
reduce to 
dv y : 
0 (t) — = — —m(t)4q —kv 
(90) m(t) 5% = Flt) 7 J y 


* 


F(t) + — kvk 


dVx 
(91) m(t) Te 


3.2 Numerical Methods for the Digital Computation of 
Nonvertical Trajectories 
In Section 2 of this chapter we were able to determine 
closed-form, approximate solutions to the equations of motion 
that were sufficiently accurate, simple, and general for practical 


use. In the case of equations (90) and (91) we shall not be 
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so fortunate. Extensive investigation on the part of several 
researchers has failed to reveal any closed-form, approximate, 
analytical solution to (90) and (91) which is sufficiently accurate 
(even) for hobby purposes and still sufficiently easy to work by 
hand to offer a perceptible advantage over computer interval 
techniques. The solutions of this section will therefore be based 
on numerical techniques analogous to those of Section 2.4, intended 
primarily for use with automatic computing machinery. One can 
&lso carry out such iterative calculations by hand, of course, 
but those who wish to do so must necessarily accept either a con- 
siderable amount of work or the degradation in accuracy concomitant 
with the use of coarser time intervals. 

The generalization of either of the computation schemes of 
Section 2.4 to nonvertical flight is a relatively simple matter 
of separating the motion of the rocket into its vertical and 
“horizontal components. Once this has been done, a single "loop", 
or iteration, of the theoretical-velocity-increment method appears 


in the following form: 


(92) by = at Lee) & — meg] 
(93) Ake = at Lee) ] 
(94) Ve = lis dee elyeaie)® 
(95) Drag = k v4 | 
. y — mit) 9 — ke | 


(96) Aya mit) 


(97) Axa = ot fry ~kvey J =~ kvel Y 


m (t) 


(98) 

(99) 

(100) 
(101) 
(102) 
(103) 
(104) 
(105) 


where 
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by = at [y+ 422] 
bx = atlx+ asa] 
y= TO? 

K =X+AX 


ye yraye 


kX = X+AX3 
v= MO OG)* 
t = t+at 


Ax, - drag-free "theoretical" horizontal velocity 
increment 


ues = drag-free vertical velocity increment 
At, = actual horizontal velocity increment 


A Ya = actual vertical velocity increment 


and the other variables are as in Section 2.4. 


Likewise, the drag-from-prior-velocity method -- the second 


technique of Section 2.4 -- generalizes to nonvertical flight 


according to the set of equations presented below: 


(106) 
(107) 
(108) 
(109) 


(110) 


at LEit) > - mtg -—kvy 


7* ~ mC) 
xt at [Fit)> —kvx J 
7 m(t) 
ay = otly+ ZS] 
AX 
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(111) Y= X + ax 


(1l2) xv = V(%)*+(y)? 


(113) y= y+ ay 
(114) Xx = X+AX 


(115) t =t+At 


In order to begin calculations from zero velocity on the 
ground it is necessary to simulate the presence of the launch 
rod for the first meter or so of motion by using a slightly 
different set of equations that assumes a fixed trajectory angle 
equal to the initial angle of launch @,. Such a scheme suitable 
for use with the method of theoretical velocity increments is 


m (t) 


(117) Drag = k (ve ove) 


_ 2 
(118) AVs = AtLF(t) - m(t) cos 0, k (v+AVz) 


m (t) 
at [v+ bYa) cos @, 


(119) 5 = 

(120) Ax = at [v+ 2 ]sin < 
(121) V =V+AV3 

(122) y = y+ dy 

(123) x =X+AX 

(1o4) f=t+at 
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while the launch phase of a nonvertical flight may be represented 


using the method of drag from prior velocity as 


"a ” 2 
(125) aV= F(t)-— m(t)gcos@o-kv 


mt) 


(126) by = atlv+ GY | cos Qe 
(127) ax = at [v+S¥] sind, 
(128) ys V+AV 
(129) ysytdy 
(130) kk =X + AX 
(131) t=T+Aat 


As was the case with the vertical solutions, both the computing 
schemes presented herein can be extended to multistaged vehicles 
and to the coasting phase of flight by altering the thrust and 
mass functions appropriately at staging or at burnout. Again, 
the latter method requires a smaller time interval than the 
former for good accuracy; 0.1 or 0.01 second may be used with the 
first method, while .001 second is recommended for use with the 
second. The thrust and mass functions to be used with either of 
the above methods are the same as those described in Section 2.4; 


they do not, therefore, require any further discussion here. 


2:2 Examples of Nonvertical Model Rocket Trajectories 


The second of the numerical methods discussed in Section 
3.2 has been employed to calculate a number of representative 


nonvertical model rocket flight paths. The same five engine 
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types used in Section 2.5 were considered; i.e., the Bl4, BA, 
D4, FlOO, and F7. Due to the vast quantity of data that would 
have to be generated to account for a full range of variation in 
each and every parameter relevant to nonvertical flight, the 
calculations were restricted to certain cases deemed to be of 
particular interest or illustrative value in practical model 
rocketry. 

The decision was first made to perform all burning-phase 
calculations under the assumption of an initial launch angle 
of 30° to the vertical, this being the greatest deviation from 
vertical launch permitted by the Safety Code of the National 
Association of Rocketry, as well as by most of the laws governing 
the practice of model rocketry. The initial angle 9, of 30° 
thus represents the most severe condition of nonverticality 
possible within the rules of the hobby. 

Three cases were then computed for each engine: one repre- 
senting the best-performing rocket, one representing a typical 
rocket, and one representing the worst-performing rocket considered 
possible for that engine. For the first case, an initial mass 
m, equal to the mass of the engine alone and a drag parameter k 
corresponding to a drag coefficient of about 0.3 in sea-level air 
with a body tube glove-fit to the engine were used. For the 
second, both quantities were slightly more than doubled; for the 
third, a value of m, equal to the manufacturer's maximum recon- 
mended liftoff weight and a value of k approximately 40 times 
that of the first case were used. An exception was made in the 
case of the FlOO engine, where the maximum value of m, was taken 


as 453 grams (0.453 Kg), this being the maximum legal liftoff 
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mass for model rockets in the United States. 

The results of the calculations are displayed in Figures 
10 through 14. As one would expect, the influence of a nonvertical 
launch on subsequent flight behavior and altitude performance 
is least severe for cases involving short-burning-time engines. 

As the burn time increases, the flight paths are seen to develop 
considerable burning-phase curvature. The low thrust and 9-second 
burning time of the type F7 engine makes a nonvertical launch 

a very risky proposition indeed, particularly in cases of mediun- 
or heavy-weight rockets; the high drag and weight case of Figure 
14, in fact, results in catastrophic behavior -- a dive into the 
ground under power, more commonly and colloquially called a “power 
prang™. You should note, when examining Figures 10 through 14, 
that all trajectories have been continued until impact with the 
ground is predicted, as if there were no parachute ejection or 
other recovery system activation. Times in seconds from launch 
have been marked on the curves to enable the reader to predict 

the position of the rocket at recovery system activation for any 
given time delay. Needless to say, safety considerations require 
the selection of a delay time such that the rocket does not strike 
the ground before the recovery system activates -- a rule which 
applies to all model rocket flights, whether vertical or not. 

The behavior in nonvertical flight of models using long- 
burning engines bears some further discussion because of its 
safety implications. The severe change in trajectory angle 
experienced during the burning phase of flight by models using 
long-burning engines is due to a phenomenon known to professional 


rocketry as the "gravity turn", a term which describes the following 


200 


y (m) 


Figure 10; Non-vertical trajectories for 309 launch angle; models 
using Type Bl4 engine. Curve (a): My = -020 kg, kK = .00005 kg/m; 
burnout range X, is 23 m, burnout altitude y, 1s 40 m. Curve (b): 


m -050 kg, k = -00012 kg/m; x, = 9 a, Yp =15m. Curve (c): 


0 


Mo = -l140 kg, k = .002 kg/m; x,» = 3m, Yyp = 5m. The engine burning 


time is 0.55 second. The time of flight apex, and the time of 
predicted impact on the ground if there were no recovery system 


activation, in seconds, are marked on the curves. 
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Figure 11: Non-vertical trajectories for 30° launch angle; models 
using Type B4 engine. Ourve (a): mp) = .021 kg, k = .00005 kg/m; 
Xp = 82m, yp = 131m. Curve (b): m, = -050 kg, k = 00012 kg/m; 
Xp = 35m, yp = 51m. Curve (c): mo = -100 kg, k » 002 kg/m; 


Xp = 15m, yp = 19 m. The engine burning time is 1.20 sec. 
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Figure 12: Non-vertical trajectories for 30° launch angle; models 
using Type D4 engine. Curve (a): m, = -032 kg, k = .00007 kg/m; 
Xp = 236 m, Yp = 342 m. Curve (b): my = -065 kg, k = .00017 kg/m; 


133 mM, Yp = 160 m. Curve (c): mp = -125 kg, k = .0027 kg/m; 


Xb 
Xp = 57M, Yp = 33 m. The engine burning time is 2.90 sec. 
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Figure 13: Non-vertical trajectories for 30° launch angle; models 
using Type FlOO engine. Curve (a): m, = -110 kg, k = .00012 kg/m; 
Xx, = 61m, yp = 103 m. Curve (b): my = -2350 kg, Kk = 0005 kg/m; 
xX, = 2 m, yy = 47 m. Curve (c): mo = -453 kg, kK = 00045 kg/m; 
Xp, = 13m, yp = 21m. The engine burning time is 0.50 sec. 
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Figure 14; Non-vertical trajectories for 30° launch angle; models 
using Type F7 engine. Curve (a): mM = -110 kg, k = .00012 kg/m; 
Xp = 1050 m, yp = 1079 m. Curve (b): Mp s -230 kg, k = .0003 kg/m; 
Xp = 696 m, yp = Zll m. Curve (c): M5 = -300 kg, k = .0045 xg/m; 
the model impacts on the ground under power 6.84 seconds after 


liftoff. The engine burning time is 9.00 sec. 
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sequence of events: 

In a rocket whose trajectory initially makes some angle 0, 
with the local vertical there is a component of gravity 
gsin@, normal (i.e., perpendicular) to the instantaneous direction 
of flight, and which therefore tends to cause the subsequent 
flight path to curve further away from the vertical. When 
this happens @ becomes greater than 0,, causing the quantity 
gsin@ to increase. Also, since the vertical component of thrust 
is given by F(t)cos®, the effective thrust in the vertical 
direction is decreased. Both these effects cause the trajectory 
to curve even further away from the vertical, a process which 
is illustrated in Mgure 15 -- and which, for a low-thrust, 
long-burning engine, may eventuate in a power-on impact. 

In professional aerospace engineering, the gravity turn 
is an intentional maneuver performed for the purpose of helping 
to change a booster vehicle's course so as to enable a satellite 
to be injected into its orbit in a direction that is more or 
less parallel to a line tangent to the Earth's surface. In 


model rocketry, however, the gravity turn is an undesirable 


effect and even a potential safety hazard in cases of long-burning 
engines or multistaged vehicles. A great many three-staged model 
rockets, and even some two-staged designs, are so adversely 
affected by gravity turning that their topmost stages are often 
observed to be travelling nearly horizontally or even downward 
under thrust before burnout of the last-stage engine occurs <= 

a fact mentioned earlier in connection with safety limitations 

on the number of stages a model may have. The same is true of 


many single-staged models using the low-thrust, long-burning 


Figure 15: Rocket undergoing a gravity turn. In (a) the rocket 
is subjected to a couponent of gravity perpeadicular to its 
instantaneous velocity vector, aad waich therefore tends to bend 
its flight path further away from the vertical. Also, since it 
is already flying at an angle 90, to tne vertical, not all of its 
thrust F is effective against gravity. Tne rocket tnerefore 
tips over to position (b), in which there is an even greater 
component of gravity perpendicular to its instantaneous velocity 
vector, and in which even less of its turust is effective against 


gravity -- thus causing the turn to continue. 
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BE or F engines such as the F7. In the past, modelers have tended 
to build such vehicles somewhat too heavy for their intended engines 
and/or with excessive positive static stability margins. The 
latter characteristic often makes vertical flight impossible 

even when a vertical launch is attempted, since even a light 
breeze will cause the slowly-ascending model to "weathercock", 

or turn upwind, as soon as it leaves the launcher -- thereby 
creating the nonzero 8, required for the beginning of a sometimes- 
disastrous gravity turn. The reader will recall that the dangers 
of weathercocking and gravity-turning have caused models of more 
than three stages to be prohibited under the N.A.R. Sporting 

Code. Similarly, the dangers of gravity-turning and high-speed 
horizontal flight at low altitudes are responsible for the 
regulations prohibiting the launching of model rockets at angles 
greater than 30° away from the vertical. 

Those readers who are familiar with the elementary physics 
equations for the calculation of projectile motion under drag- 
free conditions will notice a fundamental difference between 
those portions of the curves of Figures 10 through 14 lying 
above the burnout points and those that would result if k were 
assumed to be zero. The trajectory of a drag-free, constant-mass 
projectile, neglecting the Earth's curvature, will be in the 
shape of an inverted parabola -- which is to say that, if there 
were no drag, the portions of the trajectories above the burnout 
points would be symmetrical about a vertical line drawn through 
the flight apex. In cases of nonzero drag, however, this symmetry 
is lost; the trajectory falls off more steeply after the flight 


apex, giving the flight path the appearance of being compressed 


ie 


in the x-direction, or "humped over", in the later stages of 
flight. <A trajectory computed for finite drag will also lie 
entirely below (or “inside") the zero-drag flight path. 
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The asymmetry, as can be seen from the figures, becomes more 
pronounced as the ratio k/m, increases. The term "whiffle-ball 
effect", derived from the similarity of this behavior to the 
flight of a whiffle ball or ping-pong ball, has sometimes 


been used informally to describe this phenomenon. 


4. Coupling of Dynamic Oscillations to the Trajectory Equations 

Having obtained satisfactorv solutions to all aspects of 
pointemass model rocket flight behavior under the assumption of 
a uniformly zero angle of attack, we are now in a nosition to 
consider the effects of the rigid-body motion discussed in 
Chapter ? in the calculation of altitude capability. 

It would be senseless -=- and wellenigh imnossible <= to 
attempt to present equations for the detailed calculation of a 
rocket's altitude performance under conditiors of completely 
general in-flight disturbances because of the virtuallv infinite 
variety of forcing functions which may cause oscillations of 
the vehicle. The winds at different altitudes have different 
speeds and directions, which moreover change from moment to 
moment; it is therefore not possible for a modeler to know 
precisely the wind profile his vehicle wil] encounter in any 
given flight. Impulsive forcing due to launch departure and 
staging effects, and the nrecise nature of the forcing due to 
slight propulsive malfunctions such as solid-particle ejection, 
are also impossible to predict with any precision. Because 
of these uncertainties in the nature of the disturbances encountered 
in flight, a detailed method for the precise calculation of 
the maximum altitude attained by a rocket subjected to completely 


general forcing functions would be useless. Jt is a far more 
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meaningful and fruitful task to solve for the reduction in 
altitude caused by several] standard and well-defined forcing 
functions, with the object of revealing the structural and 
aerodynamic characteristics of the vehicle that contribute 


to the reduction in altitude, thereby facilitating the desienr 


Se a 


of rockets which are least affected by in-flicht disturbances. 

It 1s to this vurvose that the solutions of this section will be 
directed. Derivations of the solutions will be carried out for 
a set of standard forcing functions which form the basis for 

all possible rigid-body rotative disturbances encountered 

in model rocket flight, which is to say that any possible forcing 
function can be synthesized from some combination of this set 


of standard disturbances. 


4.1 The Differential Equations of Motion with Perturbation 
Terms 

In Section 1.2 we wrote down the general differential 
equations of motion which included perturbation terms due to 
increases in drag and the reduction of effective thrust due 
to pitching and yawing of the vehicle. Later in this section 
we shall attempt the solution of these equations. Mrst, 
however, a review of the assumptions which led to the formation 
of the vertical eauation of motion (16) is in order. It is 
important to remember that equation (16) is not the exact 
differential eouation of vertical motion; it is an approximation. 
The dynamic analysis of Chanter 2 is valid only provided that 
the model's C.G. does not move laterally ten much during anv 
Biven disturbance. In actuality, the momentary deflections of 


an oscillating rocket will cause it to head in a direction 


~580- 


that is not taneent to the intended direction of flight and 

the C.G. will move slightly to the side before the angle of 
attack passes throuch zero on its way toward the opposite 
extreme of the oscillation. This effect will contribute to 

the reduction in altitude caused by the disturbance and will 
appear as an additional term not originally included in equation 
(16). The treatments of this section will, however, be restricted 
to cases for which the dynamic analyses of Chapter 2 are valid. 
It will therefore be assumed that the model's frequency of 
oscillation is sufficiently high, and its amplitude sufficiently 
small, that the oscillatory horizontal translations of the C.G. 
are negligibly slight. Such an assumption is justified, since 
(as was shown in Chapter ?) 9» too-low oscillation frequency or 

a critically-damped or overdamped response is incompatible 

with dynamically stable flight. 

It will thus be assumed that the rocket's 0.G. is travelling 
in a purely vertical direction and develops no lateral components 
of velocity. Under such an assumption, equation (16) becomes 
an exact description of the rocket's vertical motion. We are 
then free to consider the method by which we will solve (16). 

Since a stable rocket will, as shown in Chapter 2, practically 
never experience pitch or yaw angles exceeding 12°, it is 
possible to expand some of the terms of equation (16) containing 
functions of @(t) as factors, in powers of ~(t), where e(t) 


js the generalized yaw-pitch angle which equals 


(132) ax«(th]=¥ [x (t)] “+ [x,(t)]* 


andQ&,(t) and & y(t) are the yaw and pitch angles of the model 
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as functions of time. 

As stated in Chapter 1 and confirmed in greater detail in 
Chapter 3, the function f(«) appearing in (16) can be represented 
to a high order of accuracy by a quadratic function in o«(t), so 
that the approximate drag as a function of the angle of attack can 


be written as 


(133) Drag = (k++ €ae2) v4 


where the determination of the constants k and € has been discussed 
in Chapters 1 and 3, andwis just x(t), the generalized angle 

of attack. It is also possible to replace cos(~) by its power 
series expansion 


2 + 

x 
(134) cos(«) = I- > “ns 
and to truncate the expansion after its «*term, since « will 
never exceed 0.2 radian for cases amenable to analysis by the 


methods of Chapter 2: 

(135) cose) & I-F 
Equation (16) may then be written as 

(136) m(t) $Y = F(t)[1- ] - m(t)g ~ (k+ Ex?) v* 


where the y subscript has been discarded as unnecessary due to 
the fact that we are here considering cases of vertical flight 
only. 

Despite the simplifying approximations made to obtain it, 
equation (136) is sufficiently complicated that no practical, 


closed-form solution to it has yet been found. As in Section 3, 
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therefore, we shall have to resort to numerical solutions obtained 
by incremental methods similar to those of Section 2.4. While 

it is not possible to visualize the sensitive parameters influencing 
a model's behavior as concisely when such computer-oriented tech- 
niques are used as it would be if an accurate and reasonably 
simple closed-form solution were available, it will be found that 
one can gain by example some feeling for the effects of various 
disturbances on the altitude capability of representative model 
rockets. Such numerical data, interpreted in the light of the 
analytical results of Chapter 2, enable us to fulfill our stated 
purpose of extracting criteria of use in designing models which 


possess maximum resistance to in-flight perturbations. 


Altitude Performance in Cases of Oscillating Rockets 

Like the vertical equation of motion for non-oscillating 
rockets, equation (136) can be solved to any desired accuracy 
using numerical techniques in which the differential time dt 
is replaced by a finite interval At. In order to obtain solutions 
for rockets undergoing rigid-body oscillations, however, it is 
necessary to add some additional computing steps derived from 
Euler's dynamical equations -- equations (14) of Chapter 2. 
Listed below is the computational procedure for completing a 
single iterative loop analogous to the drag-from-prior-velocity 


method of Section 2.43 


(137) Av= at {Fee [1- £7] ~m(t)g9 ~ (k+ ex?) v2} /m (t) 
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(138) Ay = at(v+ 


(139) Y= VtAV 
(140) y =y+y 
(141) calculate 0, 


(142) calculate C5 


(143) calculate or input Ws 


nay Bw. = at LF, (t) — Cow, — Ci%x -Igwywe]/T, 
(1445) AWy = At fy (t) - Ca Wy — City + Ig wy wz ]/T. 
(1N6) Dey = Atle, + 22% J 
(147) A&y = At | wy + Aer | 


(148) WW x — Ud) x + A Ws, 
(149) Wy = Wy + AWy 
(150) X x = Ay + AX~x 


(151) <y 


Xy + AXy 
(152) = = xX, + oc * 
(153) ¢ =t+at 


Again, as in Section 2.4, expressions such as (175) are not equations 
as we understand them, but arithmetic assignment statements which 
instruct the computer to replace the "old" or "former" value of 


& variable with its "new" or "present" value. The notation of 
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Chapter 2 has been used for all the expressions involving rigid-body 
dynamics: subscripts x and y do not refer to the Cartesian axes 
used in the general equations of nonvertical motion, but rather 

to the pitch and yaw axes of the vehicle; W denotes angular 
velocity; eo denotes angular displacement or angle of attack; 

the f(t) are forcing functions or perturbing moments that may vary 
with time; C, is the corrective moment coefficient; C, is the 
damping moment coefficient; I; is the longitudinal moment of 
inertia; and Ip is the radial moment of inertia. 

You should note that equations (144) and (145) are approximate 
in that they assume constant, average values for I; and Ip (the 
moments of inertia actually change slightly as the propellant is 
expended). Exact, time-varying values could be used -= as could 
the exact expressions for thrust reduction and drag increase due 
to angle of attack -- but the increase in accuracy obtained thereby 
is not worth the consequent increase in complexity. The computer 
is going to have to perform the calculations (137) through (153) 

a great many times, so even a slight time saving in a few steps 
of the loop can add up to worthwhile savings in time and expense 
over the full course of a computer "run". 

Steps (141), (142), and (143) require the use of formulae 
developed in Chapter 2. Specifically, C, is proportional to the 
square of the velocity according to the relation expressed in 
equation (95) of Chapter 2, while Cy depends on both the velocity 
and the motor characteristics as given in equations (97) through 
(101) of that chapter. In cases where the roll rate Ws is induced 
by canted fins it may be calculated from equations (115) through 


(117) of Chapter 2; if induced by other means it must be determined 


by a formula appropriate to the method of roll forcing. If the 
assumption of zero roll rate is to be made the value W, = O must 
be input (or you can write a special program for use with non- 
rolling rockets only, in which the equations assume W, equal to 
zero). 

As you can determine by working a few numerical examples, 
the angular velocities -- called pitch, yaw, and roll rates by 
engineers -- can become quite high for model rockets near 
burnout velocity. The method of theoretical velocity increments 
presented in Section 2.4 therefore loses its computational advantage 
over the drag-from-prior-velocity method when applied to cases 
of oscillating rockets. That advantage consisted of a tolerance 
for relatively large time increments while maintaining good 
accuracy, and it is lost when oscillating rockets are considered 
because short intervals are required for an accurate determination 
of the angle of attack. The modification of the theoretical- 
velocity-increment method for oscillating vehicles will not, 
therefore, be presented here. For best results, At as used in 
(137) through (153) should be of the order of 0.001 second -- 
and it is unlikely that the theoretical-velocity-increment method 
would tolerate much more than this. For hand calculations it is 
of course impractical to attempt the use of At's less than 0.1 
second. Those who perform such calculations should not, therefore, 
expect too much in the way of accuracy from the procedure detailed 


above. 


4.3 Solutions for Standard Forcing Functions 
In order to apply the method of Section 4.2 in computing 
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the altitude performance of a model rocket perturbed by one of 

the standard forcing functions described in Chapter 2 it is 
necessary to select specific functional forms for f,(t) and fy(t) 
and specific initial values for Wy, Wyr Ax» and “Xy- The remainder 
of this section will present such formulae and values for use in 
determining the effects of a homogeneous response and of responses 
to each of the standard forcing functions considered in Chapter 2. 
Our treatment will be restricted to single-staged models (although 
the method of Section 4.2 is completely general and can be applied 
to rockets of any number of stages), since all information of 
design interest to model rocketeers concerning dynamic response 


is obtainable from the study of single-stage cases. 


4.3.1 Homogeneous Response for General Initial Conditions 

When one is primarily concerned with the behavior of a model 
once it has been placed in a given state of angular displacement 
and angular velocity, without regard to the precise nature of the 
disturbance that caused it to assume that state, it is best to 
compute the homogeneous response resulting from the initial 
conditions that have been assumed. For such a calculation we 
assume that, prior to some time t, after liftoff, the vehicle 
has been flying vertically straight and true. For values of t 


less than t,, therefore, 


(154a) od 


IH 


x <y =O 


(154b) CU) x = Wy =0 t<t, 


(156c) 1 (t) = fy(t) =O 
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Equations (154) are said to specify the rocket's state prior to 
t, as rotationally quiescent; it follows that the iterative procedure 
described in Section 4.2 produces values of v and y identical to 
those obtained by the methods of Section 2.4 for all values of 
t up through t,. 

In the instant before t,, it is assumed that some unspecified 
occurrence disturbs the rocket from a straight-and-true attitude, 
leaving it with nonzero angular displacements and velocities as 


follows: 


(155a) %, = Aye 
(155b) Ky = Xyo 
(155c) Wx = Wxo 


(155d) Wy 


\ 
€ 
7. 


where the zero-subscripted quantities are the initial values of 
angular displacement and velocity to be considered. These values 
must be chosen by the person performing the calculation and are 
arbitrary except for the restriction that they cannot be so large 
as to cause the model to have an angle of attack greater than 0.2 
radian at any time during the subsequent oscillation. Since a 
homogeneous response is defined as a response for which there is 
no forcing function, the yaw and pitch forcing remain uniformly 


zero for all values of time, after as well as before t,: 
(156) Ti (t) = fy (t) = 0 (t = to) 


Computations of this kind may be performed for either zero or 


nonzero roll rate. In either case, no generality will be lost 


and the response behavior will be more easily interpreted if 

you assume nonzero initial angular displacement and angular velocity 
about one axis only; it is merely for the sake of completeness 

that I have taken into account both the pitch and the yaw axis 

in setting initial conditions. 


4.3.2 Step Response 
In order to compute the response of a model to step forcing 
that suddenly arises at some time t, into the flight we again 
assume that the rocket is in a rotationally quiescent state for 
all time prior to t,); equations (154) thus remain valid for this 
problem. At the moment the step forcing begins the model will 
still be in an undisturbed state, so the initial conditions are 


t= be 


(157b) Wy = Wy =O 


The forcing functions, however, become nonzero at this instant 
and persist as long as the step is assumed to last -- i.e., until 
some time t, at which the forcing “steps down" again to zero 

(or until flight apex occurs, which is equivalent to setting t, 
equal to the duration of the upward flight). Then 


(158a) tx(t) = Mx 
t.£t 2, 
(158b) ty (1) = My 


where My and My are the disturbing torques, or moments, about the 


yaw and pitch axes, respectively, and 


(59) Ff, (t) = fy (t) = ) (t>t;,) 
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In cases of non-spinning rockets where the step forcing is due 

to slight aerodynamic asymmetries, the strength of the perturbing 
moments will vary as the square of the airspeed. Where the step 
arises from a uniform horizontal wind the magnitudes of M, and 
My will be constant throughout the time during which the wind 

is blowing. 

It is important to note that step forcing is not an accurate 
representation of the action of a horizontal wind upon the model 
except for relatively short times -- on the order of a few tenths 
of a second for most model rockets. You may remember from the 
discussion of step responses in Chapter 2 that true step forcing 
applied for a sufficiently long time causes the vehicle to assume 
an angle of attack equal to M/C), where M is the disturbing moment. 
A horizontal wind, however, adds vectorially to the model's 
airspeed and changes the direction in which the rocket must fly 
to be at zero angle of attack; its long-term effect is therefore 
to make the model tip over into a nonvertical trajectory (we as 
model rocketeers are used to referring to this as weathercocking), 
lowering its altitude by this means as well as by the decreased 
effective thrust and increased drag due to the oscillatory response. 
The steady angle of attack predicted by the step-response treatuent 
produces a considerable overestimate of the aerodynamic drag 
on the perturbed rocket, though, and this drag overestimate 
nearly always more than compensates for the failure to consider 
the nonverticality of the flight path. For this reason it is 
acceptable to use step forcing to simulate horizontal wind effects 
in making performance degradation estimates despite the admitted 


analytical inaccuracy of the technique. 
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In making step response calculations you may choose My and 
My arbitrarily, subject only to the restriction that they be small 
enough to make sure the rocket will not exceed an angle of attack 
of 0.2 radian at any time during the response. It admittedly takes 
some numerical experimentation to establish such upper bounds, 
but the work is unavoidable if the validity of Chapter 2's dynamic 
analyses is to be guaranteed. By reasoning similar to that of 
Section 4.3.1 it may be concluded that no information regarding 
the response will be lost if one of the disturbing torques is 
considered to be zero; this is true whether or not the rocket is 


spinning. 


4.3.3 Impulse Response 
In order to determine a model's response to impulsive forcing 
occurring at the instant t, after liftoff we again assume the 
quiescent prior rotational state specified by equations (189). 
The effect of the impulse, as discussed in Chapter 2, will then 
be to produce a homogeneous response for time greater than ty 


with the following specialized set of initial conditions: 


(160a) X,y = “Ay = © 


(160b) Wx = = t=te 
(160c) ay = Hy 
Ty 


where Hy, and Hy are the components of the impulse about the yaw 
and pitch axes, respectively. 

Because of the unique nature of impulsive forcing (the impulse 
is a mathematical idealization involving the assumption of an 


infinite disturbing moment applied for an infinitesimal time period), 
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an impulse response must be computed by setting the yaw and pitch 


forcing functions to zero for all time: 


(161) £,(t) = Ty (t) = 0 


Actually, f,(t) and f(t) are both effectively infinite at the 


time t but the results of this have already been taken into 


0? 
account in equations (195). 

Again, any values for Hy and Hy -- including zero for either 
one -- will be acceptable as long as these values do not cause the 
overall angle of attack to exceed 0.2 radian during the subsequent 


4.3.4 Response to Sinusoidal Forcing 
Although a wide variety of sinusoidal disturbances could 
be hypothesized for cases of both rolling and non-rolling rockets, 
the model rocketeer will find that all the information relating 
to sinusoidal forcing that is of interest in designing high- 


performance models can be obtained by analyzing two specialized 


Casess 


(a) Sinusoidal forcing of a non-rolling rocket about 
one axis only, in which the amplitude of the 
forcing varies as the square of the airspeed 
and its frequency varies directly with the airspeed; 
and 

(b) Sinusoidal forcing of a rolling rocket in which 
the sinusoidal nature of the forcing is due to the 
roll rate itself, so that sinusoidal moments 


exist about the pitch and yaw axes of angular 
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frequency equal to the roll rate and of amplitude 


proportional to the square of the airspeed. 


A disturbance of the first type may be characterized by 


the following set of forcing functions: 
(162a) ~=—s fF, (t) = Ag Sin wet 
(sav) sty (t) = 


where the disturbance has been assumed to occur about the yaw 
axis. The proportionality of the forcing amplitude Ap and the 


forcing frequency Q), to the rocket's velocity can be expressed 


as 
(163a) A. = A,v2 and 
(163b) We = WoV 


Where A, and @, are constants of proportionality which may be 
thought of as the values of Ap and W, at an airspeed of one meter 
per second. 

A disturbance of the second type exhibits forcing functions 


of the form 
(164a) ie (t) = Ac sin WT 
(164b) ty (+) = As cos Wat 


Since spin in model rockets is almost invariably induced by aero- 
dynamic means, the roll rate may be considered linearly proportional 
to velocity for most cases of interest. The same sort of propor- 


tionality scheme used for the non=rolling case can then be used 
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here? 
(165a) Ac => Avv2 


Equation (200a) applies whether the disturbance is due to aero- 
dynamic or to inertial causes, since the strength of the aero- 
dynamic perturbation is proportional to the square of the air- 
speed and that of the inertial perturbation is proportional to 
the square of the roll rate, which in turm varies directly with 
airspeed. 

Both types of perturbations are assumed to arise immediately 
upon liftoff and to persist throughout the flight, as such a 
mathematical model most accurately represents the actual behavior 
of sinusoidal forcing in the vast majority of cases of interest. 
Calculations should therefore be started at t = O with rotationally 
quiescent initial conditions: 
(166a) Ay = Ky = O | 

t=0 

(166b) Wx = Wy =O 


It should be noted that the calculations presented here 
differ somewhat from the analyses of Chapter 2's Sections 3.1.4 
and 3.2.4 in that we are considering the complete response to 
sinusoidal forcing rather than the steady-state response only; 
our numerical calculations will therefore pick up so-called 
starting transients which are not considered in the discussion 
of Chapter 2. The basic character of the response will not, 


however, be greatly altered and it is very nearly correct to 
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consider the method of this section the numerical equivalent to 


the closed-form analyses of Chapter e. 


4.4 The Effect of Dynamic Oscillations on the Altitude 
Performance of a Typical Model Rocket 

In order to give the reader some "feel" for the magnitude 
of the performance degradations resulting from the various in-flight 
disturbances that cause pitching and yawing oscillations in model 
rockets, this section will present the results of sample calculations 
based on representative disturbances encountered by a typical 
model rocket. The trial rocket illustrated in Migure 37 of Chapter 
3 was chosen as a representative design; reasonable values of 
inertial and propulsive characteristics were then supplied which, 
in addition to the drag parameters and normal force coefficients 
computable from the model's geometry, permitted a complete character- 
ization of the vehicle for computational purposes. A complete 
list of the vehicle parameters used in solving the coupled equations 
of motion by the incremental method of Section 4.2 appears in 
fable 1. 

Table 2 summarizes the results of calculations performed for 
various cases of input disturbances. Although these results 
admittedly apply only to the particular rocket described in 
Table 1, they do -=- in combination with the discussion of Chapter 
2 =-=- permit us to draw certain conclusions of general interest 
and applicability to model rocket design. 

Since the drag increase due to angle of attack is proportional 
both to the square of x and to the square of the airspeed, for 
instance, it follows that a transient disturbance producing a 


given maximum angle of attack will reduce a model's overall 
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TABLE 1 


Characteristic 
Liftoff mass 
Burnout mass 
Engine thrust 
Burning time 
Propellant mass 
Static stability margin 
Cl 


Wores 
(Coo) pp 


Fin cant angle for 
W: = Weres 
Fin cant angle for 


We = 10W, nes 
k 


E 


Table 1: Ballistic and dynamic 


shown in Figure 57 of Chapter 3. 


Value 
40 g€ = 0.04 kg 
31.67 g = 0.03167 ke 
4.0 N (average) 
1.20 sec 
8.33 g = -00833 ke 
2.06 cm = 1.0 caliber 
396v- dyn-cm for v in m/sec 
242v dyn-cm-sec for v in m/sec 
661 dyn-cm-sec (average) 
3640 g-cm* (average) 
40.4 g-om* (average) 
O.101 neglecting jet damping 
0.1004 neglecting jet damping 
O.327v rad/sec for v in m/sec 
0.325v rad/sec for v in m/sec 


0.45 without fin cant 
0.01945 rad = 1.11° 


0.1945 rad = 11.1° 

0.92 x 107% kg/m without fin cant 
0.924 x 1074 kg/m with 1.119 cant 
1.288 x 107° kg/m with 11.1° cant 
37.8 =z 107" (kg/m) /raa? 


characteristics of the rocket 


TABLE 2 

Description of disturbance Ws, t. OX 

response _ | 
No disturbance ¢) -—— = 0.000 
Homogeneous response to O 0.1 0.200 
Homogeneous response to 0 1.2 0.200 
M%ro = OC rad 
Step of intensity e) O.1 0.155 
39.6ve dyn-cm 
Step of intensity 0 O.1 0.200 
51.0v2 dyn-cm 
Step of intensity 0 1.2 0.177 
39.6v° dyn-cm 
Step of intensity 0 1.2 0.200 
45.O0v° dyn-cm 
Impulse of strength @) Ook 0.062 
2510 dyn-cm-sec 
Impulse of strength 0 0.1 0.200 
8080 dyn-cm-sec 
Impulse of strength 0 Le? 0.175 
26,600 dyn-cm-sec 
Impulse of strength 0 1.2 0.200 
30,400 dyn-cm-sec 
Sinusoidal forcing of @) O.l 0.143 
Sinusoidal fcrcing of Q 0.1 0.200 
Ap = 26-7V", U 2Wreg 
Homogeneous response to 53.25V O.l O.200 
Homogeneous response to 5225V 1.2 0.200 
“yo = Ow? rad 
Step gt intensity 4.25V Od 0.155 
39.6v° dyn-cm 
Step of intensity 3.25V 0.1 0.200 


51.0v- dyn-cm 
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TABLE 2 (continued) 


Description of disturbance Wy to Oo . 

| or response 
Step of intensity 3.25v 1.2 0.176 
39.6ve dyn-cm 
Step of intensity 3.25V Lee 0.200 
45.0ve dyn-cm 
Impulse of strength 3.25v Oxi 0.062 
2510 dyn-cm-sec 
Se age of strength 3.25v Ol 0.200 
8080 dyn-cm-sec 
Impulse of strength 3.25v 1.2 0.175 
26,600 dyn-cm-sec 
Impulse of strength 3.25vV 1.2 0.200 
30,400 dyn-cm-sec 
Coupled sinusgidal forcing 0.325v O.1 0.141 
of Ar -—- 15.9V r) We, — Wores 
Coupled sinusoidal forcing 0.325v O.1 0.220 


of Af = 26.7v-, Wy = Wores 


Coupled sinusoidal forcing 0.325V 0.1 0.200 
of Ar = 23.8v",W7 =Wores 


Table 2: The effect of various disturbances on the performance 

of the rocket snown in Figure 37 of Chapter 3. In all cases 

where disturbances or roll rates are velocity-dependent the 

velocity is given in meters per second, and the amplitudes of 
sinusoidal forcing functions are given in dyn-cn. t, is the tine 

at which the disturbance begins; &,,, is the maximum angle of attack 


produced by the disturbance. 
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TABLE 2 

tu/aeo) (n} ned) (n§ ap reduction 
111.4 78.1 6.46 265.5 343.6 0.00 
110.3 76.9 6 44 262.8 339 .6 Leb 
111.4 7801 6.35 254.3 332.4 3.26 
105.3 757 5.67 211.0 286.7 16.58 
101.7 74.2 5.28 186.1 260.3 24.25 
111.4 78.1 5.75 220.4 298.4 13.16 
111.4 78.1 5.59 210.3 288 .4 16.08 
111.3 77.9 6.46 265.2 343.1 0.15 
109.9 76.7 6.43 261.9 338 .6 1.46 
111.4 78.1 6.35 254.7 332.8 3.14 
111.4 78.1 6.32 251.5 329 5 4.10 
111.1 77-9 6.33 257.8 335.7 2.30 
110.5 77.6 6.08 242.9 320.5 6.72 
105.0 74.9 5.68 211.2 286.1 16.74 
106.0 76.0 5.60 204.6 280.6 18.34 
100.6 73.8 5.13 176.9 250.7 27.05 
97 4 72.5 4,84 159.1 231.6 32.60 


el Poe 


TABLE 2 (continued) 


(n/abe) (ad (208) (25 (ay reduc Sion 
ee a Ym 
106.0 76.1 5.20 183.8 259 .8 24.39 
106.0 76.1 5.08 176.8 252.29 26.41 
105.9 75.9 5.69 212.9 288 .8 15.95 
104.7 74.7 5.67 210.6 285.4 16.95 
106.0 76.1 5.61 205.0 281.0 18.23 
106 .0 76.1 5.58 202.5 278 .6 18.92 
110.7 77-7 6.19 249.5 327.2 4.78 
109.7 Tid 5 83 228 .3 305.4 11.12 
110.0 77-3 5 +93 234.4 311.7 9-29 
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altitude capability more when it occurs near burnout (when the 
velocity is high) than near liftoff (when the velocity is low). 
Because the corrective moment coefficient 0, increases ag the 
square of the airspeed, however, a much stronger disturbance is 
required to produce a given maximum angle of attack near burnout 
than near liftoff -- and a disturbance of a given strength occurring 
near burnout will produce a reduction in performance roughly 
equivalent to that resulting from a disturbance of the same 
strength occurring near liftoff. The quadratic dependence of 
drag upon angle of attack also means that a disturbance of a 
given type occurring at a given time after liftoff will produce 
a performance degradation roughly proportional to the square of 
its strength. 

Given a set of in-flight disturbances of different types, all 
of which arise at the same time into the flight and produce 
fdentical values of the maximum angle of attack in response, the 
severity of the resulting performance degradations may be ranked 


according to the type of forcing function involved as follows: 


(a) impulse (least severe) 
(b) step of constant intensity 
(c) sinusoid 


(d) step of intensity proportional to v@ (most severe) 


A rocket that is spinning about its longitudinal axis will 
have a greater drag at zero angle of attack than will the same 
vehicle if constructed so as not to roll. That the drag increase 
associated with fitting a model with angled "spin fins" can be 


considerable has already been shown by the analysis of Section 
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5.3 of Chapter 3. If, however (as has been noted by Thomas McKim), 
the product of Ip and GW, is great enough to cause the angular 


momentum about the longitudinal axis to be very large, the maxinun 


angle of attack due to a transient disturbance of a given strength 
will be significantly reduced over what it would have been without 
roll. During much of the response, therefore, the overall drag 

of the rolling rocket may be less than the drag associated with 
the same vehicle built so as not to spin. The response will, 
however, also persist for a longer time than it would in the case 
of zero roll rate because the inverse time constant of the slowér 
mode of oscillation is reduced as the product IpW, is increased. 


Both effects are due to the fact that the presence of angular 


I; and thereby decreases the amplitude, frequency, and decay rate 
of the response. Model rockets which are well designed to begin 
with almost always suffer, rather than benefit, from the use of 
spin since the reduction in maximum angle of attack due to any 
given disturbance is more than offset by the increased duration 
of the transient response and the increase in drag at zero angle 
of attack associated with spinning the model by aerodynamic means. 
There are a few exceptions to this rule; for example, the use of 
spin fins and/or spin motors in the first stage of a heavy, multi- 
staged model that might otherwise suffer excessively from step 

or impulse forcing during its relatively slow liftoff. In most 
cases where the incorporation of spin into a design improves its 
performance, however, it will be found that it is because the 


design has not been optimized in the non-spinning configuration. 
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Finally, the ability of a given model to resist a disturbance 
of a given type can be evaluated from the following brief summary 


of the results of Chapter 2: 


(a) Resistance to step forcing increases with an 
increasing corrective moment coefficient (0; 

(b) Resistance to impulsive forcing increases with 
an increase in the product I,w, where 

(c) Resistance to sinusoidal forcing increases 


with an increase in the product C ov [-¢* ’ 


where = SS 


ever. 
The effect of a nonzero roll rate is to increase the apparent value 
of the longitudinal moment of inertia, thereby lessening the 
angular frequency of the slower pitch and yaw oscillation modes 


and decreasing the effective damping. 


5. Recapitulation and Qualitative Features of the Analytical 
Results 
Now that the methods of Chapters 2 and 3, and the present 
chapter, have placed at our disposal methods for predicting the 
dynamic behavior, drag, and altitude capability of any model rocket 
we may turn our attention to the qualitative features of the 
results obtained in order to ascertain the relative importance 
of each characteristic, or parameter, of the vehicle to its 
overall altitude performance. The flight dynamics and aero- 
dynamics chapters each presented criteria for good design practice 
in relation to thelr own subject matter. This section will 


attempt to integrate those criteria with some that are basic to 
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the ballistic characteristics of model rockets and to arrive 


at some fundamental, unified design rules. 


5-1 Bengen's Maxima 


If one were to construct a graph of total altitude a 


5 


function of initial mass for various yalues of the drag constant 


k, given a specific model rocket engine type, a curious effect 
would be noticed: there is an optimum, nonzero weight that gives 
maximum altitude performance. If the model is either heavier 

or lighter than the optimum weight, its altitude capability will 
be less than it would be at the optimum. The existence of such 
optimum points was first noted by Bengen in 1965. Malewicki, 
working independently, published explicit examples of graphs 
displaying the altitude maxima in 1966 as model rocket manufacturer's 
reports. It is also true, as you can see from the sample plot 
presented in Figure 19, that the optimum weight decreases as 

the value of k decreases until, in the limit as k approaches 
zero, the optimum weight also approaches zero. It is actually 
possible, for most values of k to which practical model rockets 
Can be built, to build a rocket that is too light for maximum 
altitude performance! It is a remarkable coincidence, as noted 


by Stine in his Handbook of Model Rocketry even prior to Bengen 


and Malewicki, that many model rockets just happen to be constructed 
near the ballistically optimum point. 

The effect which produces Bengen's maxima can be explained 
qualitatively in the following manner. A typical model rocket 
gains most of its altitude during the coasted portion of the 
flight. The coasted altitude increment depends heavily upon 
two things (other than the deceleration due to gravity, which is 
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constant for all model rockets): the burnout momentum and the 


drag due to the burnout velocity. It actually depends analytically 
on the burnout mass, the burnout velocity, and the drag parameter 
k. If the vehicle is extremely light, its burnout velocity will 

be large since the burnout velocity increases monotonically with 
decreasing weight (i.e., the burnout velocity always increases as 
the weight decreases). The low weight, however, will prevent the 
burnout momentum from being very large. The drag, on the other 
hand, will be extremely high due to its quadratic dependence 

on velocity. As a result, the momentum of the rocket is digsipated, 
or used up, very rapidly and the coasted altitude is disappointingly 
low. This is the same effect that insures that a whiffle ball or 
ping-pong ball cannot travel very far regardless of how hard it is 
hit. The extreme limit of this behavior would be the example of a 
feather being shot out of a cannon: the muzzle velocity is 
tremendous but the momentum of the feather is almost instantly 
overcome by its large drag. 

If we now have a rocket that is very heavy, its burnout 
velocity will be relatively low. Its large mass, however, insures 
that its burnout momentum will be about the same as that of the 
lighter rocket (actually, with the exception of the momentum lost 
to drag and gravity during the burning phase, the two rockets 


will have identical values of burnout momentum; this must be 


true since the total impulse of the engine is just the total 
momentum change imparted to the rocket by its engine). The low 
burnout velocity insures that aerodynamic drag will dissipate 
the burnout momentum much more slowly than is the case for the 


light rocket. The deceleration of gravity, however, will dissipate 
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the burnout momentum at a rate much greater than in the case of 

the light rocket -=- and again the altitude performance suffers. 
Thus, the optimum liftoff mass lies somewhere between the 

two extremes. Since the methods of Section 2 of this chapter 

have given us closed-form, algebraic solutions for altitude per- 

formance in cases of vertical flight, it is theoretically possible 

to obtain a closed-form expression for the ballistically optimum 

liftoff mass. When one attempts this in practice, however, it 

is found that the resulting expression is far more complicated than 

the original total altitude function and requires a prohibitive 

amount of time and effort to solve in any given case. While 

such an expression satisfies the letter of the definition, 

"closed-form solution”, it literally covers pages when written 


out; it does not satisfy the intent of the definition as used in 


this book, which requires a practical closed-form solution to be 
quicker and easier to use than numerical or graphical methods from 
which the same result could be obtained. 

The most convenient method yet found for determining the 
optimum liftoff mass of a model rocket is to consult a graph 
of the kind described at the beginning of this section. Sets 
of such plots are currently available from Estes Industries, 
Incorporated of Penrose, Colorado as Technical Report TR-10, 
Altitude Prediction Charts; and from the Centuri Engineering 
Company of Phoenix, Arizona as Technical Information Report 
TIR-100, Model Rocket Altitude Performance. Ambitious modelers 
can prepare their own charts for engine types not listed in these 
reports, using the methods of Section 2 except in very high-performance 


cases, where numerical interval methods must be used due to drag 
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divergence at transonic speeds. It is also suggested that calcula- 
tions be restricted to values of liftoff mass greater than the 

mass of the loaded engine alone (which is the least possible 

mass of any actual model) and that values of Kk be kept above 

@ reasonable minimum associated with the lowest possible drag 
coefficient to which a model rocket can, as a practical matter, 


be designed. 


222 Model Rocket Design Optimization 
With the sum total of the information presented throughout 


this volume ready to our hand, we are now in a position to formulate 
a general design procedure which, if adhered to, will enable the 
model rocketeer to formulate designs which are optimized from 

the standpoint of the altitude they are capable of achieving with 
the specific model rocket engine for which they are designed to 

be flown. It is important to remember that our criterion of 
optimization is altitude capability alone. The material presented 
in this book, properly applied, permits the synthesis of rocket 
designs that may be considered "superior", or even "best", for 
applications depending solely upon maximum altitude achieved. 
Examples of such applications are micrometeorological sounding 

and the National Association of Rocketry's altitude and payload 
competition events. There exist applications in the field of 

model rocketry, however, for which the rocket with the greatest 
altitude capability is not necessarily the best one. Examples 

that come immediately to mind in this category are the NAR parachute, 
boost/glider, and rocket glider duration events, in which the 
model's altitude capability must be balanced against the need 


for a parachute or aerodynamic surfaces large enough to insure a 


2 — 
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slow descent and a good probability of the descending model's 

being caught by thermals. With the caution that our optimization 
techniques are valid only for models in which altitude capability 
is the sole criterion of excellence, then, we present the following 


design optimization procedure. 


5-2-1 Initial Design Definition 


Given the purpose for which your model is to be used and 
the model rocket engine with which it is to be flown, make a 
rough sketch of your first impression of what it should look 
like. Refine the sketch as necessary, adding dimensions (the 
dimensions are, of course, approximate and may be changed later 
as necessary). Simplicity is the rule at this stage in the design: 
avoid all unnecessary complication of shape and arrangement. 
A way-out, Buck Rogers design may make a fine sport, demonstration, 
or display model, but it will rarely if ever come out looking 
very good when judged solely on the basis of its altitude capability. 
Also avoid unnecessary size, making the design as compact as possible 
consistent with adequate provisions for a good, reliable recovery 


system and any payload that is to be carried. 


5.2.2 Drag Coefficient 
Using the techniques presented in Section 6 of Chapter 3, 


estimate the coefficient of drag of your model at a zero angle 
of attack. You should be ‘somewhat conservative regarding your 
assumptions of skin-friction drag at this point, both to allow 
for small imperfections encountered in finishing the model and to 
allow for the deterioration of the rocket's surface that will 


occur from flight to flight. In designing model rockets for 
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maximum altitude performance the lowest possible drag coefficient 
is desirable, and to this end you should not hesitate to experiment 
with variations on the initial design formulated in Section 5.2.1. 
Avoid the use of launch lugs on high-performance models if at all 
possible by launching from a low-friction tower or closed=-breech 
mechanism, or at least try to incorporate a "pop-off" or "shuck-off" 
lug design if a lugless launching device is not available. 

Remember that, if you do use a fixed launch lug system, you will 
probably have to accept an increment in drag coefficient (ACD) 1 ug 
on the order of 0.25 as given in Section 4.3.3 of Chapter 3. 

Since it is sometimes possible to design model rockets with 

values of Cp less than 0.4, provided no launch lug is present, 

you can see that the presence of a fixed lug exacts a considerable 


penalty in terms of altitude performance. 


5.2.35 Weight Optimization 
Use the first-estimate value of Cp obtained in Section 5.2.2 


to compute the drag parameter k (it will be recalled that k is 
equal to sfCpA,, where A, is the reference cross-sectional area 
and fF is the density of the atmosphere). If you will be launching 
from a site considerably above sea level, or if your model will 
reach an extremely great altitude (of which you have a rough idea), 
be sure to adjust your value of f from its sea-level value of 
1.225 kilograms per cubic meter. Remember that k, for use with 
charts such as Figure 16, must be computed using MKS units. If 
you have a single-staged, single-engined model you may then use 

A Malewicki chart (as plots such as Figure 16 have come to be 
called) to select the optimum weight for your rocket directly 


by locating Bengen's maximum for that particular value of k. 
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Ficure 16: Maximum altitude attained in vertical flight vs. 
liftoff mass for models using tne Type B4 engine; an example of 
Benzen's maxima. Ourves have been plotted for models naving 
several values of tne drag parameter k; the k values, in kg/n, 
have been noted on the curves. Since the line oa which all Bengen's 
maxima lie is to the right of the line representing the initial 
mass of the engine itself (for all values of k to which model 
rockets can actually be built), Bengen's maxima are practical 
considerations that must be taxen into account when designing 
model rockets for maximum altitude performance. Graphs of this 
type were first compiled by Douglas J. Malewicki and are therefore 
called "Malewicki charts". 
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If you are using clustering or staging, some numerical experimentation 
with different values of liftoff mass using the methods described 
in Section 2 will be required. For some rockets having very low 
values of k, it may not be possible to achieve the optimum weight 
(for instance, when the weight of the payload and engine alone 
are found to total more than the optimum). In such cases, the 
model must simply be built as light as practicable consistent 
with adequate structural strength. For rockets to which weight 
must be added to optimize the liftoff mass, adding nose weight 1s 
usually best since this permits adequate stability to be attained 
with smaller fins than would otherwise be the case, and thus 


lessens drag. 


5.2.4 Dynamic Stability Optimization 
Determine the values of the dynamic parameters (Cj, Co, Ir; 


and Ip for your tentative design according to the methods presented 
in Section 5 of Chapter 2. Adjust these values by altering the 
mass distribution, length, fin size, fin shape, and fin placement 
as necessary to obtain a static stability margin of about one 
caliber or slightly more, a damping ratio © between 0.05 and 0.3, 
and a desirable value of the natural frequency Wp,. We would 
suggest, based on experience to date, that the most desirable 
natural frequencies for vehicles of model rocket size lie between 
0.002v and 0.Olv, where v is the airspeed of the model given 

in centimeters per second (remember that CGS units are used 
throughout Chapter 2). The equivalent limits for airspeeds given 
in meters per second are 0.2v and 1.0v. A lower value usually 
means the longitudinal moment of inertia is too great for the 


corrective moment coefficient, so that the model cannot respond 
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to the moments applied by its fins with sufficient rapidity for 
safe and stable flight at average, present-day launch departure 
velocities. A higher value usually means the longitudinal moment 
of inertia is too low, so the model is easily disturbed, or that 
the corrective moment coefficient is too large, usually indicating 
too-large fins that cause excessive drag. If you wish to use a 
roll rate to reduce horizontal dispersion, check to insure that 

it is not too near the coupled resonant frequency W 


cres* 
may also wish to check the roll rates induced by various assumed 


You 


slight fin misalignments to guard against the possibility of 


resonance due to unintentional roll. 


2:22 Reduction of Drag at Angle of Attack 


Consistent with the requirements of the preceding steps, 
attempt to select or refine the fin design such that the increase 
in drag with angle of attack is minimized. Since, for any given 
value of k, the reduction in altitude performance due to dynamic 
oscillations depends strongly on the ratio of € to k, a model 
with a relatively small value of this ratio has an advantage over 
one with a larger value (provided the two vehicles have identical 
resistance to in-flight disturbances). Elliptical fins are often 
used to help here, since it is known that an airplane wing that is 
not twisted and has a moderate aspect ratio will have the lowest 


induced drag due to lift if its planform is elliptical. 


5.2.6 Philosophy of Design and Flight 
You have no doubt noticed that the procedures outlined in 
each of the Sections 5.2.1 through 5.2.5 tend to alter the design 


of the model from what it was at the previous stage of the procedure. 
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The possibility thus exists that optimization of the design at 

any given stage, using information from the previous stage, may 

to a certain extent invalidate the figures taken from the previous 
stage. To "home in" on an optimum design to an arbitrary degree 

of precision it is therefore generally necessary to perform several 
design iterations; that is, to go through the process outlined in 
Sections 5.2.1 through 5.2.5 several times, using the status of 

the design from the previous iteration, or "pass", to perform the 
next iteration. A great deal of this is done in professional 
industry, but the modeler can, at his option, choose the number 

and precision of his iterations at will, depending on how precise 
he desires his optimization to be. For many purposes, of course, 

a bare minimum of analysis, not even using all the methods and 
procedures outlined in this book, will suffice to produce a 
reasonably good design. For contest work, however, or record-setting 
attempts and scientific payload lofting, many rocketeers will want 
to take full advantage of the most advanced and painstaking 
analytical methods of design available. 

No matter how careful the design of his vehicle has been, 
however, there exist certain conditions encountered at the Launch 
site which may sometimes force the modeler to depart from strictly 
altitude-optimized design to achieve the desired results in actual 
operation. If a strong horizontal wind exists at the time of 
launch, for instance, a model designed for a low-thrust, long- 
burning engine will often achieve a higher altitude if launched 
with a high-thrust, short-burning engine of identical specific 
impulse, since it will not then have time to respond completely to 
the horizontal wind encounter during the burning phase of flight. 
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An example would be the substitution of a Bl4 engine in a model 
optimized for a B4, in case of strong winds at the launch site. 
There also exist instances in which it is wise for the modeler 
to render his design deliberately off-optimum in order to remain 
below cloud cover or within the capabilities of limited tracking 
facilities. Such cases, however, are entirely a matter of the 
rocketeer's intuition and expertise gained through experience 
and we do not see fit to discuss them in a book devoted strictly 
to the optimization of the actual altitude capability of model 
rockets. 

In closing, the authors of this volume would like to state 
that it is not their intention to end all questions of model rocket 
design with the material presented herein. To the best of our 
knowledge and belief based on experience to date, the techniques 
and information presented in this book form a valid framework 
within which each model rocketeer can construct his own philosophy 
of altitude optimization. A great deal remains to be said, however, 
for the value of intuition and experience, and much experimental 
and analytical research remains to be done in model rocketry, a 
field that is at once a science, a sport, a hobby, and a fine 


art .« 
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APPENDIX A 
CORRESPONDENCE BETWEEN METRIC AND ENGLISH UNITS 


1. Centimeter-Gram-Second (CGS) to English Units 


1 gram (g.) = .0353 ounce-mass 


~O022 pound-mass 


6.84 x 107 slug 


1 dyne (dn.) = 2.248 x 1076 pound-force 
l centimeter (cm.) = .0328 foot 
= -e« 3937 inch 


2. Meter-Kilogram-Second (MKS) to English Units 
1 kilogram (Ke.) = 35.27 ounce-mass 

2.204 pound-mass 

- .0684 slug 


1 newton (nt.) = .2248 pound-force 
1 meter (m.) = 3.28 feet 
39.37 inches 


LL 
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ADPENDIX B 
PHYSICAL CONSTANTS AND PARAMETERS 


mean sea-level acceleration 


of gravity (g) 32.173 feet/(second®) 


- 9.806 meters/(second®) 
- 980.6 centimeters/(second*) 
sea-level density of standard 
atmosphere (f) = 1.225 kilogram/(meter-) 
= .001225 gram/(centimeter-) 
= .002377 slug/(foot) 
sea-level pressure of standard = 101,325 newtons/(meter®) 
atmosphere (p) 
= 1,013,250 dynes/(centimeter@) 
= 14.696 pounds/(inch*) 
= 2115 pounds/(foot*) 
sea-level coefficient of viscosity 85 
for standard atmosphere (/) = 1.789 x 10 ~ Kg./(m.-sec.) 
= 1.789 x 1074 g./(cm.-sec.) 
= 3.725 x 107" slug/(ft.-sec.) 
sea-level kinematic viscosity for x 
standard atmosphere (y) - 1.4607 x 10 meter“/second 
= 1.4607 x 107+ centimeter?/sec 
= £0571 = 107% foot*/second 
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sea-level temperature of standard 
atmosphere (T) 


sea-level speed of sound in 
standard atmosphere (c) 


- 288.16° K 


15.0° © 
518.69° R 
59.09° F 


340.3 meters/second 
34,030 centimeters/second 
1118 feet/second 
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APPENDIX C 
CORRESPONDENCE BETWEEN SCIENTIFIC AND DECIMAL NOTATION 


Scientific Notation Decimal Notation 
1078 0 .00000001 
107! 0.0000001 
1076 0.000001 
107? 0.00001 
1074 0.0001 
107? 0.001 
i 0.01 
107+ os | 
10° 1 
101 10 
10° 100 
10? 1000 
10% 10,000 
10° 100 ,000 
10° 1,000,000 
10! 10 ,000 ,000 


LO LOO ,000 ,000 


-621- 


APPENDIX D 


A WORD ABOUT THE NATIONAL ASSOCIATION OF ROCKETRY 


In the course of this book a number of references have been 
made to the National Association of Rocketry (NAR). The NAR is 
the most important organization devoted to the advancement of 
model rocket activity, protecting and promoting the cause of 
safe, properly regulated model rocketry since 1957. The NAR is 
a nonprofit organization and as such cannot "lobby", but it can 
and has provided expert testimony when called upon to do so in 
a number of instances where model rocketry might well have been 
effectively banned, had not such testimony been given. In connection 
with this “recognized authority" status, the NAR is in constant 
liaison with the Federal Aviation Agency, the Food and Drug Admin- 
istration, the National Fire Protection Association, the United 
States Air Force, and the Civil Air Patrol. The NAR also maintains 
close contact with the Hobby Industry Association of America to 
encourage the continued production and distribution of high-quality 
products of use in the hobby. The NAR Standards and Testing 
Committee is the only nationally-recognized agency competent to 
grant safety and/or contest certification to model rocket engine 
types, and in many states an engine type must bear NAR safety 
certification to be legally used. 

The NAR is affiliated with the National Aeronautic Association, 
the United States representative to the Federation Aeronautique 
Internationale in Paris. The FAI is the internationally-recognized 


authority governing all forms of competition in spaceflight, 


—622- 


aviation, soaring, parachuting, and aeromodelling; the NAR therefore 
conducts the only internationally-recognized program of model rocket 
competition in the United States and is the only organization 
competent to certify U.S. national model rocket performance 
records and to file world performance records established in the 
United States with the FAI. One must, in effect, be a member of 
the NAR to establish an officially recognized model rocket performance 
record. 

The NAR also maintains a system for the dissemination of 
useful information among its membership. Through its affiliation 
with the Hobby Industry Association of America, NAR is kept aware 
of all model rocket manufacturing activity currently in progress 
in the United States and has been instrumental in putting interested 
members in touch with a wide range of manufacturers and additional 
sources of model rocketry literature and information. 

The authors, NAR members themselves, highly recommend NAR 
membership to anyone whose interest in the rocket hobby is more 
than passing. Membership applications and additional literature 
can be obtained by writing to the National Association of Rocketry, 
Box 178, McLean, Virginia 22101. 
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Figure Credits 


Chapter 2 


Figure 10 (After G.k. Mandell, Model Rocketry Magazine, Oct. 1968, 


by permission of Model Rocketry, Inc.) 


Ficure 11 (After Mandell, Model Rocketry, Oct. 1968, by permission 


of Model Rocketry, Inc.) 


Figure 12 (After Mandell, Model Rocxetry, Oct. 1968, by permission 


of Model Rocketry, Inc.) 


Figure 13 (After Mandell, Model Rocketry, Oct. 1968, by permission 


of Model Rocketry, Inc.) 


Figure 14 (After EKandell, Model Rocketry, Oct. 1968, by permission 


of Model Rocketry, Inc.) 


Figure 15 (After Mandell, Model Rocxetry, Oct. 1968, by peraission 


of Model Rocketry, Inc.) 


Figure 16 (After Mandell, Model Rocketry, Oct. 1968, by permission 


of Model Rocketry, Inc.) 


Figure 17 (After Mandell, Model Rocxetry, Oct. 1968, by permission 
of Model Rocketry, Inc.) 


of Model Rocketry, Inc.) 


Figure 19 (After Mandell, Model Rocketry, Oct. 1963, by permission 
of Model Rocketry, Inc.) 
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Ficure 20 (After Mandell, Model Rocketry, 


of Model Rocketry, Inc.) 


Figure 21 (After Mandell, 
of Model Rocketry, Inc.) 


Figure 22 (After Mandell, 
of Model Rocketry, Inc.) 


Figure 23 (After Mandell, 
of Model Rocketry, Inc.) 
Figure 24 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 25 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 26 (After Mandell, 


of Model Rocketry, Inc.) 


Ficure 27 (After Mandell, 
of Model Rocketry, Inc.) 


Figure 28 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 29 (After Mandell, 
of Model Rocketry, Inc.) 


Figure 30 (After Mandell, 


of Model Rocketry, Inc.) 
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Figure 31 (After Mandell, Model Rocketry, Nov. 1968, by permission 


of Model Rocketry, Inc.) 
Figure 32 (After J.S. Barrowman, by permission of the author*) 


*This notation refers to material drawn from two sources: The 
Practical Calculation of the Aerodynamic Characteristics of 

Slender Finned Vehicles, M.S.A.§. Thesis, March 1967, and "Calculating 
the Center of Pressure of a Rocket", NASA/Goddard Space Flight Center 
information pamvhlet, both by James S. Barrowman. I also wish to 
acknowledge, however, that similar material appears in Centuri 
Engineering Company Technical Information Report TIR-33, "Calculating 
the Center of Pressure of a Model Rocket", by James §. Barrowman 

and edited by Douglas J. Malewicki, copyright (©) 1968 by Space 


Graphics Division of Centuri Engineering Company, Inc. 

Figure 33 (After J.S. Barrowman, by permission of the author) 
Figure 34 (After J.S. Barrowman, by permission of the author) 
Figure 35 (After J.S. Barrowman, by permission of the author) 
Figure 36 (After J.S. Barrowman, by permission of the author) 


Figure 37 (After Mandell, Model Rocketry, Jan. 1969, by permission 
of Model Rocketry, Inc.) 


Figure 38 (After Mandell, Model Rocketry, Jan. 1969, by permission 
of Model Rocketry, Inc.) 


Figure 39 (After Mandell, Model Rocketry, Jan. 1969 by permission 
of Model Rocketry, Inc.) 


Pigure 40 (After Mandell, 


of Model Rocketry, Inc.) 


Ficure 41 (After Mandell, 
of Model Rocketry, Inc.) 


Figure 42 (After Mandell, 


of Model Rocketry, Inc.) 


Ficure 43 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 44 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 45 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 46 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 47 (After Mandell, 


of Model Xocketry, Inc.) 


Figure 48 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 49 (After Mandell, 


of Model Rocketry, Inc.) 


Figure 50 (After Mandell, 


of Model Rocketry, Inc.) 
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Figure 51 (After Mandell, Model Rocketry, Mar. 1969, by permission 


of Model Rocketry, Inc.) 


Plate 1 (Prints by J. Nickerson from motion pictures by G. Mandell) 


Chapter 3 
Figure 2 (After U.S. Standard Atmosphere, 1962) 
Figure 3 (After U.S. Standard Atmosphere, 1962) 
Figure 4 (After U.3. Standard Atmosphere, 1962) 
Figure 6 (After H. Schlichting) 
Figure 7 (After U.S. Standard Atmosphere, 1962) 
Figure 8 (After U.S. Standard Atmosphere, 1962) 


Figure 9 (After H. Schlichting) 

Figure 13 (after H. Schlichting, Boundary Layer Theory, copyright 
(c) 1968 by McGraw-Hill, Inc., Sixth #dition, by permission of 
McGraw-Hill Book Company) 


Ficure 14 (after H. Schlichting, Boundary Layer Theory, copyright 
(c) 1968 by McGraw-Hill, Inc., Sixth Edition, by permission of 
McGraw-Hill Book Company) 


Figure 15 (After H. Schlichting, Boundary Layer Theory, copyright 
(¢)1968 by McGraw-Hill, Inc., Sixth Bdition, by permission of 
McGraw-Hill Book Cowpany) 
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Figure 16 (After H. Schlichting, Boundary Layer Theory, copyright 
(c) 1968 by McGraw-Hill, Ine., Sixth dition, by permission of 


McGraw-Hill Book Company) 


Figure 17 (After H. Schlichting, Boundary Layer Theory, copyright 
(c) 1968 by McGraw-Hill, Inc., Sixth Edition, by permission of 
McGraw-Hill Book Company) 


Figure 19 (After NACA TN 4363) 
Figure 20 (After NACA TN 4363) 


Figure 21 (After NACA TN 4363) 
Figure 23 (After H. Schlichting) 


Figure 24 (after Dr. §.F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Mrs. S.F. Hoerner*) 


*Fluid Dynamic Drag is distributed by Hoerner Fluid Dynamics, 2 
King Lane, Greenbriar, Brick Town, New Jersey 08723. 


Figure 25 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 
by the author 1965, by permission of Hrs. §.F. Hoerner) 


Figure 26 (After H. Schlichting, Boundary Layer Tneory, copyright 
(c) 1968 by McGraw-Hill, Inc., Sixth Hdition, by permission of 
McGraw-Hill Book Company) 


Figure 27 (After L. Prandl and 0.G. Tietjens, Applied Hydro- 
and Aeromechanics, Dover Publications, Inc., New York, by 


permission of the publisher) 
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Picure 28 (After L. Prandl and 0.G. Tietjeas, applied Hyiro- 
and seromecuanics, Dover fublications, Inc., New York, by 


Dermission of the publisher) 


Fisure 29 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Nrs. S.F. Hoerner) 


td 


Figure 30 (After Dr. S.F. Hoerner, Fluid Dynanic Drag, published 


by the author 1965, by permission of Mrs. S.F. Hoerner) 


Figure 31 (After Douglas J. Malewicki, "Model Rocket altitude 
Performance", Centuri Mgineering Company Technical Information 


Report TIR-100, by permission of Centuri Sngineering Company) 


Figure 32 (After G. Harry Stine, Handbook of Model Rocketry, 
copyright (¢) 1970, 1967, 1965 by G. Harry Stine, by permission 
of Follett Publishing Company) 


Figure 34 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 


b; the author 1965, by permission of Mrs. S.F. Hoerner) 
Ficure 35 (After U.S.a.F. Stability and Control Datcom) 
Figure 36 (After U.3.A.F. Stability and Control Datcom) 


Figure 39 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 
by the author 1965, by permission of Mrs. S.F. Hoerner) 


Figure 40 (After U.5.A.F. Stability and Control Datcom) 
Figure 41 (Aerobee exverimeatal date after G.H. Stine) 


Figure 42 (After Dr. S.#?. doerner, Fluid Dynamic Drug, published 
by the author 1965, by permission of Mrs. §.F. Hoerner) 
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Figure 44 (fin shapes after G.H. Stine) 
Pigure 46 (After U.S.-A.F. Stability and Control Datcom) 


Figure 48 (After James 3S. Barrowman, "QOalculating the Center of 
Pressure of a Model Rocket", sSdited by Douglas J. Malewicki, 
Centurl Engineering Company Technical Information Report TIR=-33, 


by permission of Centuri Engineering Company) 


Figure 53 (After Dr. §.F. Hoerner, Fluid Dynamic Drag, published 
by the author 1965, by permission of Mrs. §.F. Hoerner) 


Figure 54 (After Dr. S.F. Hoerner, Fluid Dynamic Drag, published 


by the author 1965, by permission of Mrs. §.F. Hoerner) 


Plate 1 (From Shape and Flow, by Ascher Shapiro, copyright 
1961 by Educational Services, Incorporated. Reprinted by permission 


of Doubleday and Company, Inc.) 


Plate 2 (From Applied Hydro- and Aeromechanics, by L. Prandl and 
O.G. Tietjens, Dover Publications, Inc., New York. Reprinted by 


permission of the publisher.) 


Plate 3 (From Boundary Layer Theory, by H- Schlichting, copyright 
(¢) 1968 by McGraw-Hill, Inc., Sixth Hdition. Used by permission 


of McGraw-Hill Book Company.) 


Plate 4 (From Applied Hydro- and dAeromechanics, by L. Prandl and 
O.G. Tietjens, Dover Publications, Ine., New York. Reprinted by 


permission of the publisher.) 
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Plate 5 (From Applied Hydro- and Aeromechanics, by L. Prandl and 
O.G. Tietjens, Dover Publications, Inc., New York. Reprinted by 


permission of the publisher.) 
Plate 6 (Photo by G. Mandell) 


Table 1 (From Boundary Layer Thebry, by H. Schlichting, copyright 
(c) 1968 by McGraw-Hill, Inc., Sixth Sdition. Used by permission 


of McGraw-Hill Book Company.) 


Table 5 (From Fluid Dynamic Drag, by Dr. S.F. Hoerner, published by 


the author in 1965. Reprinted by permission of Mrs. S.F. Hoerner.) 


Table 8 (Experimental data after Dr. $.F. Hoerner, Fluid Dynamic 
Drag, published by the author in 1965. Used by permission of 


Mrs. S.F. Hoerner.) 
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ERATTA 


TOPICS IN ADVANCED MODEL ROCKETRY 
by Gordon K. Mandell, George J. Caporaso, and William P. Bengen 
(Cambridge, Massachusetts: The MIT Press, 1973) 


Page vii, line 2 from bottom should read: 
model rocket industry; the proliferation of annual conventions. 


Page 5, line 3, should read: 
0) sum of all () 


Page 108, last line of figure caption, should read: 
x0 as if encased in very thick glue or tar, 


Page 113, Equation (30) should read: 


(30) « «= Ae sin(axr+ y)+ = 
1 


Page 144 and 145, The A, B, and C in the last two equations on page 144 and the first 
two equations on page 145 should be: 
A’, B’, and C’ 


Page 268, line 3 should read: 


n unit normal vector 


Page 270, the last line should read 
os) infinity 


Page 342, line 15 should read: 
forces due to rotation of the body, and whether or not heat 


Page 364, the second complete sentence should read: 
In accordance with Bernoulli’s equation, there is a decrease in static pressure between A 
and B, and a corresponding increase along the downstream surface from B to C. 


Page 382, line 1 should read: 
(from left to right in the diagram) the drag coefficient shows a corresponding increase. 


Page 401, line 15 should read: 
is usually small compared to that due to the mechanism which 


Page 480, line 8 should read: 
nose, on the other hand, is itself rounded at its forward 


Page 534, the last term under the radical in equation (51) should have a righthand brace 
to the right of the bracket after v,_,, i.e.: 


k 


n 


Yn 


f 
[™, + k, (y, +...4 Yn yy + 2k, {eE, —m,g)+|k, (y, Tot Vat 4 -m»,,]} 


k 


Page 583, line 4 from the bottom, should read: 
Again, as in Section 2.4, expressions such as (139) are not equations 


Page 590, line 3 of Section 4.3.3 should read: 
quiescent prior rotational state specified by equations (154). 


Page 591, line 6 should read: 
account in equations (160). 


